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PREFACE

Globalization of the world economy and higher education are driving profound changes in
cngincering education system. Worldwide adaptation of Outcome Based Education framework
and enhanced focus on higher order learning and professional skills necessitates paradigm shift
in traditional practices ofcurriculum design, education delivery and assessment. AICTE has also
taken various quality initiatives for strengthening the technical education system in lndia. These
initiatives are essential for promoting quality education in our institutions in the country so that
our students passing out from these institutions may match the pace with global standards.

A quality initiative by AICTE is 'Reyision of Curriculum'. Recently, AIC'I'E has released an
outcome based Model Curriculum for various Undergraduate degree courses in Engineering &
Technology which are available on AlCl'E website. A thrce-week mandatory induction program
is developed as a part of the model curriculum for the first year UG Engineering students which
helps students ,oining the first year of the college from diverse backgrounds to get adjusted in
the new environment ofthe institution.

Education is primarily conceived by students as one simple remembering facts by rote.
However, Science education also requires clear understanding ofscience concepts and a proper
logical thinking or a constructive thinking by students. We all know that the students seeking
admission in an undergraduate degree engineering program have passed their 10+2 in science
but it was felt that a student joining an engineering program after 10+2 require rein[orccment
of fundamental science concepts i.e. basic science courses in physics, Chemistry and
Mathematics. 'l'o support the students, gain better understanding, AICTE decided to initiate thc
task of development of bridge courses in Physics, Chemistry and Mathematics and it was
entrusted to IIT-BHU. These bridge courses aim to accelerate the students, knowledge in these
subjects acquired at 10+2 level; and also bridge the gap between the school science syllabus and
the level needed to understand their applications to cngineering concepts, Therefore, it was
decided that after completion of the 3-week mandatory induction programme introduced for
the first year UG engineering students, bridge course in basic physics, Chemistry and
Mathematics may be taken up by universities/institutions for the students for the remaining
part of thc semester. The concerned LJniversity/institution has a flexibility to adopt thesc
modules on bridge courses by adiusting teaching hours accordingly.

'I'hc lecture based modules in Physics, Chemistry and N4athematics have been dcveloped by a
team of respective Course Coordinators from Indian Institute of l'echnology, Banaras IIindu
University. AICTE approved institutions may utilize these modules ,Lecture 

Based Modules for
Bridge Courses - Physics, Chemistry and Mathemqtics,fot Leaching students to he]p bridge the gap
oflhcir studies ol 10 i 2 and UG level.

(Prof. Anil
Chairman, AICTE

I . rD _;

budhc)
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Curriculum plays a crucial role in enabling quality learning for our young learners in our society

i.e. students. An effective curriculum not only enables a student's learning process & knowledge

acquired but also supports students to overcome their inhibitions and aids in their holistic
development. AICTE in 2018 released a Model Curriculum for various Undergraduate degree

courses in Engineering & Technology. This curriculum is equipped with making students industry

ready, allow internships for hands on experience, learn about Constitution of lndaa, Environment
science etc. lnduction program has been included as a mandatory program for the first year

engineering students to get acquainted and get accustomed to thas new environment in the
college. a curriculum needs to be consistent and sustainable and it has been noticed that students

.joining an engineering program required to strengthen their concepts in science subjects i..e

Physics, Chemistry and Mathematics building a better foundation during the first semester itself.

AICTE therefore decided to develop lecture based bridge courses in basic science subjects i..e

Physics, Chemistry and Mathematics for students,. The lecture based modules in physics,

Chemistry and Mathematics have been developed by llT BHU. This task has been accomplished
by a team of respective Course Coordinators under Prof lndrajit Sinha, Department of Chemistry,
llT BHU as Overall Coordinator.
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Prof. B. N. Dwivedi, Prof. O.N. Singh, Prof. D. Giri, Prof. p. Singh, prof. S. Chatterjee, prof. R. prasad, Dr.
(N,4rs) A. Mohan, Dr. P.C. Pandey, Dr. (Mrs) 5. Upadhyay, Dr. A.K. Srivastava, Dr. S.K. l,4ishra, Dr. A.S.

Parmar, Dr. S. Tripathi, Dr. S. Patil, Dr. (Mrs) 5. N4ishra, Dr p. Dutta, Dr. S.K. Singh, Dr (Mrs) N. Agnihotri

Deportrnent of Chemastry, ,rl, BHU

Prof. R. B. Rastogi, Prof. A K Mukherjee, Prof. M A Quraishi, prof. V. Srivastava, prof. y.C. Sharma, prof. D.

Tiwari, Prof. K.D. Mandal, Dr. l. Sinha, Dr. S.Singh, Dr. M. Malviya

Depoftment of Mothemoticol Scien.es, tlT, BHLt

Prof. L. P. Singh, Prof. Rekha Srivastava, Prof. T Som, prof. S.K pandey prof. S.K. Upadhyay, prof. S. Das,
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lnstitutions may adjust teaching hours to utilize these modules 'Lecture bosed Modutes for Bridge
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Preface 
The genesis of this module lies in the Induction Program first conceived and started by 

IIT(BHU) on 2016 on mass scale for about 1000 students. The fact is that the students are 
overburdened and stressed out due to a hectic high school life. To refresh their creative mind, they 
were exposed to month long diverse credit courses like Physical Education, Human Values and 
Creative Practices, as well as several non-credit informal activities. In a welcome step the AICTE 
has proposed to extend this program to the Engineering Colleges affiliated to them. 

In fact, purpose of this module is to bridge the gap between what the students need to know 
before they can start taking the advanced courses in the college level and what they are actually 
aware of from the intermediate level. Consequently, after the completion of the 3-weeks induction 
program, it is proposed that (besides other subjects) bridge courses in basic Physics, Chemistry 
and Mathematics should be taught to these students for the rest of the semester. The bridge courses 
will cover typical weaknesses of students in science at the 10+2 level. 

The modules in Chemistry are prepared keeping in mind that an hour of discussion will 
bring all the students in the same stage such that they can cope up with the courses in their college 
level, that requires the concepts of different topics in Chemistry. The modules are made as 
interactive sessions between the students and the instructors. Furthermore, we have discussed those 
topics which harder to understand. At the end of the discussion teacher may also take a small test 
to understand how much the students followed the class. 

We are grateful to the faculty members who contributed to make these modules: Prof. R. 
B. Rastogi, Prof. A. K. Mukherjee, Prof. M. A. Quraishi, Prof. V. Srivastava, Prof. Y. C. 
Sharma, Prof. D.Tiwari, Prof. K. D. Mandal, Dr. I. Sinha, Dr. S. Singh, Dr. M. Malviya of the 
Department of Chemistry who devoted their valuable time to prepare the modules. 

 
 
       Department of Chemistry 
       IIT(BHU) 

 
 
 



Module 1 on Coordination Chemistry  
Ist Lecture:    Importance of coordination chemistry, Types of complexes, Classification 
of Ligands. 
2nd Lecture:  Crystal Field Theory to explain nature of bonding in octahedral complexes. 
 
3rdLecture: Crystal Field Theory to explain nature of bonding in tetrahedral, tetragonally 
distorted octahedral and square planar complexes. 
 
4thLecture: Magnetic properties of all types of complexes. 
 
5thLecture: Color of complexes, Interpretation of Intensity of absorption bands in 
various complexes.  
 
Module 2 on Organic Chemistry 

         Lecture 1     
Introduction to Reaction Intermediates: Carbocations: Generation, stability, reactions 
and applications in synthetic organic chemistry, Exercise 
Lecture 2 
Free Radicals: Generation, stability, examples and applications in synthetic organic 
chemistry, Exercise. 
Lecture 3 & 4 
Carbenes and Nitrenes: Generation, stability, examples and applications in synthetic 
organic chemistry, Exercise 
Lecture 5 
Ylides: Generation, stability, examples and applications in synthetic organic 
chemistry, Exercise 
Lecture 6 
Organic Reactions without formation of intermediates: Diels-Alder reaction, SN2 and 
E2 reactions, their applications, Exercise 
 
Module 3  
Thermodynamics and Equilibrium    3 lectures 
 
Module 4  
Basics of Electrochemistry     2 lectures 
 
Module 5 
Chemical Kinetics      4 lectures 



Pre Module Test on Coordination Chemistry 
 

1. Out of the following compounds select the coordination compounds- 
          (i)AgCl, Ag(NH3)2Cl, AgNO3 
          (ii) FeSO4, FeSO4. (NH4)2SO4.6H2O, KFeCl4 
          (iii) KCl, KCl.MgCl2.6H2O, K3Co(NO2)6 

2. Calculate oxidation state of metal ion in the following coordination compounds - 
   (i)[Fe(CN)6]4-  and [Fe(CN)6]3- 
   (ii)[Co(NH3)5 Cl] Cl2 and [Co(NH3)5 Cl2] Cl 
   (iii) Ni(CO)4 and [NiCl4]2-  

3. How many geometrical isomers do you predict for the coordination compounds given 
below - 

    MX6, MX5, MX4Y2 and MX3Y3 
4. Give one example each for homoleptic and heteroleptic coordination compounds. 

 
5. Write the formula for (i)nitrito ligand as nitrito- N and nitrito- O 

(ii) thiocyanato and isothiocyanato –ligands 
 

6. Write the formula for the following coordination compounds-  
(i) Diammine chloridonitritito-N-platinum (II) 
(ii) Mercury(I) tetrathiocyanatocobaltate (III) 
(iii) Dichlorobis(ethane-1,2-diamine )cobalt(III) chloride 

 
7. Write the IUPAC names of the following coordination compounds- 

(i) [(Ag(NH3)2] [ Ag(CN)2] (ii) K2Zn(OH)4 (iii) K3[Al(C2O4)3 
 

8. How will you identify[[Co(NH3)5SO4] Br and [Co(NH3)5 Br] SO4? 
 

9. Using valence bond theory show hybridization in the following coordination compounds- 
 
[Co(NH3)6]3+, [CoCl4]2 - and [CoF6]3- 
 

10. Using valence bond theory can you explain reddish violet color of [Ti (H2O)6]3+? 



Coordination Chemistry 

First Lecture 

Coordination Chemistry plays a vital role in various fields, for example, in the natural 

world, medicines, catalysts and analytical chemistry etc. In the natural world, complexes 

of iron, hemoglobin, myoglobin and cytochromes are known as oxygen transport, oxygen 

storage and electron transport molecules respectively. Some complexes of iron, zinc, 

copper and molybdenum are involved in enzymatic processes in biological systems. 

Medicines like cis-platin and carboplatin are used as anticancer drugs. Some 3d metal 

Schiff base complexes are known for their antitumor activity. Many industrial catalysts are 

metal complexes like Ziegler Natta catalyst (TiCl3 and AlR3 for polymerization of alkene) 

Rh (I) complexes of diphosphine, sulfide clusters of iron, Fe-Mo and Ru-Mo etc. In 

analytical chemistry, separation of metal ions, Ag+- Hg2
2+, Cu2+- Cd2+, Ni2+- Co2+ etc. is 

achieved by complex formation reactions. Quantitative estimation of Ca2+ and Mg2+ ions 

is performed titrimetrically using ethylene diamine tetra acetic acid. The concentration of 

metal ions, Cu2+, Co2+, Zn2+ and Ni2+ etc. is determined gravimetrically as their stable 

complexes. 

Thus, metal complexes are very much important in our daily life, it seems essential to carry 

out a detailed study to understand their chemistry. The conditions under which an 

octahedral complex is high spin or low spin, are being discussed. Similarly, how to predict 

that a metal M forming a complex ML4 should have tetrahedral geometry or square planar 

geometry through extreme distortion of octahedral geometry, is being discussed. An 



account of   magnetic properties of complexes, calculation of magnetic moments along 

with concept of color and intensity of absorption bands is being given in detail. 

Coordination Complex 

A coordination complex consists of a central atom or ion which is usually metallic and is 

called coordination center and a surrounding array of bound molecules or ions that are in 

turn, known as ligands or complexing agents.  Ligands are Lewis bases containing at least 

one pair of electrons to donate to a metal atom or ion.  

Nature of complex   

Depending on the charge, a complex may be cationic, anionic or neutral.  

[Fe (H2O)6]2+ cationic complex 

[Fe(CN)6]4-  anionic complex 

[Ni(CO)4] neutral complex 

Coordination Number(Ligancy) 

Number of atoms, ions or molecules that a central atom or ion holds as its nearest neighbors 

in a complex or coordination compound or in a crystal is known as coordination number. 

In the above complexes, it is 6, 6 and 4 respectively. 

Metal is usually a transition metal. Transition metals are-  

1. Small, highly charged ions with variable oxidation states  

2. Possess vacant /filled orbitals of right energy to accept electrons 



3. High crystal field stabilization energy 

Hard acids- possess small size, high positive oxidation state, cations with s2p6 electronic 

configuration like H+, Li+, Na+, K+, Ca2+, Al3+, BF3 are Hard acids and have lowest –

unoccupied molecular orbitals (LUMO) of high energy.  

Soft acids- Comparatively larger size, low oxidation state, cations with pseudo inert gas 

configuration s2p6d10 like Cu+. Au+, Tl+, Hg2+, Cd 2+, BH3. Soft acids have LUMO of lower 

energy than hard acids. 

Ligands are classified in various ways- 

1. On the basis of charge, ligand may be neutral anionic and cationic 

Anionic-  halide ion, CN- 

Cationic- NO+, [ N2H5] + 

Neutral – NH3, H2O 

2. On the basis of ligand field strength 

I-, Br-, Cl-, F-, H2O - weak field ligands 

CN-, CO, o-dipyridyl, 1,10 phenanthroline, ethylene diamine, ammonia, pyridine -  

strong field ligands 

N N  N N  
o- dipyridyl 1,10 phenanthroline 

  

3. On the basis of number of coordinating sites 

Mono dentate- NH3, H2O 



Ambidentate-  monodentate ligands with different sites of bonding -SCN- -NCS- 

Bidentate -  o-dipyridyl, 1,10 phenanthroline, ethylene diamine 

Multi dentate-  Terpyridine - tridentate 

Ethylene diamine tetra acetic acid -hexa dentate 

Bidentate and multidentate ligands are also known as chelating ligands and form more 

stable complexes than monodentate ligands 

4. On the basis of nature of bonding- 

π donor – C2H4, first donation occurs from π electrons of ethylene to vacant orbital of 

metal ion and second back donation from metal filled d orbitals to vacant antibonding 

orbitals of ethylene. 

σ donor- NH3, H2O, lone pair of electrons are donated to vacant orbital of the metal 

ion. 

5. Hard and Soft ligands 

Hard ligands-  F, O, N donors- H2O, NH3, OH-, F-, Cl-, (CH3COO)-, (CO3)2-. These 

are highly electronegative, have low polarizability and associated with vacant orbitals 

of high energy which are inaccessible.  

Hard bases have highest occupied molecular orbitals (HOMO) of low energy.  

Soft ligands- I, S, P donors-   I-, R3P, R2S, CO, C2H4, C6H6, H-, SCN-. These are less 

electronegative, have high polarizability and have easily accessible vacant low lying 

orbitals. Soft bases have HOMO of higher energy than hard bases. 

The affinity of soft acids and bases is mainly covalent in nature while that of hard acid 

and hard bases for each other is mainly ionic in nature. 



Problems 

1. Silver is found in nature as silver sulfide, explain. 

Soft acids combine with soft bases, Ag+ is soft acid and S2-  is soft base. 

2. Carbonyl complexes are formed with the low oxidation states of metal, 

justify. 

Metal in low oxidation state is electron rich and can easily be involved in back 

donation to vacant antibonding molecular orbitals of the ligand.   

Exercise 

1. Compare nature of bonding in metal complexes of CO and ethylene.  

2. Name a complex of benzene. 

3. Discuss stability of [CaEDTA]2-, (EDTA= ethylene diamine tetra acetic acid) on 

the basis of Hard Soft Acid Base Principle (HSAB principle). 

4. The ions Ni 2+, Pt 2+ and Pd 2+ belong to the same group but complexes of with S, 

P containing ligands are much known for the latter two ions. 

5. Out of [Cr(NH3)6]3+ and [Cr (en)3]3+ complexes, which one is more stable and 

why? 

6. 

  



Second Lecture 

There are three theories to explain Nature of bonding in complexes. 

 Valence bond theory 

 Crystal Field Theory 

 Molecular orbital Theory 

Here Crystal field theory is being discussed. 

Crystal Field Theory is one of the most important theory for explaining nature of bonding 

in coordination compounds.  It deals with electrostatic interactions between metal ion and 

the ligands forming complexes with varying geometries like octahedral, tetrahedral, square 

planar etc. According to this theory, the donor electrons of the incoming ligands due to 

their negative charges attract the positively charged metal ion. Besides this, there is 

repulsive interaction between d electrons present on the metal ion and the ligands. Certain 

assumptions are taken while dealing with CFT- 

1. The ligands are treated as point charges. In fact, this is not practically true since 

sometimes the size of ligand particularly when it is sulfur or phosphorus donating 

ligands, is approximately similar to the size of metal ion. 

2. The interactions between metal ion and ligand are treated as purely electrostatic, no 

covalent interactions are considered. This again is not true, some of the observations 

cannot be explained without invoking covalent interactions. 



3. Upon complexation, the degeneracy of d -orbitals is destroyed. In isolated gaseous metal 

ion, all of the five d-orbitals are degenerate. When spherically symmetrical field of 

ligand approaches the metal ion, d-orbitals still remain degenerate, although their energy 

level is raised a little bit. Usually the complexes formed by transition metal ions are 

octahedral, tetrahedral or square planar, the field provided by the ligands is not at all 

spherically symmetrical therefore d-orbitals are unequally affected by the ligands. 

 

Figure 1. Shapes of d-orbitals 

Octahedral Complexes 

In octahedral complexes, the ligand approach is along the axes. As a result, the d-orbitals 

where electron density is oriented along the axes, dx2-y2 and dz2 are repelled much more 

by the ligands while the orbitals dxy, dxz, dyz having electron density oriented in between 

the axes are repelled lesser by the ligands. Thus two sets of orbitals eg and t2g, doubly and 

triply degenerate respectively, are formed.  



Noticeable features  

1. The mean of these two sets of orbitals is zero and represented as Bari center.  

2. The energy gap between these two sets of orbitals is known as Δ0, crystal field 

splitting parameter under the influence of octahedral field of ligands.  

 

Figure 2. Crystal Field splitting of energy levels in an octahedral field of ligands 

3. The value of Δ0 in the complex [Ti(H2O)6]3+ has been experimentally found as 

20,300 cm-1 or 243 kj/mol (1 kj/mol=83.7cm-1) from the absorption spectrum in the 

visible region showing band at 500 nm or 5000A0. 

4. The magnitude of Δ0 depends on mainly on field strength of ligand, oxidation state 

of metal and down the group from 3d to 4d or 5d metals.  

5.a. The ligands arranged in order of increasing ligand field strength constitute spectro- 

chemical series- 



I- < Br- < S2- < SCN - < Cl- < F- < OH- < C2O4 2- < H2O < NCS- < EDTA4- < pyridine 

< NH3 ҃ < ethylene diamine < o-dipyridyl < 1,10-phenanthroline < NO2
- < CN-  < CO 

The Ligand with higher field, like CO or CN- would produce more splitting or larger 

energy gap while I- being weakest would produce minimum energy gap. 

b. With increase in oxidation state of 3d metal ions from +2 to +3 there is almost 50% 

increase in Δ0. 

c. Descending in a group, for example 3d to 4d series, Δ0 increases by approximately 

30%. 

Crystal Field Stabilization Energy (CFSE) and Pairing (P) Energy 

The CFSE is defined as net gain in energy achieved by preferential filling of electrons in 

lower lying d orbitals over the energy of complete random occupancy of electrons in all 

five d orbitals. It is 2 to10% of actual bond energy. The energy required to pair the electrons 

in the same orbital is known as Mean Pairing energy and it is constant for the same metal 

ion. 

Noticeable features  

1. When magnitude of Δ0 is higher than P, electrons tend to pair in the lower lying orbital 

thus spin paired or low spin complexes are formed. On the other hand, if Δ0 is less 

than P, high spin or spin free complexes are formed. If Δ0 is approximately equal to 

P, single temperature changes may affect spin changes. Sum of CFSE and P gives 

Total Stabilization Energy(TSE). 



dn   

system 

electronic 

distribution 

CFSE P TSE 

d0 t2g
0eg0 zero   

d1 t2g
1eg0 -0.4 Δ0   

d2 t2g
2eg0 -0.4 Δ0 x 2 = -0.8 Δ0   

d3 t2g
3eg0 -0.4 Δ0 x 3 = -1.2 Δ0   

d4 t2g
3eg1(high spin) -0.4 Δ0 x 3+ 0.6 Δ0 = -0.6 Δ0   

d4 t2g
4eg0(low spin) -0.4 Δ0 x 4  =  -1.6 Δ0 P -1.6 Δ0 +P 

d5 t2g
3eg2(high spin) -0.4 Δ0 x 3+ 0.6 Δ0 x 2 = Zero   

d5 t2g
5eg0(low spin)     -0.4 Δ0 x 5 = -2.0 Δ0 2P -2.0 Δ0 +2P 

d6 t2g
4eg2(high spin) -0.4 Δ0 x 4+ 0.6 Δ0 x 2 = -0.4 Δ0   

d6 t2g
6eg0 (low spin) -0.4 Δ0 x 6 = -2.4 Δ0 2P   -2.4 Δ0 +2P 

d7 t2g
5eg2(high spin) -0.4 Δ0 x 5+ 0.6 Δ0 x 2 = -0.8 Δ0   

d7 t2g
6eg1(low spin) -0.4 Δ0 x 6+ 0.6 Δ0 = -1.8 Δ0 P -1.8 Δ0 +P 

d8 t2g
6eg2 -0.4 Δ0 x 6+ 0.6 Δ0  x 2= -1.2 Δ0   

d9 t2g
6eg3 -0.4 Δ0 x 6+ 0.6 Δ0 x 3 = -0.6 Δ0   

d10 t2g
6eg4 -0.4 Δ0 x 6+ 0.6 Δ0 x 4 = Zero   

 

2. For d4 and d7   low spin systems only one P is added in CFSE to get TSE because 

only one electron is to be paired in the same orbital, rest are paired in natural 

configuration while for d5 and d6 low spin systems twice of pairing energy is required 

to be added to get TSE. 

3. The 3d metals form high and low spin complexes, on the other hand 4d and 5d metals 

having very high CFSE form low spin complexes. 

Problems 

1. Calculate CFSE for the complex [Cr (H2O)6]2+ 

Chromium in ground state is [Ar]3d5 4s1, in +2 state, will be a d4 system with t2g
3eg1 

configuration of   electrons because H2O is a weak field ligand. CFSE will be therefore 

-0.4 Δ0X 3+ 0.6 Δ0 = -0.6 Δ0 

2. Calculate TSE for [Fe(CN)6]4- 



Iron in ground state is [Ar]3d6 4s2, in +2 state it will be a d6 system with t2g
6eg0 

configuration of electrons because CN- is a strong field ligand. Therefore, TSE will be  

-0.4 Δ0X 6+ 2P = - 2.4 Δ0+ 2P 

Since it is t2g
4eg2 by the configuration itself, only 2 electrons have to be paired. 

Exercise  

1. An aqueous solution of titanium chloride shows zero magnetic moment. Write down its 

formula assuming it to be an octahedral complex in aqueous solution. 

[Ti (H2O)6] Cl4, a d0 configuration. 

2. Calculate CFSE and TSE for the following complexes- 

 [Co(CN)6]4-, [Ti(H2O)6]3+, [V(H2O)6]3+, [Cr(H2O)6]2+, [Cr(CN)6]4-, [Fe(CN)6]3-, 

[Mn(CN)6]4-, [MnF6]4-, [Fe(1,10phenanthroline)3]3+, [Fe(H2O)6]2+, [Fe(dipyridyl)3]3+, 

[Fe(dipyridyl)3]2+, [FeF6]3-, [Fe( H2O)6]3+. 

3. Give correct order for the energy gap between two sets of d orbitals in the following 

complexes- 

      [CrCl6]3-
, [Cr(H2O)6]3+

, [Cr(en)3]3+[Cr(CN)6]3-
. 

4. Give correct order for energy gap between two sets of d levels in the following 

complexes – 

a. [Fe (H2O)6]2+, [Fe (H2O)6]3+ 

b. [Co(NH3)6]3+, [Rh(NH3)6]3+, [Ir(NH3)6]3+ 

5.Iron (II) in deoxy hemoglobin is paramagnetic but in   oxyhemoglobin, it is 

diamagnetic, explain.  



Third Lecture  

Tetrahedral Complexes  

In tetrahedral geometry, the ligand approach is in between the axes. The eg orbitals lie 

exactly between L-M-L bond, as a result, eg-M-L bond angle is 1090 28’/2, 54o44’ while 

t2g-M-L bond angle comes to be 35016’ (900-54044’).  

 

Figure 3.  Splitting of d orbitals in a tetrahedral field of ligands 

Noticeable features    

1. The t2g orbitals are closer than e g orbitals and therefore get repelled more than 

eg orbitals. 

2.  It can simply be stated that the d orbital splitting diagram in tetrahedral 

complexes is just inverse of octahedral complexes.  



3. The g subscript should be omitted in tetrahedral complexes as these are never 

symmetrical. 

4. The crystal Field Splitting parameter Δt is 4/9 of Δ0. 

It is 2/3 of Δ0 due to number of ligands being 4 and 6 in tetrahedral and 

octahedral complexes respectively and 2/3 of Δ0 due to approach of ligands, t2-

M-L bond angle 35016’ and e-M-L bond angle 54044’. 

5. Tetrahedral complexes are high spin complexes as the energy gap between two 

sets of orbitals is roughly half of octahedral complexes. 

dn   system electronic distribution CFSE 

d0 e0t2
0 Zero 

d1 e1 t2
0 -0.6 Δt 

d2 e2 t2
0 -0.6 Δt x 2 = -1.2 Δt   

d3 e2 t2
1 -0.6 Δt  x2 + 0.4 Δt = -0.8 Δt 

d4 e2 t2
2 -0.6 Δt  x 2+ 0.4 x 2 Δt = -0.4 Δt    

d5 e2 t2
3 -0.6 Δt  x 2+0.4 x 3 Δt =     Zero    

d6 e3 t2
3 -0.6 Δt x 3+ 0.4 Δt x 3 = 0.6 Δt     

d7 e4 t2
3 -0.6 Δt  x 4 +0.4 x 3 = -1.2 Δt 

d8 e4  t2
4 -0.6 Δt x 4 + 0.4 x 4 Δt = -0.8 Δt    

d9 e4 t2
5 -0.6 Δt x 4 + 0.4 x 5 Δt = -0.4 Δt   

d10 e4t2
6 -0.6 Δt x 4+0.4 x 6 Δt = Zero     

 

6. As evident from the above data CFSE in tetrahedral complexes is much smaller 

than octahedral complexes, these should not be energetically favored. Since 

tetrahedral complexes are very much known to exist, their formation can be 

possible under the conditions when loss in CFSE is meagre. 

A. Metal is in low oxidation state like in Ni(CO)4, Ni is in zero oxidation state. 

B. Ligand is weak field, for example Cl- in [ MnCl4]2-. 



C. Metal ion with d0, d5(weak field) or d10 configurations [ MnO4]-, [ MnCl4]2- 

and [ZnCl4]2-  respectively where CFSE is zero in octahedral field. 

D. In tetrahedral complexes the bond angle being 109028’ is larger than that in 

octahedral complexes,900. Therefore, bulky ligands may form tetrahedral 

complexes as have lesser steric hindrance. 

E. The configurations of metal ions where symmetrical filling of electrons in 

degenerate orbitals is present, may form tetrahedral complexes. For example, 

e0t2
0, e2t2

0, e2t2
3, e4t2

3, e4t2
6.   

Problem 

1.  Should tetrahedral geometry be favored in [MnO4]- and [MnO4]3- ? 

It will be favored because their electronic configurations are e0t2
0 and e2t2

0 

respectively. There is no asymmetrical filling of electrons in these configurations. 

Exercise 

 1. Out of the following configurations, which configurations are regular for tetrahedral 

geometry? 

e2 t2
3, e2 t2

2, e4 t2
4, e2 t2

1   and   e4 t2
5   

2. Calculate CFSE for the following complexes- 

[FeCl4]-, [FeO4]2-, [NiCl4]2-, [MnO4]-, [CrO4]2-, [MnO4]2-, [CrO4]3-, [Ti(H2O)6]3+, 

[MnO4]3-, [VCl4]-, [MnCl4]2-, [CoCl4]2- , [ZnCl4]2-. 



Tetragonal distortion of Octahedral Complexes (Jahn Teller Distortion) 

Asymmetrical filling of degenerate d orbitals of a metal ion results in unequal repulsion 

with incoming ligands which causes distortion in geometry. Practically, distortion in 

geometry is observed when eg orbitals which point directly at ligands, are asymmetrically 

filled. The t2g orbitals do not point directly at ligands, asymmetrical filling of electrons in 

them does not give observable distortion. Thus high spin d4(t2g
3eg1), low spin d7(t2g

6eg1) 

and d9(t2g
6eg3) configurations result in Jahn Teller distortion as eg orbitals are 

asymmetrically filled. Among eg   orbitals, the electron in dz2 experiences repulsion from 

two ligands but that in dx2-y2 experiences repulsion from four ligands. Therefore, the 

electron tends to be present in dz2. Since the electron lies in dz2 orbital the ligand 

approaching towards it, will be more repelled as compared to vacant dx2-y2 orbital. 

Consequently, two of the bond lengths along Z –axis will be longer than the rest four. This 

is known as tetragonal elongation or Z-out distortion. On the other hand, if the electron 

is placed in dx2-y2 orbital, reverse would occur and bond lengths along z axis are shorter 

than the rest four. This would result in tetragonal compression or Z-in type of distortion. 



 

Figure 4. Tetragonal elongation or Z-out distortion  

 

Figure 5. Tetragonal compression or Z-in distortion 

Square Planar Complexes   

In a complex, like [Ni(H2O)6]2+ with t2g
6eg2 configuration and symmetrical filling of 

electrons in both t2g and eg orbitals, no distortion is observed. In presence of strong field 

ligands like CN-, electron in dz2 is being repelled by two ligands while that in dx2-y2 is 

repelled by four ligands. As a result, energy of dx2-y2 increases and that of dz2 decreases. 

The electrons present singly in dx2-y2 and dz2 are paired up in dz2 and dx2-y2 becomes 



vacant, therefore four ligands can now approach along x, y directions but experience too 

much repulsion along z direction. Consequently, square planar complex is formed instead 

of octahedral complex. 

 

Figure 6. Square Planar complexes 

Problems 

1. Predict the possibility of Jahn Teller distortion of Fe 2+ ion in [Fe (H2O))6]2+ 

Fe(II) ion with electronic distribution as t2g
4 eg2 showing asymmetrical filling of t2g but 

symmetrical filling of electrons in eg orbitals will not show any distortion in the complex 

[Fe (H2O)6]2+.  

2. The complex [Fe(CN)6]4- is easily formed but [Ni(CN)6]4- is not formed, instead 

[Ni(CN)4]2- is formed. 



The complex [Fe(CN)6]4- with CN-  as strong field ligand, will have t2g
6 eg0 electronic 

distribution. Ligand can approach easily along z direction as there will be no repulsion 

in z direction due to vacant e g orbitals. However, in case of Ni (II) ion with t2g
6 eg2 

configuration, CN-  being strong field ligand causes pairing of electrons in dz2 orbital 

and dx2-y2 orbital becomes vacant. This happens because the electrons would feel 

repulsion from four ligands if these are in dx2-y2 orbital and would feel repulsion from 

two ligands if these are in dz2 orbital. Therefore, electrons prefer to be in the dz2orbital 

and ligand entry along this direction is not favored. As a result, [Ni(CN)4]2-  is formed 

instead of [Ni(CN)6]2-. 

Exercise        

1. Draw d-orbitals splitting patterns with filling of electrons in the appropriate d orbitals 

in the following complexes        

(a). d7, octahedral low spin and high spin 

(b). d7, tetrahedral     

(c). d8, square planar   

(d). d9, octahedral with tetragonal distortion 

2. Calculate in units of Δ0, the difference in CFSE between complexes (a) and (b). 

3. Which of the following complexes would undergo Jahn Teller distortion- 

(a). [Cr (H2O)6]2+, [Cr(CN)6]4- 

(b). [Co (H2O)6]2+, [Co(NH3)6]3+ 

(c). [Cu (H2O)6]2+, [Ni(H2O)6]2+ 



4. With Cl- as weak field ligand, Ni(II) forms tetrahedral complex [NiCl4]2- but Pd (II) and 

Pt(II) belonging to the same group form square planar complexes[PdCl4]2- and [PtCl4]2- 

respectively, explain. 

  



Fourth Lecture 

Magnetic properties of complexes 

Magnetic moment in Bohr Magneton can be calculated using the formula-µs = g[S(S+1)]1/2, 

Where µs = Spin only magnetic moment, S = Total spin quantum number, g = Spectroscopic 

splitting factor and its value for free electron is 2.0023. The formula may be simplified as 

µs= [n(n+2)] 1/2  

where n is number of unpaired electrons. 

Accordingly, µs can be calculated for the value of n ranging from 1 to 7 as 1.73 BM (1), 

2.83 BM (2), 3.87BM (3), 4.90BM (4), 5.97BM (5), 6.93 BM (6) and 7.94(7). 

When orbital contribution of magnetic moment is included, the formula becomes- 

µs+l  =  [4S(S+1)+L(L+1)]1/2  

where L = Total angular momentum quantum number and µs+l is total magnetic moment 

including spin and orbital magnetic moments 

Orbital contribution is partially quenched, it is observed in those cases only where an 

orbital can be transformed into an equivalent orbital by rotation. This is not possible at all 

in case of eg orbitals as the shapes of dx2-y2 and dz2 orbitals are different, however, t2g 

orbitals having same shape can easily be transformed into each other provided it is not half 

or full filled. Accordingly, in octahedral complexes the configurations t2g
1 eg0, t2g

2 eg0, t2g
4 

eg0, t2g
5eg0, t2g

4eg2, t2g
5eg2 should have orbital contribution. Similarly, in tetrahedral 

complexes the configurations e2t2
1, e2t2

2, e4t2
4, e4t2

5   will show orbital contribution.  



Problem 

1. Out of [Ni (H2O)6]2+, [ NiCl4]2-  both having oxidation state of Ni as +II which will 

show higher magnetic moment? 

[Ni (H2O)6]2+ (t2g
6 eg2) will not show orbital contribution having 6 electrons in t2g orbital 

but [NiCl4]2- (e4t2
4) will have orbital contribution because there are 4 electrons in t2 

orbital. Therefore, magnetic moment will be higher in the latter case. 

Exercise 

1. Calculate the spin only magnetic moment of the following complexes- 

[FeCl4]-, [FeO4]2-, [NiCl4]2-, [MnO4]-, [CrO4]2-, [MnO4]2-, [CrO4]3-, [Ti(H2O)6]3+, 

[MnO4]3-, [VCl4]-, [MnCl4]2-, [CoCl4]2-, [ZnCl4]2-, [Co(CN)6]4-, [Ti(H2O)6]3+, 

[V(H2O)6]3+, [Cr(H2O)6]2+, [Cr(CN)6]4-, [Fe(CN)6]3-, [Mn(CN)6]4-, [MnF6]4-, [Fe(1,10 

phenanthroline)3]3+, [Fe(H2O)6]2+, [Fe(dipyridyl)3]3+, [Fe(dipyridyl)3]2+, [FeF6]3-,  

[Fe( H2O)6]3+, [Fe(1,10 phenanthroline)3]2+. 

2. Which of the following complexes will have orbital contribution to the magnetic 

moment and why? 

a. [Fe(CN)6]3- and [Fe(CN)6]4- 

b. [Fe (H2O)6]3+ and [Fe (H2O)6]2+ 

c. [Cr (H2O)6]2+, [Cr(CN)6]4- 

4. The complex [CoF6]3- is paramagnetic, while [Co(CN)6]3- is diamagnetic, explain. 

5. The complex Na2[Ni(CN)2Br2] has zero magnetic moment, predict its geometry.  



Fifth Lecture 

Color of complexes 

Color of complex may be due to crystal defect, d-d transition or charge transfer. It is 

relevant here to discuss about d-d transition and charge transfer. 

d-d transition 

As discussed, in all the complexes d orbitals split into two sets of orbitals depending upon 

the approach of ligands. The electron in the lower lying orbital is excited to higher energy 

level by absorption in visible region of the spectrum, the transmitted light is colored with 

the complementary color of the light absorbed. According to Newton’s disc, a complex 

absorbing in yellow region will appear violet or vice versa. Similarly, complex which 

absorbs in red region will appear green and vice versa. Thus, the observed color of a 

complex is dependent on the region of visible light where it absorbs, which in turn, will 

depend upon the magnitude of energy gap between two sets of d orbitals. As discussed 

earlier, the energy gap depends on strength of ligand, oxidation state of metal, geometry of 

the complex and the nature of metal whether it belongs to 3d/4d/5d series. 

 

Figure 6. Newton’s Disc 



Problem 

1. An aqueous solution of [Ti(H2O)6]3+ is reddish violet in color, turns colorless in presence 

of excess of CN- ions. 

[Ti(H2O)6]3+  absorbs in yellow green region of visible light and appears reddish violet. 

When H2O ligand (weak field) is replaced by CN- (very strong field ligand) the energy gap 

becomes very high, as a result complex absorbs in UV region and turns colorless. 

2. [Co(H2O)6]2+ is pink but [CoCl4]2- is blue. 

[Co(H2O)6]2+ is octahedral complex, energy gap is higher than  [CoCl4]2- which is 

tetrahedral. Therefore, [CoCl4]2- will absorb in lower energy region. 

Intensity of color and absorption of bands 

Intense color of a complex means high intensity of bands in its absorption spectrum. For 

allowed transitions intensity of absorption bands would be high, for forbidden transitions 

it has to be very low and for partially forbidden it is in between. Intensity of absorption 

bands is measured by the parameter molar absorption coefficient ε which is defined as 

absorbance of a solution of concentration 1mole/litre and thickness of the cell as 1 cm (unit 

litre/mol/cm). 

Laporte orbital selection rule 

This rule states that those transitions are allowed transitions which have change in l values 

i.e.      Δ l = ≠ 0 



Accordingly, s to p and p to d are allowed transitions but d-d transitions are forbidden 

transitions. These become partially allowed when complex lacks center of symmetry, i.e. 

when x, y, z axes are replaced by -x, -y, -z respectively, the same configuration is not 

reached. ML6, trans-ML4X2 types of complexes will possess center of symmetry but ML5X 

or cis-ML4X2  complexes will lack center of symmetry. Tetrahedral complexes are never 

symmetrical and always lack center of symmetry. When a complex is non- 

centrosymmetric, there is d-p mixing, therefore it is no more now a pure d-d transition. 

The ML6 type of complexes gain some intensity as the ligands are most of the time out of 

their centrosymmetric equilibrium position due to vibration of M-L bond. 

Spin selection rule 

This rule states that those transitions are allowed which do not have change in spin. 

Δ s = 0 

Problems 

1. The intensity of absorption bands in [CoCl4]2- is almost hundred times greater than    

in [MnCl4]2-. 

Here both the complexes are tetrahedral, both lack center of symmetry and transitions 

are partially orbital allowed. Co 2+ in tetrahedral geometry, e4t2
3 will be spin allowed 

while Mn2+, e2t2
3 will be a spin forbidden transition. Spin forbidden transitions are 100 

times weaker than that of spin allowed transitions. 



2. The intensity of absorption band is much weaker in [Mn(H2O)6]2+as compared to 

that in case of  [Ti(H2O)6]3+  

Both the complexes are ML6 type, so transitions will be orbital forbidden, Ti 3+, t2g
1 eg

0 

will be spin allowed but Mn2+, t2g
3 eg

2 will be spin forbidden. Therefore, intensity of 

absorption band is much weaker in the latter. 

Exercise 

1. Mention the complex which exhibits the lowest energy electronic absorption- 

[NiCl4]2- , [Ni(CO)4], [Ni (H2O)6]2+, [Ni(CN)4]2- 

2. Which of the following complexes will show minimum intensity in their absorption 

bands- [Cr (H2O)6]2+
, [Mn(H2O)6]2+

, [V(H2O)6]2+
 and[Co(H2O)6]2+

 

3. Give reason for stronger intensity of absorption band in [Co(NH3)5 Cl]2+
 than 

[Co(NH3)6]3+
  

4. Give correct order for the energy of absorption in the following complexes- 

      [CrCl6]3-
, [Cr (H2O)6]3+

, [Cr(en)3]3+[Cr(CN)6]3-
. 

5. Arrange the following complexes in order of decreasing intensity of their absorption 

bands- 

a. [CoCl4]2- , Co (H2O)6]2+ 

b. [CoCl4]2-, [FeCl4]- 

c. [ Fe(CN)6]3- , Fe (H2O)6]3+ 

d. [Cr (H2O)6]2+, [ Cr(H2O)5Cl]2+ 

e. [Fe (H2O)6]2+ and Fe (H2O)6]3+ 



6. A complex [CoL6]3+ is red colored while [CoL’6]3+ is green colored. Which ligand L 

or L’ has larger Crystal Field Stabilization energy? 

7. Why are Ti4+ and Zn 2+complexes white? 

8. The complex [Co (CN)6]3- is pale yellow. In which part of the electromagnetic 

radiation does it absorb? If in place of CN- ions NH3 is used as a ligand, will the 

shift in absorbance of radiation be towards blue or red region of electromagnetic 

radiation? 

9. An aqueous solution of [Ti(H2O)6]3+reddish violet in color, turns colorless in 

presence of excess of CN- ions. 

10. The color of CuSO4.5H2O is blue, what will be the color of its anhydrous 

compound? 

 

Charge transfer transitions 

1. These transitions are from filled orbitals of Ligand to vacant orbitals of Metal or from 

filled orbitals of Metal to vacant orbitals of Ligand. These transitions involve two 

entities, metal and ligand while d-d transitions are within the metal ion itself 

therefore, are not governed by the above selection rules. 

2. Intensity of charge transfer bands is very high. For example, molar absorption 

coefficient value of [TiCl6]2- is 10,000 litre/mol/cm. 



3. Charge transfer bands sometimes, mask the d-d transition bands due to their high 

intensity. 

Problems- 

1. Explain Formation of Ni(CO)4   on the basis of CFT 

Here Ni is in zero oxidation state, its formation cannot be explained just on 

electrostatic interaction between M ion and ligands. The covalent interaction has to 

be considered to explain the complex formation. 

2. Explain Intense color of KMnO4 on the basis of CFT 

Intense color of KMnO4 is due to charge transfer and cannot be explained without 

covalent interaction. In CFT, assumption has been taken that interactions between 

M ion and ligands are purely electrostatic. 

Exercise 

1. Intensity of absorption band in [TiCl6]2- is much higher than [TiCl6]3-, explain. 

2. Compare the Intensity of absorption bands in [MnO4]2- and [MnO4]-. 

Reference Books 

1. Concise Inorganic Chemistry by J. D. Lee, 5th Edition 2014, ELBS with Chapman 

& Hall. 

2. Advanced Inorganic chemistry by F. A. Cotton and G. Wilkinson, 6th Edition 2007, 

A Wiley Inter science publication. 



Pretest on Organic Chemistry Module 
1. Which of the following is a permanent electron displacement effect? 
a) Inductomeric 
b) Electromeric 
c) Inductive 
d) All of the mentioned 
 
2. Which of the following is application of inductive effect? 
a) Bond length 
b) Dipole moment 
c) Strength of carboxylic acids 
d) All of the mentioned 
 
3. Due to presence of C – X polar bond in alkyl halide, alkyl halides are 
a) More reactive than corresponding alkane 
b) Less reactive than corresponding alkane 
c) Equally reactive as corresponding alkane 
d) None of the mentioned 
 
 
4. Hyperconjugation involves the delocalisation of 
a) σ bond orbital 
b) π bond orbital 
c) Both σ and π bond orbital 
d) None of the mentioned 
 
5. Larger the number of hyperconjugation structures, the stability of free radicals will 
a) Increase 
b) Decrease 
c) Remain same 
d) None of the mentioned 
 
6. The compound that can be most readily sulphonated is 
a) Benzene 



b) Toluene 
c) Nitrobenzene 
d) Chlorobenzene 
 
7. Which of the following is a temporary effect brought into play at the requirement of 
attacking reagent? 
a) Inductive effect 
b) Mesomeric effect 
c) Electromeric effect 
d) Inductomeric effect 
 
8. Select the correct statement from the following option 
a) When multiple bond is present between two different atoms, electromeric shift 
towards the more electronegative atom takes place 
b) When multiple bond is present between two similar atoms, the first possibility is 
symmetric alkenes or alkynes 
c) When multiple bond is present between two similar atoms, the second possibility is 
asymmetric alkenes or alkynes 
d) All of the mentioned 
 
9. Select the correct statement from the following option. 
a) Conjugate effect is stronger than (-I) effect 
b) Conjugate effect is weaker than (-I) effect 
c) Conjugate effect is same as (-I) effect 
d) None of the mentioned 
 
10. When the complete transfer of π-electrons take place away from the atom at the 
requirement of attacking agent, it is called 
a) (-E) effect 
b) (+E) effect 
c) (-I) effect 
d) (+I) effect 
 
11. The positively charged and electron deficient compounds which have a tendency to 



form a bond by accepting the electron pair are known as 
a) Electrophiles 
b) Nucleophiles 
c) Homophiles 
d) All of the mentioned 
 
12. Which of the following molecule will show highest dipole moment? 
a) CH3Cl 
b) CH3Br 
c) CH3F 
d) CH3I 
 
 
 



Module  
On 

Organic Chemistry 
Carbocation Intermediate 

Outline 
1.Definition  
2. Generation of Carbocations (See Attachment)  
3.Characteristics features of carbocation  
4.Stability 
5.Reactions of carbocation and Synthetic Application 
1. Definition 
Corbonium ion are positively charged species containg a carbon atom having six electrons in three 
bonds. On the carbon atom lacks apair of electron in the its valancy shell. 
Carbonium ions are classified as primary, secondary or tertiary depending upon the nature of the carbon 
atom bearing the positive charge. 
 
2. Generation of Carbocations  
Generation of carbocations 
Carbocations are produced by heterolytic cleavage of covalent bonds in which the leaving group 
takes away both bonding electrons of the covalent bond. Some of the reactions in which 
carbocations are formed are summarized below: 
(1) Ionization of alkyl halides in polar solvents. 

        

 
 
(2)By protonation of unsaturated compounds such as alkenes, carbonyl compounds and nitriles. 



 
 
(3) By protonation of alcohols followed bydehydration. 

 
 
(4) By deamination of primary aliphatic amines with nitrous acid. 

 
 
(5) By action of super acids on alkyl flourides. 

 
 
3. Characteristic features of carbocation: 
a.it lacks a pair of electron in its valancy shell. 
b.most of corboniumions cannot be isolated they are shart livedand have a strong tendency to complete 
the octet. 
c. carbonium ions aretend to active more stable arrangement. 
 for eg:primary to secondary to tertiary corbonium ion rearrangement. 
d. Carbocation can be classified as Primary secondary and tertiary 
 

 
 



 
 
 
4. Stability of carbocation:  
According to laws of physics the stability of charged species/systems increase by dispersal of its 
charge.more the aessibility of dispersal of charge, more will be the stability of the corbonium ion. Mainly 
two effects are responsible for the dispersal of the charge (a) hyperconjugation and (b) resonance. 
Hyperconjugation: explains the stability of all alkyl carbonium ions by the dispersal of the sigma electron 
of the adjacent C-H or C-C bond into the empty p orbital +ve charge carrying C atom. +ve charge may 
disperse on adjacent C-C and C-H bonds. 
Resonance: It explains the stability of all types of corbonium ions the +ve charge is delocalized over 
adjacent atoms having alternate single and double bonds in their molecular structure.  
Structure of corbonium ion: The carbon atom of a carbocation is sp2hybridised and three sp2hybrid 
orbitals are used in forming bonds to three substituents so one p-orbital remains unused and vacant.the 
cabocation has planar structure having all three bonds in one plane with bond angle 120˚ between 
them, sp2hybridisation, planar structure with 120˚bond angle between orbitals are necessary condition 
for the stabilization of carbocation. 

                                       

HC
R

R
120 C

120

 
 
Hyperconjugation-  
Resonance- Fig 
 

                
         Canonical structures of benzyl cation  



              
         Canonical structures of allyl cation 
 
5. Reactions of carbocation:  
A carbocation may undergo following types of reactions-  
a .Deprotonation-  A carbocation may eliminate a H+ to give an alkene. 
For ex-  

 
b. Reaction with neucleophile- A carbocation may combine with other basic molecule or a –ve ion. 
 For ex- 

 
 c.Rearrangement -A carbocation may  rearrange to a more stable corbocation.in rearrangement,+ve 
charge of carbon get a pair of e-  from neighbouring C-atom which can better hold +ve charge, leading to 
formation of a new corbocation (on the basis of stability due to hyperconjugation and resonance). 
 For ex- 

 



 
d. Addition with alkene-  A carbocation may add to an alkene to form a bigger carbocation.this is also 
called propogation of carbocation 

 
e. Hydride transfer reaction-  A carbocation may abstract an hydride ion from an alkane this is also 
called hydride  transfer reqaction. 
For ex- 

 
 
Synthetic Application: 

 

OH
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O
Pinacol rearrangement (Driving force is the formation of  C=O)
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Questions: 
1      The stability of  3,2,1  and benzyl carbocations is of the order 
 (a)  321 benzyl (b)  benzyl  123    
              (c)  123 benzyl  (d) 3 benzyl  12  
 
2      Relative stabilities of the following carbocation will be in order 

 
          
 
 
(a) I < II < III < IV (b) IV < III < II < I  
(c) IV < II < III < I (d) II < IV < III < I 

3     The product obtained in the reaction    423|

3|
|3 SOHCH

OH
CH

CH

H
CCH  is 

(a) 2
3|

|3 CH
CH

H
CHCCH   (b) 

3
3

|
3

CH
CHCHCCH    

(c) 
3

32
|

2

CH
CHCHCCH   (d) None of these 

 
4. Which of the following intermediate is unstable?  

 (a) (b)  
5. Arrange the following carbocation in the order of decreasing stability 
  OH

CH3

CH3

CH3
(I) CH3

CH3

OH

CH3

(II)
CH3

OH

CH3

(III)  

 
 
 

6. Why +
3 2CH -O -CH  is more stable than +

3 2 2CH CH CH while both are primary  

CH3O  
(I) 

 CH2 

(II) 
 CH2 CH3  

(III) 
 CH2 

(IV) 
 CH3CH2 



 carbocations?  
 

7. Give the mechanism  
(i) Me

OH
Me

H
Me

Me 

 
 
 

(ii) 
HBr

CH3 CH2

CH3
Br

CH3

 

 

 



Free Radicals

Outlines:

1.4.1 Generation of free radicals

1.4.2 Stability of free radicals

1.4.3 Reactions of free radicals

1.4.4 Applications in synthetic organic chemistry

Definition of Free Radicals: Chemical species carrying an odd or unpaired electrons are

called free radicals. For example,

Ċl ĊH3 Ċ6H5 C6H5ĊH2 (C6H5)3Ċ

Free radicals are formed by homolytic fission of the covalent bond. Free radicals have

planar sp2 hybridized structure. They are highly reactive reaction intermediates. The high

reactivity of free radicals is due to tendency of the odd electrons to pair up with another

available electron.

Stability of the free radicals:

The stability of the free radicals can be explained on the basis of hyperconjugation and

resonance effect.

The stability of simple alkyl free radicals follows the sequence: tertiary > secondary >

primary > methyl, i.e.



This order of stability can be easily explained on the basis of hyperconjugation effect. In

general, greater the number of α-hydrogens, greater is the number of hyperconjugative

structures and hence more stable is the free radical. Thus, tert-butyl free radical with nine

α-hydrogens and hence nine hyperconjugation structures is more stable than isopropyl

free radical with six α-hydrogens and hence six hyperconjugation structures which, in

turn, is more stable than ethyl free radical with three α-hydrogens and hence three

hyperconjugation structures while methyl free radical with no α-hydroconjugative

structures is the least stable.

The stability of the free radicals also increases by resonance possibilities. Thus, allylic

and benzylic free radicals are more stable and less reactive than the simple alkyl radicals.

This is due to the delocalization of the unpaired electrons over the π orbital system in

each case.

The stability of a radical increases as the extent of delocalization increases. Therefore,

Ph2CḢ is more stable than PhCH2˙ and Ph3C˙ is steel more stable due to larger number of

resonating structures. The stability of Ph3C˙ is explained by the delocalization of the

unpaired electron. The extent of delocalization is maximum in Ph3C˙ than in Ph2CH˙ or

even in PhCH2˙.



Generation of free radicals:

(a) Photolysis

(i) Photolysis of Acetone

(ii) The photolysis of halogen molecules gives chlorine free radicals.

(iii) Photolysis can also cleave strong bonds that are difficult to cleave by

thermolysis.

(iv) Photolysis of acyl peroxide gives alkyl free radicals as follows:

(b) Thermolysis

In this method, the organic substrate is heated at suitable temperature. Following

are some examples of thermolysis.



(c) In redox reactions there is one-electron transfer in generating the free radicals. The

source of one-electron transfer is the metal ion (e.g. Cu+ , Fe2+ etc.). Thus Cu+ ions

are used for the decomposition of acyl peroxides.

Reactions of free radicals

(a) Recombination

The free alkyl radicals may recombine to form hydrocarbons.

The reaction is used in the termination step in free radical polymerization for the

production of polymers.

(b) Disproportionation

At higher temperature the alkyl radical may undergo disproportionation. The ethyl

radical disproportionate (i.e. one radical CH3CH2˙ takes up hydrogen from another

free radical) to give ethylene and ethane.

(c) Reaction with olefins

The alkyl radicals react with olefins to form a new free radicals.

The newly formed free radical further adds on to another molecule of olefin.



The reaction continues till the formed free radical couples with another free radical

and termination of the reaction takes place.

The above reaction is used as the propagation step in the polymerization of

ethylene.

Free-radical Mechanism of Polymerization

The free radical mechanism of polymerization take place and three steps viz initiation,
propagation and termination.
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O O C

O

+

Benzoylperoxide

2 C6H5 + 2 CO2

and
C

CH3

CN

H3C N N C

CH3
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CH3 CH3C

CH3

CN

2 + N2

Azobis iso butyronitrile (AIBN)

Such reactions can be written in general as

In 2 R

where in is a initiator molecule and R is free radical.

Chain initiation

It involves two steps viz. decomposition of the initiator
In → 2R˙

and the addition of the first vinyl monomer molecule to the free

radical (R) and the formation of (I) as intermediate.
Where SG is substituent group

CH

SG

CH2



Chain propagation

It is accomplished by the addition of monomer molecules to (I) leading to the

formation of macro-radicals. In general

CH2R CH

SG

CH3

SG

n CH2 = R CHCH2

SG

CH2 CH2

n

SG

Chain termination

The growing polymer chain can be terminated by

(a) Recombination, which consists of combination of two radicals either

(b) Disproportionation: It involves the transfer of a hydrogen atom of one macro-radical

to another to form two macromolecules, one of them with a double bond at its end



“At T ≥ 60oC, PMMA and vinyl acetate chains terminate mainly by

disproportionation”.

(c) Reaction with the solvent molecules (like carbon tetrachloride)

Chain transfer reactions in free radical polymerization. In these reactions, the

original growing free radical chain is terminated by the reaction with the monomer

molecule and a new chain is initiated.
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Chlorination of Methane

The above chlorination proceeds via the free radical mechanism. Various steps are

given below:

Initiation

Propagation

The reaction continues and finally CCl4 is obtained as the final product.

Termination



Reaction of Propene with HBr in presence of peroxide

Propene reacts with HBr in presence of peroxide and forms n-propyl bromide via free
radical mechanism.

(i) The peroxide on dissociation gives two alkoxy radicals, which attack HBr to form

bromine free radical (Br˙).

(ii) The bromine free radical then attacks the alkene molecule giving two bromo alkyl

free radicals (the 2o free radical and 1o free radical, the former is more stable then

latter).

(iii) The more stable free radical reacts with HBr forming anti Markownikoff product

and another bromine radical, which propogates the chain reaction.



Kolbe electrolytic reaction (Dimerization of alkyl radicals)

The Ullmann Reaction (Dimerization of aryl radicals)

Hunsdiecker Reaction (Decarboxylative bromination)

Gomberg Reaction

This reaction involves the synthesis of biaryls by radical reaction. When the acidic

solution of a diazonium salt is made alkaline, the aryl portion of the diazonium salt

couples with another aromatic ring and forms diphenyl.



Sandmeyer Reaction

Sandmeyer reaction also take place via free radical mechanism. Decomposition of

diazonium salts in presence Cu+ ions. In this reaction the free radical, Ar˙, is formed as an

intermediate.



Questions

(1) Arrange the following radicals in increasing order of stability.

(i) A. C6H5ĊH2 B. CH2=CH–CḢ2 C. (C6H5)2 CH
(ii) A. (CH3CH2)3C   B.  CH3CHCH(CH 2CH3)2 C.  (CH3CH2)2CHCH2CH2

(iii)

(2) Write the mechanism of following reactions:
(a) Gombers reaction
(b) sandmayer reaction
(c) Halogenation of alkanes
(d) Anti-Markovnikov addition of HBr
(e) Free radical polymerization of alkenes.

(3) Propose a mechanism for each of the following reactions.

A.

B.

C.

D.

(4) Which of the following reactions proceeds by way of a free radical mechanism?

A.

B.
C.

D.

A B C D



CARBENE 
Besides Carbocation ,Carbanion and Free radical ,there are other reactive intermediates which 
are produced during reaction.These are carbene (>C:) and nitrene(RN:). 
Outlines: 
1. Definition 
2. Generation 
3. Important Features 
4.   Reactions and Synthetic Applications 
Carbene(H2C:):- 
1  Definition 

 First proposed in 1930s 
 Existance was Established in 1959 by spectroscopic studies. 
 Highly reactive. 
 Short lived and neutral species. 
 Strong electrophile( electron deficient species containing two odd electron) 

  2   Generation: 



 
 
3     Important Features 
 
Types of Carbene: They are of two types (i)Singlet and (ii)Triplet 
I) Singlet Carbene: 

 Both the electrons are present in different forms or different orbital(different Spin 
states)(if two electrons present in the same orbital are called lone pair electrons or non- 
bonding electron. 

 But they are paired in sp2 hybridized orbitals and behave as a paired electrons. 
 Act both as nucleophile and electrophile. 
 Produced by photolysis of CH2N2(diazomethane). 
 Less stable form. 



Spin State: Its spin state is one, so it is called Singlet. 
             Spin number of Carbene(S)=(+1/2-1/2=0) 

               
           Spin state= (2S+1),  (2x0+1)=1 
           S=Sum of Spin no. of all electrons. 
Hybridization: 
        sp2 hybridized orbitals in bond formation. 
         Bent Shape. 
         Bond angle(H-C-H) is 1030. 
         Bond Length 112 pm (C-H). 

            

2s 2p
C=

sp2 hybridization       
         Three sp2 hybrid orbital and one pure p-orbital 
II) Triplet Carbene: 

 Both electrons are present in different orbitals with same spin (electrons are not paired). 
 Behave as radical(i.e. diradical). 
 Produced by the photolysis of ketones(CH2=C=O). 
 It is more stable than singlet carbine. 

Spin State: 
 Its spin state is three , therefore it is called triplet. 
 Two unpaired electron in same spin. 
 Spin number =(+1/2+1/2)= 1 

        
 Spin state(2S+1)=(2x1+1)=3  

Hybridization: 
 sp  hybrid orbital in bend 
 Linear shape. 



 Bond angle H-C-H of 1800and bond length of 103 ppm (C-H). 

        (two  sp H.O. with two pure p-orbitols) 
Triplet state is more stable than singlet state about 10 k.cal/mol. 
They behave more like radicals (due to unpaired electrons) whereas singlet carbine can  
react both as a nucleophile and as electrophile. 

4 Reactions and Synthetic Applications: 
Carbene undergo several types of  
organic reaction. 

i) Addition to alkenes: Reaction of singlet carbene are stereospecific and stereoselective i.e. 
reaction of singlet carbene with alkene occurs in synadition(Specific manner) and gives one 
product(stereoselective). 

 

  
     Cis-1,2-dimethyl cyclo propane (III) 

      trans-1,2-dimethyl cyclo propane (IV) 
 

    But with triplet carbene, reaction are neither stereospecific nor stereoselective. For e.g. 

  
 

ii) Insertion Reaction: Carbene can be inserted into a C-H bond and reaction may be inter and    
intramolecular. 

Inter molecular 

Intra molecular 



 
iii) Ring Expansion Reaction: Halogenated  carbine formed by CHX3/base adds to (C=C) 

bond,          followed by ring expansion and gives product with one extra C atom in ring. 

CH2Br2 C2H5ONa Bromo carbene
CHBr H

Br
Bond breaks Tropylium

bromide
        (Stabilised due to aromatic 

character) 
 

iv) Synthetic application of  carbene:  
 
Carbene are formed as reactive intermediate species in some important reactions such as: 

a) Reimer-Tieman Reaction: Conversion of phenoxide to o-hydroxybenzaldehyde 
involves an electrophilic attack by dichlorocarbene. 

 b) Carbylamine reaction: 
 c) Arndt Eistert and Wolf rearrangement: Proceed by RCOCH:,acylecarbene. 

 
 
 
 
 
 
 
 
 
 
 
 



QUESTIONs 
Q 1- What are singlet and triplet carbenes? Draw their structures. Why are the addition 

reactions of singlet carbenes on carbon-carbon double bonds stereospecific while such 
reactions of triple carbenes are not? Explain taking suitable example 

 
Q-2: Give the mechanism of atleast two reactions which are proceed through carbine 

intermediate ? 
 
Q-3: Complete the following reaction with mechanism- 
 
                  + CHCl3 + 3KOH  → 
 
Q-4 Write the mechanism of the following conversion- 
        RNH2 + CHCl3 + 3KOH RNC + 3KCl + 3H2O 

 



NITRENE 
Outlines: 
1. Definition 
2. Generation 
3.   Reactions and Synthetic Applications 
1    Definition 

 It contains a nitrogen atom having a sextet of electrons and so it is electron deficient. 
 Highly reactive and act as a strong nucleophile because there is need of two electrons to 

complete their octate .It is very difficult to form these species because they tend to 
polymerize to form (NH)n as soon as they are formed. Hence substituted nitrenes are 
used. 

 Two Types of nitrenes: (i) Singlet and (ii) Triplet  
2    Generation 
 (i)  Thermal decomposition of azides or by α -elimination  
(a) 

                     
(b)       

             
(ii)  From Isocyanate 

               
R-N=C=O h COR N
Alkyl isocynade  



(iii)  From acyl azide 

                  
3  Reactions 

           
 

             
 



Synthetic Applications 
Acyl nitrenes invoived in following reactions as intermediate  
(i) Hofmann bromamide rearrangement reactions 

 

 
 

Questions 
Q-1: What are the nitrenes? Write two methods of generation of nitrene. 
Q-2: Discuss the mechanism of following reaction- 

             
Q-3: Discuss the mechanism of following reaction 
                           1- Loosen rearrangement 
                           2- Curtius rearrangement 
 
 
 

NH2

O

+ Br2 NaOH



Q-4:   Complete the following reaction- 

          

O

+ NH2OH H+ Intermediate H2O Product

 
 
 
 
 
 



Ylides

Ylides are defined as compounds in which a positively charged hetero atom (e.g. N, P

or S) is connected to a carbon carrying a negative charge. They are also referred as

vicinial ionic (i.e., with positive and negative charges on adjacent atoms)

intermediates. There are three main type of ylides: phosphorus, nitrogen and sulfur,

although arsenic, selenium etc., ylides are also known. Phosphorus and sulfur ylides

can be represented in two canonical forms but nitrogen ylides have only one

structures. Phosphorus ylides are much more stable than nitrogen ylides. Sulfur ylides

have a low stability. The ylides are represented as shown below:

Ylides

Preparation

By deprotonation of quaternary salts with suitable base.

Reactions of ylides

(a) Phosphorus ylides react with carbonyl compounds and to give alkenes (wittig

reaction).



(b) Sulfur ylides react with carbonyl compounds and to give epoxide.

(CH3)2 S CH2

a sulfur ylide

+ O C (R)2 (CH3)2 S CH2

C(R)2O

CH2 C(R)2
O

+ (CH3)2

epoxide

(c) Nitrogen ylides under go rearrangement reactions

(b) Sulfur ylides react with carbonyl compounds and to give epoxide.

(CH3)2 S CH2

a sulfur ylide

+ O C (R)2 (CH3)2 S CH2

C(R)2O

CH2 C(R)2
O

+ (CH3)2

epoxide

(c) Nitrogen ylides under go rearrangement reactions

(b) Sulfur ylides react with carbonyl compounds and to give epoxide.

(CH3)2 S CH2

a sulfur ylide

+ O C (R)2 (CH3)2 S CH2

C(R)2O

CH2 C(R)2
O

+ (CH3)2

epoxide

(c) Nitrogen ylides under go rearrangement reactions



Diels-Alder Reactions 
 
1. Definition 
2. Important Mechanistic Features 
3. Examples and Synthetic Applications 
In general  
The Diels-Alder reaction is an organic chemical reaction between a conjugated diene and a 
substituted alkene, commonly termed the dienophile, to form a substituted cyclohexene system. 
It was first described by Otto diels and Kurt Alder in 1928, for which work they were awarded 
the Nobel prize in Chemistry in 1850. The Diels-Alder reaction is particularly useful in synthetic 
organic chemistry as a reliable method for forming 6-membered systems with good control over 
region- and stereochemical properties.  
General reaction 

 
Mechanism 

 
Mechanistic features  
Concerted mechanism. [4+2] cycloaddition pericyclic reaction a concerted reaction that proceeds 
through a cyclic transition state. 
Only the s-cis conformation of the diene can react. 

 



What makes a reactive dienophile? 
The most reactive dienophiles have an electron-withdrawing group (EWG) directly attached to 
the double bond. 

 
 

Electron withdrawing group 

 
 
 

 
 
 



Example 

CH
O

CH2 CHCH CH2 + CH2 CH CH
O

100o C

(100%)  
Example 

 
Acetylenic Dienophile 

 
 



Diels-Alder Reaction 
Stereospecific syn addition 
cis-trans relationship of substituents of alkene  is retained in the product. 
The most reactive dienophiles have an electron-withdrawing group (EWG) directly attached to 
the double bond. 
The most reactive dienes have an electron-donating (releasing) group (ERG) directly attached to 
the double bond. Eg.  -OR (ether) 
 
Cis → Cis 

 
Only the s-cis conformation of the diene can participate in a Diels–Alder reaction 
Only product. But, is it enantiomeric? 
 
 
 
 
 
 
 
 
 
 



Applications 
Diels-Alder reaction has been used as a important step in the synthesis of various natural 
products such as polycyclic hydrocarbons, α-terpineol, camphene, antharidine etc. 

 
 

 
 

 
 

 
 
 
  



Questions 
Rank the compounds below in order of increasing rate of the Diels-Alder reaction. 

 
A) 1 < 2 < 3  B) 3 < 1< 2  C) 3 < 2 < 1  D) 2 < 3 < 1   
 
 
 
Trans → Trans  

CH2 CHCH CH2 + C
C6H5

C6H5
C

H

COH
O

H

COH

C6H5

H
Only product(racemic)

O  
Question 
What is the product of the Diels-Alder reaction that occurs between the reactions shown here? 

+
CN

NC
heat

 

 
 



Stereospecific, concerted, syn addition: 

 
Question 
Select the correct starting materials to make the compound at the right through the Diels-Alder 
reaction. 

 

A)   B) OCH3

OCH3 CO2CH3

 
 

C)   D)  
 



Module on Thermodynamics 
 

Pre-Test 
1) What is the difference between a state function and path function in Thermodynamics? Give 

examples. 
2) What does the Internal Energy of a system represent? Does it have any relation with temperature? 
3) State Hess’ Law of constant summation. 
4) The enthalpies of all elements in their standard states are (i) unity (ii) zero (iii) <0 (iv) different for 

each element 
5) In a process 701 J of heat is absorbed by a system and 394 J of work is done by the system. What is 

the change in internal energy for the process? 
6) The equilibrium constant for a reaction is 10. What will be the value of G  ? 1 18.315R JK mol  , 

300T K   
7) Find S  when 1.00 mol of water vapor initially at 200°C and 1.00 bar undergoes a reversible cyclic 

process for which 145q J   
8) The entropy of a system increases continuously in a spontaneous, irreversible process: (i) true for 

all systems (ii) false for all systems? 
Thermodynamics and Equilibrium 

Learning Objectives: Defining the scope of Thermodynamics in Chemistry. Understanding of the basic 
concepts, the Ist and IInd Laws of Thermodynamics and their Applications. Introduction of state functions 
U (Internal Energy) & H (Enthalpy), heat capacities vC and PC under the Ist Law of Thermodynamics. 
Introduction of Entropy S  under the IInd Law to define spontaneity of a process. Introduction of the 
state functions A  & G  to determine conditions of Material Equilibrium.  
Thermodynamics is a macroscopic science that studies the interrelationships of the various equilibrium 
properties of a system and the changes in equilibrium properties in processes. We shall be studying 
equilibrium thermodynamics, which deals with systems in equilibrium. 



 
Any study of Thermodynamics should start with basic definitions: system & surrounding. It should talk 
about the different types of systems: isolated, closed, open. Under properties of the system one needs to 
mention about Extensive and Intensive properties (all thermodynamic state functions , , , ,U H S A G  plus 
V (volume) are extensive, while pressure, temperature, density, refractive index etc. are intensive). 
Further one needs to mention about State of a System, Change in State, Path, Cycle, Process [Refer to G. 
W. Castellan, chapter “Energy and the First law of Thermodynamics”].  
The equilibrium concept can be divided into the following three kinds of equilibrium. For mechanical 
equilibrium, no unbalanced forces act on or within the system; For material equilibrium, no net chemical 
reactions are occurring in the system, nor is there any net transfer of matter from one part of the system 
to another or between the system and its surroundings; the concentrations of the chemical species in the 
various parts of the system are constant in time. For thermal equilibrium between a system and its 
surroundings, there must be no change in the properties of the system or surroundings when they are 
separated by a thermally conducting wall. For thermodynamic equilibrium, all three kinds of equilibrium 
must be present [Refer to I. N. Levine chapter “Thermodynamics”]. 
 

Ist Law of Thermodynamics 
 
Work & Heat 
 
Heat and work are defined only in terms of processes. Before and after the process of energy transfer 
between system and surroundings, heat and work do not exist. Heat is an energy transfer between system 
and surroundings due to a temperature difference. Work is an energy transfer between system and 
surroundings due to macroscopic force acting through a distance. Heat and work are forms of energy 
transfer rather than forms of energy. [Refer to Levine] 
Under the Ist Law of Thermodynamics only P V  work is considered. The work done in a volume change is 
called P V work. Processes are Reversible or Irreversible in Thermodynamics. A reversible process is one 
where the system is always infinitesimally close to equilibrium, and an infinitesimal change in conditions 
can reverse the process to restore both system and surroundings to their initial states.   



 
The work w  done on the system in a reversible process (the heavy lines) equals minus the shaded area 
under the P  -versus-V  curve. The work depends on the process used to go from state 1 to state 2. The 
work done in the process (area under the curve) is different for the three different processes. 
 
The mathematical form of the Ist Law of Thermodynamics may be written in the form: 

U q w    -  where U  is the energy change undergone by the system in the process, q  is the heat 
flow into the system during the process, and w  is the work done on the system during the process.  
For an infinitesimal process, dU q w    where dU is the infinitesimal change in system energy in a 
process with infinitesimal heat q  flowing into the system and infinitesimal work w  done on the 
system. The statement of the Ist Law says that “In an isolated system, energy can neither be created nor 
destroyed”.  
Attention is drawn to the fact that the differential of a state function represents an exact differential 
and is written with a “ d ”, whereas the differentials of path functions q  and w  are inexact and are 

represented with a “ ”. An exact differential integrates to a finite difference; 
2

2 1
1
dU U U   An 

inexact differential integrates to a total quantity, 2

1
q q   which depends on the path of integration. 

The cyclic integral of an exact differential is zero for any cycle, 0dU U   . The cyclic integral of an 
inexact differential is usually not zero.[Refer to G. W. Castellan] 
 

 



C H A N G ES  I N  STATE AT  C O N STA NT  VO L U M E 
If the volume of a system is constant in the change in state, then d V = 0, and the first law equation 
becomes VdU q  Since ( , )U f V T ,    V T

U UdU dT dVT V     . At constant volume this 

yields  V V
Uq dTT   . Dividing by dT  we obtain  VV V

q UC TdT
    , the heat capacity of the system 

at constant volume. Further, we obtain vdU C dT  (infinitesimal change), which on integrating gives 
2

1

T
V V

T
U C dT q    (finite change). Hence heat becomes a state function for a process carried out at constant 

volume.  
C H A N G ES  I N  STATE AT  C O N STA NT  PRESSURE  

In chemical systems most often processes are carried out at constant pressure rather than constant 
volume. There is no straightforward relation where the Internal Energy U may be expressed as a simple 
function of pressure. Hence another state function has to be introduced to circumvent this problem.  For a 
change in state at constant pressure the first-law statement U q w    gives 

2 2

1 1
2 1 2 1( )

V V
P P

v V
U U q w q PdV q P dV q P V V             

2 2 1 1 2 2 1 1 2 1( ) ( )Pq U PV U PV U PV U PV H H           , PH q  where the state function
H U PV   is called the Enthalpy of the system. Hence, in constant pressure processes heat again 
becomes a state function. For an infinitesimal change in state the following equations may be written:  

PdH q  Since ( , )H f P T ,    P T
H HdH dT dPT P     . At constant pressure this yields

 P P
Hq dTT   . Dividing by dT  we obtain  PP P

q HC TdT
    , the heat capacity of the system at 

constant pressure. Further, we obtain PdH C dT  (infinitesimal change), which on integrating gives 
2

1

T
P P

T
H C dT q    (finite change). 



Reversible Isothermal Process in a Perfect Gas 
Consider the special case of a reversible isothermal (constant- T  ) process in a perfect gas. (the system is 
assumed closed.) For a fixed amount of a perfect gas, U depends only onT . Therefore 0U   for an 
isothermal change of state in a perfect gas. This also follows from VdU C dT  for a perfect gas. The first 
law U q w     becomes 0 q w   and q w  . Integration of revdw PdV  and use of PV nRT  give 

2 2 2
2 1

1 1 1

1 (ln ln )nRTw PdV dV nRT dV nRT V VV V             
 

1 2
2 1

ln lnV Pw q nRT nRTV P   
  

Example 1: Calculation of ,q w  and U   
A cylinder fitted with a frictionless piston contains 3.00  mol of He gas at 1.00P  atm and is in a large 
constant-temperature bath at 400 K. The pressure is reversibly increased to 5.00  atm. Find ,w q  and U  
for this process. 
It is an excellent approximation to consider the helium as a perfect gas. 
Since T is constant, U is zero.  

1 1(3.00 )(8.314 )(400 ) ln(5.00 /1.00) (9980 ) ln 5.00w mol Jmol K K J     
4(9980 )(1.609) 1.61 10w J J     

Also, 41.61 10q w J     . Of course, w (the work done on the gas) is positive for the compression. The 
heat q  is negative because heat must flow from the gas to the surrounding constant-temperature bath to 
maintain the gas at 400 K as it is compressed. 
 
 
 



Example 2: The sign convention in thermodynamics 
If an electric motor produced 15 kJ of energy each second as mechanical work and lost 2 kJ as heat to the 
surroundings, then the change in the internal energy of the motor each second is  

2 15 17U kJ kJ kJ        
Suppose that, when a spring was wound, 100 kJ of work was done on it but 15 kJ escaped to the 
surroundings as heat. The change in internal energy of the spring is  

100 15 85U kJ kJ kJ        
Example 3: Work of adiabatic expansion 
Consider the adiabatic, reversible expansion of 0.020 mol Ar, initially at 25°C, from 0.50 dm3 to 1.00 dm3. 
Using the formula .cVT const , where , /V mc C R , the work can be calculated. The molar heat capacity of 
argon at constant volume is 1 112.48JK mol   , so c = 1.501. Therefore,  

13 1.501
3

0.50(298 ) 1881.00f
dmT K Kdm

       

It follows that 110T K   , Vw U C T     ( 0q   for adiabatic process) 
1 1{(0.020 ) (12.48 )} ( 110 ) 27w mol JK mol K J        . Note that temperature change is independent of 

the amount of gas but the work is not. 
2nd Law of Thermodynamics 

 
The concept of Carnot cycle will not be used in this approach. Entropy to be introduced as the criterion 
for spontaneity.  
 
 Spontaneous Processes Some things happen naturally; some things don’t. A gas expands to fill the 
available volume, a hot body cools to the temperature of its surroundings, under the right conditions iron 
rusts, but objects spontaneously do not unrust and a chemical reaction runs in one direction rather than 



another. Some aspect of the world determines the spontaneous direction of change, the direction of 
change that does not require work to be done to bring it about.  
A gas can be confined to a smaller volume, an object can be cooled by using a refrigerator, and some 
reactions can be driven in reverse (as in the electrolysis of water). However, none of these processes is 
spontaneous; each one must be brought about by doing work.  
Thermodynamics is silent on the rate at which a spontaneous change in fact occurs, and some 
spontaneous processes (such as the conversion of diamond to graphite) may be so slow that the tendency 
is never realized in practice whereas others (such as the expansion of a gas into a vacuum) are almost 
instantaneous. 
The recognition of two classes of process, spontaneous and non-spontaneous, is summarized by the 
Second Law of thermodynamics. This law may be expressed in a variety of equivalent ways. One statement 
was formulated by Kelvin: No process is possible in which the sole result is the absorption of heat from a 
reservoir and its complete conversion into work. 
What determines the direction of spontaneous change? It is not the total energy of the isolated system. 
The First Law of thermodynamics states that energy is conserved in any process, and we cannot disregard 
that law now and say that everything tends towards a state of lower energy: the total energy of an isolated 
system is constant. 
Is it perhaps the energy of the system that tends towards a minimum? Two arguments show that this 
cannot be so. First, a perfect gas expands spontaneously into a vacuum, yet its internal energy remains 
constant as it does so. Secondly, if the energy of a system does happen to decrease during a spontaneous 
change, the energy of its surroundings must increase by the same amount (by the First Law). The increase 
in energy of the surroundings is just as spontaneous a process as the decrease in energy of the system. 
When a change occurs, the total energy of an isolated system remains constant but it is parcelled out in 
different ways. Can it be, therefore, that the direction of change is related to the distribution of energy? 
We shall see that this idea is the key, and that spontaneous changes are always accompanied by a 
dispersal of energy, an increase in disorder.  [Refer to P. Atkins, Physical Chemistry] 
Not only do systems evolve spontaneously in a direction that lowers their energy but that they also seek 
to increase their disorder. What are the requirements to characterize this disorder? We want to put this 
idea on a quantitative basis. We also want this property to be a property to be a state function. It has 



been shown mathematically that though revq is an inexact differential, multiplying it by the integrating 
factor 1T   converts it to an exact differential (beyond the scope of this treatment).  In Thermodynamic 
terms this means that revq T   represents the differential of a state function. We can write revqdS T  , 
where the state function S is called the entropy.  Because entropy is a state function 0S   for a cyclic 
process; i.e. mathematically 0revqdS T      

The question arises – how to determine the role played by entropy in governing the direction of any 
spontaneous process? To be able to focus on the entropy alone, we will consider an infinitesimal 
spontaneous change in an isolated system. Isolated system is chosen because the energy remains 
constant in it so that the effect of entropy can be studied separately. Because the energy remains 
constant, the driving force for any spontaneous process in an isolated system must be due to an increase 
in entropy, which can be expressed mathematically by 0dS     If the system is isolated how is the entropy 
of the system increasing. The only possible answer is – It must be created within the system itself. Unlike 
energy, entropy is not necessarily conserved; it increases whenever a spontaneous process takes place. 
The entropy of an isolated system will continue to increase until no more spontaneous processes occur, in 
which case the system will be in equilibrium.                   

Equilibrium ( 0dS  ) 
                                                                                                                                                                maxS  

  
S 
 
 
                                                                       t                                                                                Spontaneous processes 

                                      0dS                    (spontaneous process in an isolated system)  

                                      0dS                    (reversible process/equilibrium in an isolated system). 



For other types of systems, energy as heat can flow in or out of the system and it is convenient to view 
dS  in any infinitesimal process as consisting of two parts. One part of dS is the entropy created by the 
irreversible process itself, and the other part is the entropy due to the energy as heat exchanged between 
the system and its surroundings.  

proddS - created by the irreversible process, always positive  

exchdS - exchange of energy as heat with the surroundings, given by /q T , can be positive ,negative, 
zero.  
For any process /prod exch proddS dS dS dS q T    .   

For a reversible process, , 0rev prodq q dS   , so revqdS T  .  

For an irreversible or spontaneous process, 0, ,irrevprod exch
qdS dS T   so irrevqdS T  . The 

last two equations can be combined as qdS T  , or qS T    - Clausius Inequality.  

[Refer to Mcquarrie & Simon – Physical Chemistry a Molecular Approach] 
Example: Entropy changes in the ideal gas 
Starting with the combined I & II Law, TdS dU PdV   and rewriting it as vdU C dT PdV   we further 
obtain VC PdS dT dVT T  . For an ideal gas, replacing /p nRT V  the equation becomes 

vC nRdS dT dVT V  . For a finite change in state integrating this relation we get
2 2

1 1

T V
v

T V
C dVS dT nRT V    . Considering vC  being a constant we finally obtain 2 2

1 1
ln( ) ln( )v

T VS C nRT V    

For pressure-temperature relationship we can use PdH C dT  and replacing /V nRT P  and using 
similar logic as above we finally obtain 2 2

1 1
ln( ) ln( )P

T PS C nRT P     



Example 4: S for heating at constant P   
The specific heat capacity Pc  of water is nearly constant at 1.00 ( )cal g C  in the temperature range 25°C to 
75°C at 1 atm . (a) Find S  when 100 g of water is reversibly heated from 25°C to 50°C at 1 atm. (b) 
Without doing the calculation, state whether S for heating 100 g of water from 50°C to 75°C at 1 atm will 
be greater than, equal to, or less than S for the 25°C to 50°C heating. 

(a) The system’s heat capacity is (100 )[1.00 ( ) 100 /P PC mc g cal g C cal K    (A temperature change 
of one degree Celsius equals a change of one kelvin) 

For the heating process, with PC  constant gives 2 2

1 1

2
1

ln
T T

rev P P
T T

Tq CS dT CT T T
       

323(100 / ) ln 8.06 / 33.7 /298
Kcal K cal K J KK     

(b) Since PC  is constant, the reversible heat required for each of the processes with 25T C    is the 
same. For the 50°C to 75°C change, each infinitesimal element of heat revdq  flows in at a higher 
temperature than for the 25°C to 50°C change. Because of the 1T  factor in revdqdS T  , each 

revdq  produces a smaller increase in entropy for the higher-temperature process, and S  is smaller 
for the 50°C to 75°C heating. The higher the temperature, the smaller the entropy change 
produced by a given amount of reversible heat. 

Example 5: 
One mole of an ideal gas, 5 / 2 ,PC R initially at 20 °C and 1 atm pressure, is transformed to 50 °C and 
8 atm pressure. Calculate S . 

Using the equation 2 2
1 1

ln( ) ln( )P
T PS C nRT P    ,  

5 323.15 8 5ln ln (0.0974) 2.079 1.836 1.836(8.314 / ) 15.26 /2 293.15 1 2
K atmS R R R R R J Kmol J KmolK atm          

 



 Example 6: 
Let n moles of a perfect gas undergo an adiabatic free expansion into a vacuum (the Joule experiment). 
(a) Express S in terms of the initial and final temperatures and volumes. (b) Calculate mS if 2 12V V  . 

(a) The initial state is 1 1, ,T V and the final state is 1 2, ,T V  where 2 1.V V T is constant because  UT V   
is zero for a perfect gas. Although the process is adiabatic ( 0),q   S  is not zero because the 
process is irreversible. We know that 2

1
ln ,Vs nR V   since the temperature integral is zero when

2 1T T  .  
(b) If the original container and the evacuated container are of equal volume, then 2 12V V  and 

ln 2S nR   . We have 
/ ln 2 [8.314 ( )](0.693) 5.76 / ( )mS n S R J molK J molK        

Equilibrium 
Consider an isolated system that is not at material equilibrium. The spontaneous chemical reactions or 
transport of matter between phases that are occurring in this system are irreversible processes that 
increase the entropy. These processes continue until the system’s entropy is maximized. Once S is 
maximized, any further processes can only decrease S , which would violate the second law. The criterion 
for equilibrium in an isolated system is maximization of the system’s entropy S . 
When we deal with material equilibrium in a closed system, the system is ordinarily not isolated. Instead, it 
can exchange heat and work with its surroundings. Under these conditions, we can take the system itself 
plus the surroundings with which it interacts to constitute an isolated system, and the condition for 
material equilibrium in the system is then maximization of the total entropy of the system plus its 
surroundings: syst surrS S  is a maximum at equilibrium.  
The above statement is perfectly valid for material equilibrium, but the question arises – is it convenient 
to always consider the changes in thermodynamic properties of the surroundings as well? The answer is 
a clear “No”. Can we not devise a criterion for material equilibrium that refers to properties of the 
system only? Since systS  is a maximum at equilibrium only for an isolated system, consideration of the 



entropy of the system does not furnish us with an equilibrium criterion. We must look for another system 
state function to find the equilibrium criterion. [Refer to Levine]. 
The condition of reversibility/equilibrium according to the second law of thermodynamics may be written 
as           revTdS q   
and for irreversible change as per Clausius Inequality as   TdS q .  
The two relations can be combined into     TdS q .  
By using the first law in the form      q dU w   ,  
the combined Ist and IInd Law of Thermodynamics can be written as TdS dU w  ,  
or          0dU w TdS    .  
While considering equilibrium we have to go beyond only P-V work and include all kinds of work. Here

aw PdV w   ,  
where the subscript “a” stands for “additional” work. Finally,  0adU PdV w TdS     .  
This relation expresses the condition of equilibrium (=) and of spontaneity (>) for a transformation in terms 
of changes in properties of the system , , ,dU dV dS and the amount of work w or aw associated with the 
transformation. 
 
Transformations at Constant Temperature 
If a system undergoes an isothermal change in state, then   ( )TdS d TS ,  
and the earlier relation can be written as     ( )dU d TS w   ,  
or          ( )d U TS w   .  
The combination of variables in brackets is given a special symbol “A”.  
By definition,         A U TS  .  
Being a combination of other functions of the state, A is a function of the state of the system; A is called 
the Helmholtz energy of the system.  
The earlier relation reduces to the form     dA w  ,  
or by integrating        A w  .  
The significance of A  is given by the above relation; the work produced in an isothermal transformation is 
less than or equal to the decrease in the Helmholtz energy. The equality sign applies to the reversible 



transformation, so the maximum work obtainable in an isothermal change in state is equal to the decrease 
in the Helmholtz energy. This maximum work includes all the kinds of work produced in the 
transformation. 
Transformations at Constant Temperature and under Constant Pressure 
Since P is a constant        ( )PdV d PV .  
The temperature is constant, so      ( )TdS d TS .  
The earlier relation becomes        [ ( ) ( )] adU d PV d TS w      
Or          ( ) ad U PV TS w    .  
The combination of variables in brackets is given a special symbol “G”.  
By definition,        G U PV TS H TS A PV       .  
Being a composite of properties of the state of a system G  is a property of the state; G is called the Gibbs 
energy of the system. More commonly, G is called the free energy of the system. Substituting in the last 
equation         adG w  ,  
or by integrating        aG w  .  
Fixing our attention on the equality sign we have     ,a revG w   
which reveals an important property of the Gibbs energy; the decrease in Gibbs energy G   
associated with a change in state at constant T  and P  is equal to the maximum work ,a revw over and 
above expansion work, which is obtainable in the transformation. A practical example of aw is the work 
done by an electrochemical cell. 
The conditions for equilibrium may be formulated thus: In a closed system the material equilibrium 
condition at constant T  and V  is the minimization of the Helmholtz energy A , and at constant T  and 
P  material-equilibrium condition is the minimization of the Gibbs energy G . 

0dA         at equilibrium, constant ,T V  ;    0dG      at equilibrium, constant ,T P   



      
Thus, the state function G  continually decreases during material changes at constant T  and P  until 
equilibrium is reached. 

G  also gives a criterion for spontaneity of a process at constant temperature and pressure. 
If G  is negative (<0), the process is spontaneous  
If G  is positive (>0), the process is non-spontaneous 
If 0G  , the process is at equilibrium.  
Some unsolved problems 
1. Consider the following cycle using 1 mol of a diatomic ideal gas initially at 298 K and 1.00 atm. 
i) Isothermal expansion to twice its volume with Pext = 0.50 atm. 
ii) Reversible isothermal compression from 0.50 atm to 1.00 atm. 
a) Calculate  q for each step and for the cycle 
b) Calculate q/T for each step and for the cycle 
c) Calculate  S for each step and for the cycle 
d) Comment on the similarity or difference between the answers in parts b and c. That is, what is the point of this 
problem in your own words? 
2.a)  Calculate the change in entropy for the system when 100.0 g of water at 80.0 °C is poured into 100.0 g of 
water at 10.0 °C in an insulated vessel. You can assume the vessel does not itself absorb any heat in this process. 



b)  Why is  S°vap,m >>  S°fus,m for a given substance? 
3.  Use the data in tables in the back of your book to calculate Gº at 298 K for the following reaction from 
Gfº values at 298K and also from  Sº and Hº values at 298K. Is this reaction (from the reactants in their standard 
states to the products in their standard states) spontaneous at this temperature? 

N2 (g) + 3 H2 (g)  2 NH3 (g) 
 



1  

 
              ELECTROCHEMISTRY 
What is Electrochemistry? 
 
Electrochemistry is the study of the interchange of chemical energy and electrical energy. The 
process of conversion of chemical energy into electrical energy is called electrochemical reaction 
and the reverse process is called electrolytic reaction or electrolysis. A device that produces 
electrical energy from a chemical reaction is called an electrochemical cell and devices that 
undergo chemical reaction with the aid of electricity are called electrolytic cells. 
 
SINGLE ELECTRODE POTENTIAL 
  

An electrochemical cell consists of two half-cells. With an open-circuit, the metal electrode 
in each half-cell transfers its ions into solution. Thus an individual electrode develops a potential 
with respect to the solution. The potential of a single electrode in a half-cell is called the Single 
electrode potential. Thus in Daniel cell in which the electrodes are not connected externally, the 
anode Zn/Zn2+ develops a negative charge and the cathode Cu/Cu2+, a positive charge. The 
amount of the charge produced on an individual electrode determines its single electrode 
potential. 
  

The single electrode potential of a half-cell depends on : (a) concentration of ions in solution 
; (b) tendency to form ions ; and (c) temperature. 
  
Standard emf of a cell 
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The emf generated by an electrochemical cell is given by the symbol E. It can be measured 
with the help of a potentiometer. The value of emf varies with the concentration of the reactants 
and products in the cell solutions and the temperature of the cell. When the emf of a cell is 
determined under standard conditions, it is called the standard emf. The standard conditions are : 
(a) 1 M solutions of reactants and products ; and (b) temperature of 25o C. Thus standard emf 
may be defined as the emf of a cell with 1 M solutions of reactants and products in solution 
measured at 25o C. Standard emf of a cell is represented by the symbol Eo. For gases 1 atm. 
pressure is a standard condition instead of concentration. For Zn-Cu voltaic cell, the standard 
emf, Eo is 1.10V. 
Zn | Zn2+(aq, 1M)       ||  Cu2+(aq, 1M)  | Cu              Eo = 1.10 V 
 
Determination of emf of a half-cell 
  

By a single electrode potential, we also mean the emf of an isolated half-cell or its half-
reaction. The emf of a cell that is made of two half-cells can be determined by connecting them 
to a voltmeter. However, there is no way of measuring the emf of a single half-cell directly. The 
emf of the newly constructed cell, E is determined with a voltmeter. The emf of the unknown 
half-cell Eo can then be calculated from the expression 

Emeasured      =  ER -    EL  
                           = Ereduction  - Eoxidation   
                          = Ecathode  - Eanode  

If the standard half-cell (SHE) acts as anode, the equation becomes 
ER    =      Emeasured             ( EL = 0) 

  
On the other hand, if standard half-cell is cathode, the equation takes the form 

EL    = - E measured                ( ER = 0) 
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The standard hydrogen half-cell or Standard Hydrogen Electrode (SHE), is selected for coupling 
with the unknown half-cell. It consists of a platinum electrode immersed in a 1 M solution of 
H+ ions maintained at 25 oC. Hydrogen gas at one atmosphere enters the glass hood and bubbles 
over the platinum electrode. The hydrogen gas at the platinum electrode passes into solution, 
forming H+ ions and electrons. 

The emf of the standard hydrogen electrode is arbitrarily assigned the value of zero volts. 
So, SHE can be used as a standard for other electrodes. 

  
The half-cell whose potential is desired, is combined with the hydrogen electrode and the 

emf of the complete cell determined with a voltmeter. The emf of the cell is the emf of the half-
cell. 
  

For example, it is desired to determine the emf of the zinc electrode, Zn | Zn2+. It is 
connected with the SHE. The complete electrochemical cell may be represented as : 

Zn  |  Zn2+   ||   H+  |   H2 (1 atm), Pt 
  

The emf of the cell has been found to be -0.76 V which is the emf the zinc half-cell. 
Similarly, the emf of the copper electrode, Cu2+ | Cu can be determined by pairing it with the 
SHE when the electrochemical cell can be represented as : 
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Pt, H2 (1 atm) | H+ || Cu2+ | Cu 

The emf of this cell has been determined to be 0.34 V which is the emf of the copper half-
cell. 
 
Eocell  = EoCu/Cu2+ - E0SHE 

=0.34 - Zero 
  

=0.34 V 
 
 
  

The two situations are explained as follows : 
  

When it is placed on the right-hand side of the zinc electrode, the hydrogen electrode 
reaction is 

2H+ + 2e-   ---- >    H2 
The electrons flow to the SHE and it acts as the cathode. 

  
When the SHE is placed on the left hand side, the electrode reaction is 

                                 H2 -- -- -- > 2H+  + 2e- 
The electrons flow to the copper electrode and the hydrogen electrode 
as the anode. Evidently, the SHE can act both as anode and cathode and, therefore can be used to 
determine the emf of any other half-cell electrode (or single electrode). 
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According to IUPAC convention, the standard reduction potentials alone are the standard 
potentials. The values of the standard potentials at 25oC (298 K) for some common Reduction 
Half-reactions are listed in Table below which is known as Electrochemical series. 
Standard Reduction Potentials at 25oC (298K) 
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Reference Electrodes 

It should be clear by now that at least two electrodes are necessary to make a potential 
measurement. In potentiometry, those two electrodes are generally called the indicator electrode 
and the reference electrode. The indicator electrode possesses some characteristic that allows it 
to selectively respond to changes in the activity of the analyte being measured. For the measured 
potential to have meaning in this context, the reference electrode must be constructed so that its 
composition is fixed and its response is stable over time, with observed changes in measured 
potential due solely to changes in analyte concentration. 

The standard reduction potential, or E0, allows to predict the ease with which a half-cell reaction 
occurs relative to other half-reactions. Values of E0 are most often reported as the potential 
measured in an electrochemical cell for which the standard hydrogen electrode is used as a 
reference. 

The standard hydrogen electrode, or SHE, is composed of an inert solid like platinum on which 
hydrogen gas is adsorbed, immersed in a solution containing hydrogen ions at unit activity. The 
half-cell reaction for the SHE is given by 

2H+(aq)+2e− ⇌  H2(g) 

and the half-cell potential arbitrarily assigned a value of zero (E0 = 0.000 V). 

Practical application of the SHE is limited by the difficulty in preparing and maintaining the 
electrode, primarily due to the requirement for H2 (g) in the half-cell. Most potentiometric 
methods employ one of two other common reference half-cells – the saturated calomel 
electrode (SCE) or the silver-silver chloride electrode (Ag/AgCl). 

1. Saturated Calomel Electrode (SCE) 

The SCE is a half cell composed of mercurous chloride (Hg2Cl2, calomel) in contact with a 
mercury pool. These components are either layered under a saturated solution of potassium 
chloride (KCl) or within a fritted compartment surrounded by the saturated KCl solution (called 
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a double-junction arrangement). A platinum wire is generally used to allow contact to the 
external circuit. The half reaction is described by 

Hg2Cl2(s)+2e−⇌2Hg(l)+2Cl−(sat’d)     

with an E0 value of +0.244 V. A common arrangement for the SCE is shown below, left side. In 
this arrangement, a paste is prepared of the calomel and solution that is saturated with KCl. 

 
The solution over the paste is also saturated with KCl, with some solid KCl crystals present. 
Contact to the measurement cell is made through a porous glass frit or fiber which allows the 
movement of ions, but not the bulk solution. In many electrodes designed for potentiometry, the 
reference half cell is contained within the body of the sensing electrode. This arrangement is 
referred to as a “combination” electrode. 
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2. Silver/Silver Chloride (Ag/AgCl) 

The silver/silver chloride reference electrode is composed of a silver wire, sometimes coated 
with a layer of solid silver chloride, immersed in a solution that is saturated with potassium 
chloride and silver chloride. The pertinent half reaction is 

AgCl(s)+e−  ⇔  Ag(s)+Cl− (sat’d)    

with a value for E0 of +0.222 V. The actual potential of the half-cell prepared in this way is 
+0.197 V vs SHE, which arises because in addition to KCl, AgCl also contributes to the chloride 
activity, which is not exactly unity. A schematic of the Ag/AgCl reference electrode is shown at 
right in the previous figure. 

Both the SCE and the Ag/AgCl reference electrodes offer stable half-cell potentials that do not 
change over time or with temperature. In addition, the loss of electrolyte to evaporation does not 
change the saturated nature of the solution, nor the potential. One must be aware that the contact 
junctions of the half cells by nature slowly leak fill solution into the external solution in which 
they are found. As such, there are instances where measurements of certain ions, like chloride, 
might be affected by the ions introduced to the measurement solution by leakage. The 
doublejunction design prevents this problem by placing a second solution between the reference 
half cell and the measurement solution.  

 
Predicting Cell EMF 

The standard emf Eo, of a cell is the standard reduction potential of right-hand electrode 
(cathode) minus the standard reduction potential of the left-hand electrode (anode). That is, 

Eocell  = Eoright - E oleft 
= Cathode potential - Anode potential 

Let us predict the emf of the cell 
Zn(s)  | Zn2+(aq) || Ag+(aq)  | Ag 
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by using the Eo values from the table. 
 Eocell  = EoR - EoL = 0.80 - (- 0.763) 
        = 0.80 + 0.763 = 1.563 V 
Predicting Feasibility of Reaction 
 The feasibility of a redox reaction can be predicted with the help of the electrochemical series. 
The net emf of the cell reaction, Ecell, can be calculated from the expression 
Eo cell = Eo cathode - Eo anode 
In general, if Eocell = + ve, the reaction is feasible. If Eo cell = -ve, the reaction is not feasible. 
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Galvanic Cell 
A galvanic cell is an important electrochemical cell. It is named after Luigi Galvani an Italian 
physicist. It is also called Voltaic cell, after an Italian physicist, Alessandro Volta. A galvanic 
cell generally consists of two different metal rods called electrodes. Each electrode is immersed 
in a solution containing its own ions and these form a half cell. Each half cell is connected by a 
salt bridge, or separated by a porous membrane. The solutions in which the electrodes are 
immersed are called electrolytes. 
The chemical reaction that takes place in a galvanic cell is the redox reaction. One electrode acts 
as anode in which oxidation takes place and the other acts as the cathode in which reduction 
takes place.  The best example of a galvanic cell is the Daniell cell. 
Daniell cell 
The Daniell cell was invented by a British chemist, John Frederic Daniell. In the Daniell cell, 
copper and zinc electrodes are immersed in a solution of copper (II) sulfate (CuSO4 (aq)) and 
zinc (II) sulfate (ZnSO4 (aq)) respectively. The two half cells are connected through a salt bridge. 
Here zinc acts as anode and copper acts as cathode. 
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At the anode, zinc undergoes oxidation to form zinc ions and electrons.  The zinc ions pass into 
the solution. If the two electrodes are connected using an external wire, the electrons produced 
by the oxidation of zinc travel through the wire and enter into the copper cathode, where they 
reduce the copper ions present in the solution and form copper atoms that are deposited on the 
cathode. 
The anodic reaction is represented as: 

 
The cathodic reaction is represented as: 

 
Total cell reaction is the sum of the two half cell reactions: 

 
 

  
Charge Transport within the Cell 

For the cell to operate, not only must there be an external electrical circuit between the two 
electrodes, but the two electrolytes (the solutions) must be in contact. The need for this can be 
understood by considering what would happen if the two solutions were physically separated. 
Positive charge (in the form of Zn2+) is added to the electrolyte in the left compartment, and 
removed (as Cu2+) from the right side, causing the solution in contact with the zinc to acquire a 
net positive charge, while a net negative charge would build up in the solution on the copper side 
of the cell. These violations of electroneutrality would make it more difficult (require more 
work) to introduce additional Zn2+ ions into the positively-charged electrolyte or for electrons to 
flow into right compartment where they are needed to reduce the Cu2+ ions, thus effectively 
stopping the reaction after only a chemically insignificant amount has taken place. 
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In order to sustain the cell reaction, the charge carried by the electrons through the external 
circuit must be accompanied by a compensating transport of ions between the two cells. This 
means that we must provide a path for ions to move directly from one cell to the other. This ionic 
transport involves not only the electroactive species Cu2+ and Zn2+, but also the counterions, 
which in this example are nitrate, NO3-. Thus an excess of Cu2+ in the left compartment could be 
alleviated by the drift of these ions into the right side, or equally well by diffusion of nitrate ions 
to the left. More detailed studies reveal that both processes occur, and that the relative amounts 
of charge carried through the solution by positive and negative ions depends on their 
relative mobilities, which express the velocity with which the ions are able to make their way 
through the solution. Since negative ions tend to be larger than positive ions, the latter tend to 
have higher mobilities and carry the larger fraction of charge. 

In the simplest cells, the barrier between the two solutions can be a porous membrane, but for 
precise measurements, a more complicated arrangement, known as a salt bridge, is used. The salt 
bridge consists of an intermediate compartment filled with a concentrated solution of KCl and 
fitted with porous barriers at each end. The purpose of the salt bridge is to minimize the natural 
potential difference, known as the junction potential, that develops when any two phases  are in 
contact. This potential difference would combine with the two half-cell potentials so as introduce 
a degree of uncertainty into any measurement of the cell potential. With the salt bridge, we have 
two liquid junction potentials instead of one, but they tend to cancel each other out. 
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What is a Salt Bridge? 
The salt bridge is usually an inverted U-tube filled with a concentrated solution of an inert 
electrolyte. The inert electrolyte is neither involved in any chemical change, nor does it react 
with the solutions in the two half cells.  Generally salts like, KCl, KNO3, NH4NO3 are used as 
the electrolyte. 
How is a Salt Bridge made? 
To prepare salt bridge, agar-agar or gelatin is mixed with a hot concentrated solution of 
electrolyte and is filled in the U-tube. On cooling, the solution sets in the form of a gel inside the 
U-tube and thus prevents the inter mixing of the fluids. The two ends of the U-tube are then 
plugged with cotton wool to minimise diffusion. 
Significance of Salt Bridge 

 Its main function is to prevent the potential difference that arise between the two 
solutions when they are in contact with each other. This potential difference is called the 
liquid junction potential. 

 It completes the electrical circuit by connecting the electrolytes in the two half cells. 
 It prevents the diffusion of solutions from one half cell to the other. 
 It maintains the electrical neutrality of the solutions in the two half cells. 

How is the electrical neutrality of the solutions in the two half cells maintained using a salt 
bridge? 
In the anodic half cell, there will be accumulation of positive charge when the positive ions that 
are formed pass into the solution. To maintain the electrical neutrality, salt bridge provides 
negative ions. 
For example, in Daniell cell, zinc oxidizes at the anode and passes into the solutions as Zn2+ ions, 
so there will be accumulation of positive charge in the solution. To maintain the electrical 
neutrality of the solution, the salt bridge provides negative ions (may be NO3- or Cl-). 
In the cathodic half cell, there will be accumulation of negative ions formed due to the reduction 
of positive ions. To maintain the electrical neutrality, salt bridge provides postive ions. 
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For example, in Daniell cell, Cu2+ ions from the CuSO4 solution is reduced by the electron 
formed by the oxidation of zinc, and deposited on the copper cathode. As a result, the 
concentration Cu2+ ions decreases in the solution and that of SO42- ions (sulphate ions) increases. 
So there will be an accumulation of negatively charged sulphate ions around the cathode. To 
maintain the electrical neutrality, salt bridge provides positive ions (may be, K+ or NH4+). 

 

Cell description conventions 

In order to make it easier to describe a given electrochemical cell, a special symbolic notation 
has been adopted. In this notation the cell we described above would be 

Zn(s) | Zn2+(aq) || Cu2+(aq) | Cu(s) 

 
There are several other conventions relating to cell notation and nomenclature that you are 
expected to know: 

 The anode is where oxidation occurs, and the cathode is the site of reduction. In an 
actual cell, the identity of the electrodes depends on the direction in which the net cell 
reaction is occurring. 

 If electrons flow from the left electrode to the right electrode (as depicted in the above 
cell notation) when the cell operates in its spontaneous direction, the potential of the right 
electrode will be higher than that of the left, and the cell potential will be positive. 

 "Conventional current flow" is from positive to negative, which is opposite to the 
direction of the electron flow. This means that if the electrons are flowing from the left 
electrode to the right, a galvanometer placed in the external circuit would indicate a 
current flow from right to left. 
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Nernst Equation 

Electrochemistry deals with cell potential as well as energy of chemical reactions. The energy of 
a chemical system drives the charges to move, and the driving force give rise to the cell potential 
of a system called galvanic cell. The energy aspect is also related to the chemical equilibrium. 
All these relationships are tied together in the concept of Nearnst equation. 

Walther H. Nernst (1864-1941) received the Nobel prize in 1920 "in recognition of his work in 
thermochemistry". His contribution to chemical thermodynamics led to the well known 
equation correlating chemical energy and the electric potential of a galvanic cell or battery. 

Electric Work and Gibb's Free Energy 

Energy takes many forms: mechanical work (potential and kinetic energy), heat, radiation 
(photons), chemical energy, nuclear energy (mass), and electric energy. A summary is given 
regarding the evaluation of electric energy, as this is related to electrochemistry. 

Electric Work 

Energy drives all changes including chemical reactions. In a redox reaction, the energy 
released in a reaction due to movement of charged particles give rise to a potential 
difference. The maximum potential differenc is called the electromotive 
force, (EMF), E and the maximum electric work W is the product of charge q in Coulomb 
(C), and the potential E in Volt (= J / C) or EMF. 

W  = q E    C J/C (units) 
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Note that the EMF E is determined by the nature of the reactants and electrolytes, not 
by the size of the cell or amounts of material in it. The amount of reactants is proportional 
to the charge and available energy of the galvanic cell. 

Gibb's Free Energy 

The Gibb's free energy G is the negative value of maximum electric work, 
G = - W 
      = - q E 

A redox reaction equation represents definite amounts of reactants in the formation of 
also definite amounts of products. The number (n) of electrons in such a reaction 
equation, is related to the amount of charge trnasferred when the reaction is completed. 
Since each mole of electron has a charge of 96485 C (known as the Faraday's 
constant, F), 

q = n F 
and, 

G = - n F E 
At standard conditions, 

G° = - n F E° 

The General Nernst Equation 

The general Nernst equation correlates the Gibb's Free Energy G and the EMF of a 
chemical system known as the galvanic cell. For the reaction 

a A + b B = c C + d D 
and 
 
         [C]c [D]d 
     Q = --------- 
         [A]a [B]b 
It has been shown that 
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G = G° + R T ln Q  
and  
G = - n FE. 

Therefore 
- n F E = - n F E° + R T ln Q 

where R, T, Q and F are the gas constant (8.314 J mol-1 K-1), temperature (in K), reaction 
quotient, and Faraday constant (96485 C) respectively. Thus, we have 
 
                 R T     [C]c [D]d 
     E = E° - ----- ln --------- 
                 n F     [A]a [B]b 
This is known as the Nernst equation. The equation allows us to calculate the cell 
potential of any galvanic cell for any concentrations. Some examples are given in the 
next section to illustrate its application. 

It is interesting to note the relationship between equilibrium and the Gibb's free energy at 
this point. When a system is at equilibrium, E = 0, and Qeq = K. Therefore, we have, 

 
            R T     [C]c [D]d 
     E° = ----- ln ---------,    (for equilibrium concentrations) 
            n F     [A]a [B]b 
Thus, the equilibrium constant and E° are related. 

The Nernst Equation at 298 K 

At any specific temperature, the Nernst equation derived above can be reduced into a 
simple form. For example, at the standard condition of 298 K (25°), the Nernst equation 
becomes 
 
                 0.0592 V     [C]c [D]d 
     E = E° - --------- log --------- 
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                    n         [A]a [B]b 
Please note that log is the logrithm function based 10, and ln, the natural logrithm 
function. 

 
 
Determination of the emf of a cell  : The Nernst Equation 
 
Nernst equation relates the equilibrium potential of an half cell with the standard electrode 
potential, temperature, activity and reaction quotients of the reacting species. It is named after 
the German physical chemist Walther Nernst. 

Nernst showed that for the electrode reaction; , the electrode potential 
at any concentration measured with respect to SHE can be represented as: 

 

Where,  is the electrode potential of the half cell,  is the standard electrode 

potential,  is the concentration of the metal,  is the concentration of the metal ion, 
 is the universal gas constant (8.314 J/K/mole),  is the temperature in kelvin,  is the number 
of electron involved in the reaction, and  is the Faradays constant (96500 C/mole). 
But the concentration of the solid M is taken as unity and substituting the values of R, F and 
T=298 K (Room Temperature), the above equation reduces to: 

 
Calculation of emf of Daniell Cell 
In Daniell cell, the electrode potentials of the half cells are written as: 
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So Nernst equation is generally represented as: 

 
  

Where,  is the activity (Concentration) of reduced species, and  is the activity 
(Concentration) of oxidised species. 
So the electrode potential of an electrochemical depends on the standard electrode potential, 
temperature, no. of electrons involved in the chemical reaction and the concentration of the 
reacting species. 

Learning Outcomes 

 Students understand the terms, electrochemical cell, electrolytic cell, Daniell cell, salt 
bridge, EMF. 
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 Students acquire the skill to construct a Daniell cell. 
 Students understand the significance of salt bridge. 
 Students acquire the skill to calculate the electrode potential of a half cell and full cell 

using the Nernst equation. 
 Students acquire the skill to measure the EMF of a cell by viewing animation & 

simulator. 
 Students understand how the electrode potential of a given cell varies with the 

concentration of electrolytes in the anodic and cathodic half cell.    

 

Example 1 

Calculate the EMF of the cell 
Zn(s) | Zn2+ (0.024 M) || Zn2+ (2.4 M) | Zn(s) 

Solution 

Zn2+ (2.4 M)  +  2 e  =  Zn     Reduction 
Zn  =  Zn2+ (0.024 M) +  2 e    Oxidation 
-------------------------------------------- 
Zn2+ (2.4 M)  =  Zn2+ (0.024 M),  E° = 0.00 - - Net reaction 
 
Using the Nernst equation: 
 
                 0.0592       (0.024) 
    E = 0.00 - ------- log -------- 
                   2          (2.4) 
 
         =  (-0.296)(-2.0) 
         =  0.0592 V 
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Discussion 
Understandably, the Zn2+ ions try to move from the concentrated half cell to a dilute 
solution. That driving force gives rise to 0.0592 V. From here, you can also calculate the 
energy of dilution. 

If you write the equation in the reverse direction, 

Zn2+ (0.024 M) = Zn2+ (2.4 M), 
its voltage will be -0.0592 V. At equilibrium concentrations in the two half cells will 
have to be equal, in which case the voltage will be zero. 

Example 2 

Show that the voltage of an electric cell is unaffected by multiplying the reaction 
equation by a positive number. 

Solution 
Assume that you have the cell 

Mg | Mg2+ || Ag+ | Ag 
and the reaction is: 

Mg + 2 Ag+ = Mg2+ + 2 Ag 
Using the Nernst equation 
 
                   0.0592     [Mg2+] 
     E  =  E°  - ------ log -------- 
                     2        [Ag+]2 
If you multiply the equation of reaction by 2, you will have 

2 Mg + 4 Ag+ = 2 Mg2+ + 4 Ag 
Note that there are 4 electrons involved in this equation, and n = 4 in the Nernst equation: 
 
                   0.0592     [Mg2+]2 
     E  =  E°  - ------ log -------- 
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                     4        [Ag+]4 
which can be simplified as 
 
                   0.0592     [Mg2+] 
     E  = E°  - ------ log -------- 
                     2        [Ag+]2 
Thus, the cell potential E is not affected. 

Example 3 

The standard cell potential dE° for the reaction 
Fe + Zn2+ = Zn + Fe2+ 

is -0.353 V. If a piece of iron is placed in a 1 M Zn2+ solution, what is the equilibrium 
concentration of Fe2+? 

Solution 
The equilibrium constant K may be calculated using 

K = 10(n E°)/0.0592  
    = 10-11.93 
    = 1.2x10-12 
    = [Fe2+]/[Zn2+]. 

Since [Zn2+] = 1 M, it is evident that 
        [Fe2+] = 1.2E-12 M. 

Example 4 

From the standard cell potentials, calculate the solubility product for the following 
reaction: 

AgCl = Ag+ + Cl- 
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Solution 
There are Ag+ and AgCl involved in the reaction, and from the table of standard 
reduction potentials, you will find: 

AgCl + e = Ag + Cl-, E° = 0.2223 V - - - -(1) 
Since this equation does not contain the species Ag+, you need, 

Ag+ + e = Ag, E° = 0.799 V - - - - - - (2) 
Subtracting (2) from (1) leads to, 

AgCl = Ag+ + Cl- . . . E° = - 0.577 
Let Ksp be the solubility product, and employ the Nernst equation, 

log Ksp = (-0.577) / (0.0592) = -9.75 
Ksp = 10-9.75 = 1.8x10-10 

This is the value that you have been using in past tutorials. Now, you know that Ksp is not 
always measured from its solubility. 

 

     

Confidence Building Questions 

 

 In the lead storage battery, 

Pb | PbSO4 | H2SO4 | PbSO4, PbO2 | Pb 

would the voltage change if you changed the concentration of H2SO4? (yes/no) 

Answer ... Yes! 
Hint...  
The net cell reaction is 

Pb + PbO2 + 2 HSO4- + 2 H+  2 PbSO4 + 2 H2O 
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and the Nernst equation 

E = E° - (0.0592/2)log{1/{[HSO4-]2[H+]2}}. 

 Choose the correct Nernst equation for the cell 

Zn(s) | Zn2+ || Cu2+ | Cu(s). 

A. E = E° - 0.0296 log([Zn2+] / [Cu2+]) 
B. E = E° - 0.0296 log([Cu2+] / [Zn2+]) 
C. E = E° - 0.0296 log(Zn / Cu) 
D. E = E° - 0.0296 log(Cu / Zn) 

Answer ... A 
Hint...  
The cell as written has 
Reduction on the Right: Cu2+ + 2 e = Cu 
oxidation on the left: Zn = Zn2+ + 2 e 
Net reaction of cell is Zn (s) + Cu2+ = Cu (s) + Zn2+ 

 The standard cell potential E° is 1.100 V for the cell, 

Zn(s) | Zn2+ || Cu2+ | Cu(s). 

If [Zn2+] = 0.01 M, and [Cu2+] = 1.0 M, what is E or EMF? 

Answer ... 1.159 V 
Hint...  
A likely wrong result is 1.041 V. 
The term that modifies E is -(0.059/n)log{[Zn2+]/[Cu2+]} (n = 2 in this case). 
Understandably, if the concentration of Zn2+ is low, there is more tendency for the 
reaction, 

Zn = Zn2+ + 2 e. 
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 The logarithm of the equilibrium constant, log K, of the net cell reaction of the cell 

Zn(s) | Zn2+ || Cu2+ | Cu(s) . . . E° = 1.100 V 

is 

A. 1.100 / 0.0291 
B. -1.10 / 0.0291 
C. 0.0291 / 1.100 
D. -0.0291 / 1.100 
E. 1.100 / 0.0592 

Answer ... A  
Hint...  
Use the Nernst equation in the form 

0 = 1.100 - 0.0296 log ([Zn2+] / [Cu2+]) 

The Nernst equation is useful for the determination of equilibrium constants. 

********** 



Pretest for Module 
on  

Chemical Kinetics 
1. Which order of reaction obeys the expression t1/2  1/[A] ? 

a) First                     b) Second        c) Zero                 d) Third 
 

2. A first order reaction completes 60 % in 20 minutes. The time required for the 
completion of 90 % of reaction is 
a) 30 min                b) 60 min          c) 40 min            d) 50 min 

 
  3. The unit of zero order of reaction is  
            a) L mol-2 s-1                                         b) s-1 
            c)  mol L-1 s-1                                       d)  L mol -1 s-1 
 

 
4. The half life for the acid-catalysed hydrolysis of sucrose to form glucose and fructose, which 
is first order overall, is 3.20 h at 25°C. What is the rate constant for the reaction at this 
temperature? 
  a) 6.02 × 10-5 s-1                              b) 0.217 s-1 
c) 2.61 × 10-5 s-1                                              d) 0.24 × 10-15 s-1 

5. Which of the following statements about the kinetics of the reaction 
       H2(g) + Br2(g) → 2HBr (g) is definitely true? 
 a) The reaction is first order with respect to bromine, Br2.             b)  The reaction is first order with respect to bromine, Br2.            c) The reaction is second order overall.  
          d) It is not possible to predict the kinetics of the reaction from the stoichiometry. 
 
6. The graph between ln k vs. 1/T is a straight line. The slope of the line is  

a)  -Ea/2.303 R          b) -2.303R/ Ea        c) 2.303R/ Ea        d) Ea/2.303 R 
 
7. For a first order reaction when log k was plotted against 1/T Straight line with a slope of -6000 
was obtained. What will the activation energy of the reaction? 
  

          a) 27.48 kcal                      b) 10.4  kcal   c)  120 Kcal         d) none of the above 
8. The role of a catalyst is to change 
    a) Equilibrium constant                    b) Enthalpy of reaction  
   c) Activation energy of reaction       d) none of the above 
 
9.  Which of the following does not affect the rate of reaction? 
   a) Amount of reactant taken                    b) Physical state of reactant  
   c) Size of the vessel                                     d) Enthalpy of reaction  
 
 



10. Activation energy of a reaction can be determined by 
 
a) By determining the rate constant at two different temperature 
b) By determining the probability of collision 
c) By measuring equilibrium constant 
d) none of the above 

 
Module 

Chemical Kinetics 
Lecture 1  
Outline of the module 
This module presents some of the phenomenological concepts of chemical kinetics. It may be 
treated as complementary to thermodynamics for studying the chemical reactions as 
thermodynamics does not provide any information about the rate at which and the extent at 
which any reaction will occur. Thermodynamic principles tell only about the feasibility of a 
chemical reaction whereas chemical kinetics concerns with the measurement of rate of reactions 
occurring under given experimental conditions. The study of these subjects also provides 
valuable information about the factors which affects the rate of reaction as well as about the 
mechanistic aspects of the reaction. Students will learn that the time-dependence of the reactant 
and product concentrations during a chemical reaction can be described by differential equations 
known as rate law. A rate law serves to define a rate constant, which is one of the most important 
parameters used to describe the dynamics of chemical reaction.  
Rate of reaction: Let us consider the general reaction  
aA + bBcC+ dD 
The stoichiometric coefficients a, b, c and d signify that for the disappearance of a moles of A 
and b moles of B at any instant, c moles of C and d moles of D will appear. The rate may, 



therefore, be defined as the rate of disappearance of A or B per mole, which in turn, is 
equal to the rate of appearance of C or D per mole. 

Rate = - [ ] =- [ ] = [ ]  = [ ] 

Note that the rate of disappearance or rate of appearance of different reactants and products may 
be the same or different depending on the stoichiometry of the equation, but the rate of 
disappearance or rate of appearance per mole of any reactant or product will always be same as it 
represents the rate of the reaction. 

As the rate of a reaction decreases gradually with the progress of the reaction, - [ ]  ….etc 
represent instantaneous rate of the reaction at time t, because these involve concentration 
changes over an infinitesimally short time interval, dt, but if it is written as - [ ]

  , it represent   
average rate over a finite time interval,  . Both average and instantaneous rate of reaction 
decreases with time. 
The reaction rate is also proportional to the product of concentrations of the reactants, each 
raised to some power.  Accordingly,  
                                      Rate    [A]m[B]n 
             Or                     Rate = k [A]m[B]n 
Therefore, the differential rate law may have the form    

                                                 Rate = - [ ] =- [ ] = [ ]  = [ ]     = k [A]m[B]n 

The exponent’s m and n are known as partial order of reaction with respect to A and B 
respectively, (m + n) represents the overall order of reaction and k is a proportionality constant 
called rate constant. It is defined as the rate of a reaction when the concentration of each reactant 
is equal to unity. Each reaction is characterized by its own rate constant Thus, rate law is the 
expression in which reaction rate is related with molar concentration of reactants with each term 
raised to some power at a fixed temperature, which may or may not be same as stoichiometric 
coefficient of reacting species in a balanced chemical equation. The rate law with its rate 



constant and order of various reacting species must be determined from the measurement of 
reaction rates and cannot be deduced from reaction stoichiometry of  the balanced –reaction 
equation. 
The order of a reaction can be 0, 1, 2,3 and even a fraction. The units of k depend on the overall 
order of the reaction. The value of k does not depend on concentration of either reactants or 
product.  It depends on temperature and catalyst used in the reaction. Each reaction is 
characterized by its own reaction rate constant 
 
Units of rate constant 
Reaction Order Units of rate constant 
Zero order reaction 0 mol.L-1sec-1 

First order reaction 1 sec-1 

Second order reaction 2 mol-1.L.sec-1 

 
Example 1. The reaction 
                                     2N2O5  4NO2   +   O2 
NO2 is formed at the rate of 0.0072 mol/litre-second at some time (i) what is the rate of change 
of [O2] 
(ii) Calculate the rate of change of [N2O5] at this time, and (iii) write the differential rate law for 
the reaction. 
Example 2. In a reaction    H2    +  I2   2 HI, The rate of disappearance of [I2] was found to be 
1.0x 106 mol/L/s, what would be the corresponding rate of appearance of HI. 
Example 3 For a reaction2A  +  3B   C  +4D , the following expression  

                            [  log − [ ]   =log + [ ]  +   X ]  is valid, then find out the value of X 



Lecture 2  
Concept of Molecularity and Order in Elementary and Complex Reactions 
There are very few reactions that take place in one step. A reaction that occurs in one step is 
called an elementary reaction. In such an elementary reaction the total number of molecules 
taking part in the reaction is termed as molecularity of the reaction. When the complete reaction 
consists of more than one step then it is known as a complex reaction. Molecularity helps in 
understanding the mechanism of a reaction. In case of a complex reaction, molecularity as such 
has no significance. Each elementary reaction involved in the complex reaction has its own 
molecularity. Therefore, as such, molecularity is only a theoretical concept for a complex 
reaction. In a complex reaction the overall kinetics of the reaction can be determined on the basis 
of slowest elementary reaction. The order can change with the conditions, such as pressure, 
temperature, concentration etc., whereas molecularity is invariant for a chemical equation. For 
example – decomposition of NH3 on tungsten is a zero order reaction whereas on hot quartz it is 
first order reaction. Order may or may not be equal to the molecularity but in an elementary 
reaction they are generally the same. Molecularity must always be an integer and can never be 
zero whereas order can be an integer, a fractional quantity, zero or even negative. We illustrate 
the above concepts through the following examples. 

i) 2N2O5  4NO2   +   O2 ………               Rate = k[N2O5] 
This is an example of a bimolecular reaction but the kinetics of the reaction is first order. 

ii) H2 + I2 2HI    …….                                   Rate = k[H2][I2] 
Example of a second order reaction. 

iii) 2SO2 + O2  2SO3  …..                               Rate = k[NO]2[O2] 
The above reaction is an example of a third order reaction. In this reaction the rate does not 
depend on the concentration of the main substrate, that is, SO2. 

iv) NO2 + CO  NO + CO2 …at T< 500K         Rate = k[NO2]2 
                          At higher temperatures …     Rate = k[NO2][CO] 

 
 
 
 



Solved problems 
Example 1) 2H2O2(in alkaline medium)  2H2O + O2 
Show the mechanism that leads to rate = k[H2O2][I-].   
Solution 
Experimental evidence suggests that this reaction takes place in following two steps. 

i) H2O2 + I-H2O + IO- 
ii) H2O2 + IO-H2O + I- + O2 

The first step is slow and therefore the rate determining step.  
 
Integrated Rate Law 
Differential rate law equations involve infinitesimally small quantities like d[A], d[B], dt etc. 
These cannot be measured practically. Hence, the differential rate law equations are integrated to 
obtain equations involving measurable quantities, so that the rate of the reaction, rate constant 
can be determined. Note that the rate law expression relates the rate and the concentration, while 
integrated rate expression relates time and concentration.  

1) Zero order reaction: The rate of such reactions is proportional to zero power of the 
concentration of the reactant.  
Example: 2NH3 (g)  N2 (g) +3H2 (g)  

            Rate = k[NH3]0 = k 
            Example: Thermal decomposition of HI on gold surface is another example of zero order  
            reaction. 
In zero order reactions the rate constant (k) is equal to the rate of reaction at all              
           concentrations. 

2) First order reactions: The rate of such reactions is proportional to first power of the 
concentration of the reactant.  

Hydrogenation of ethane is an example of first order reaction. 
C2H4 (g) + H2 (g)  C2H6 (g) 
Rate = k[C2H4][H2]0 = k[C2H4] 

 
The rate expression is obtained by integrating the respective differential rate expression. For 
reactant A  Product 



Rate = - [ ] = k[A] 
On integration, the following expression is obtained, [A] = [A]0 exp(-kt) 
This equation can also be written in the form  

t =  .  [ ]
[ ]  

Slope of the linear fit to the graph between [ ]
[ ]  versus time can be used to calculate the value 

of the rate constant of the reaction.  
The length of time required for half of the reactant to disappear is called the half-life of the 
reaction and is written as t1/2.  Equation ln [A]/[A]0 =-kt can be used to derive a relationship 
between the rate constant k and half-life of the reaction. At time t= t1/2 the concentration of A 
=[A]0/2. On substitution of these values in above equation we have ln ½ =-kt1/2 .  
                          Therefore, t1/2 =  =  .  
T1/2 of first order reaction is independent of initial concentration of reactant. 
There are reactions in which more than one species is involved, but the order of the reaction is 
one. Such reactions are known as pseudo-unimolecular reaction and they involve either solvent 
molecule in excess or a catalyst as one of the reacting species. Examles of such type of reaction 
are:  
(i)  Acid hydrolysis of an ester 
                                                      H+ 

 CH3COOC2H5 +H2O  ⇆ CH3COOH + C2H5OH 
    (ii) Inversion of cane sugar     H+ 

                       C12H22O11  +H2O  ⇆  C6 H12O6  +C6 H12O6 
                       cane sugar                   Glucose      Fructose 
     (iii) Decomposition of benzene diazonium chloride 
                        C6 H5N=NCl +H2O  C6H5OH +N2 + HCl        
Solved Problems 

1) The reaction  N2O52NO2   +  1/2O2, the initial concentration of N2O5 was 1.24x10-2 
mol.L-1 at 318K. The concentration of N2O5 after 60 minutes was found to be 0.20x10-
2mol.L-1. Calculate the rate constant of the reaction. 

Solution: Using k =  .  [ ]
[ ] = .  .  .

 .  . = 0.0304min-1 



  2) The rate law for the reaction described by N2O2 (g)  2NO (g) is first order in the 
concentration of  N2O2 (g) . Derive an expression for the time dependent behavior of [NO], the 
product concentration. 
Solution: The rate of formation of NO is given by the rate law 
                     Rate = [ ] =k [N2O2] 
Since the rate law for the disappearance of N2O2 is first order, so the above rate law can be 
rewritten as 

[ ] = 2k [N2O2]0 e-kt 
 Separating the time and concentration variables gives us 
                d[NO] =  2k [N2O2]0 e-kt dt  
Integrating [NO] from [NO]0 =0 to [NO] and time variable from 0 to t gives us 
             [NO] = 2 [N2O2]0(1- e-kt) 
Example 1) The reaction 2N2O5(g)  2N2O4(g)  +   O2(g)  obeys the rate law, r = k[N2O5], 
where k = 0.0084 sec-1. If 2.5 moles of N2O5 were taken in a 5L flask, how many moles of N2O4 
would remain after 60 sec. 
                                                                        Lecture 3 
 

2) Second order reactions: For the second order reactions, we have two distinct cases. In 
the first case, both the reactants are identical. This is shown in equation 
                      A +A   Product, or 
                      2A  Product 
 

The rate of such reactions is proportional to second power of the concentration of the reactant.  
                                          The rate law     - [ ] = k [A]2 
An expression for [A] can be derived by separating the concentration and time variables and then 
integrating the resulting expression assuming that the initial concentration of A at time t=0 and at 
time t is [A], we get 
                                                          [ ]  =  [ ]  +kt 
A plot of 1/[A] vs.t will yield a straight line of slope k and intercept 1/[A]0 



The half-life of second order reaction can be determined by setting t = t1/2 and [A]= [A]0/2  
                                                  t1/2 = 1/ k[A]0 
Notice that the half-life of second order reaction depends on the initial concentration of the 
reactant. This relation is different from that found for a first-order reaction, for which the half-
life is independent of concentration. 
Now consider the reaction when both reactants are not identical, the reaction is  
                                        A +B  Product 
The rate of such reactions is 
                                           - [ ]  =  [ ]  = k [A][B] 
The extent of the progress of the reaction may be measured by using a variable x which measures 
the extent of progress of the reaction 
                                                x = [A] 0 - [A] t = [B] 0- [B] t 
Here [A]0 and  [B]0 are the initial concentrations of A and B and their concentrations at time t are 
[A]t and [B]t respectively. 
The resulting integrated rate equation may be written as 
                     kt = [ ] [ ]   ln [ ][ ]

[ ][ ]    
To obtain rate constant k, we need to plot the logarithm of the product in parenthesis of above 
equation against time. If [A]0= [B]0 this equation is indeterminate. In this case, since [A]t= [B]t, 
the equation                     [ ]  =  [ ]  + kt ; or  [ ]  =  [ ]  + kt   can be used to obtain k. 
Example i) NOBr (g)  NO (g)+1/2Br2 (g) 
is found to obey the rate law  r = [ ] =k [NOBr]2 
       ii) CH3COOC2H5 +OH- CH3COO- + C2H5OH 

iii) S2O82-  + 2I- 2SO42-  +I2 
Problem  The rate law for the reaction,   2Cl2O → 2Cl2 + O2 at 200oC is found to be: rate = k [Cl2O]2 
(a) How would the rate change if [Cl2O] is reduced to one-third of its original value?  
(b) How should the [Cl2O] be changed in order to double the rate?  
(c) How would the rate change if [Cl2O] is raised to threefold of its original value?  
  
 Solution   a) Rate equation for the reaction,  
 



 r = k [Cl2O]2 
 
 Let the new rate be r'; so  
 
 r' = k[(Cl2 O)/3]2  = 1/9 r  
 
(b) In order to have the rate = 2r, let the concentration of Cl2O be x.  
 
 So 2r = kx2  .... (i)  
 
 We know that r = k[Cl2O]2  .... (ii)  
 
 Dividing Eq. (i) by (ii),  
 
 2r/r = (kx2 )/(k[Cl2O]2 )   
 or 2 = x2/[Cl2O]2  
 or x2  = 2[Cl2O]2  
 or x = √√2 [Cl2 O]  
 
(d) New rate = k[3Cl2O]2  = 9k[Cl2O]2 = 9r 
 

 

Lecture 4  
As we have seen that rate law for an elementary reaction can be deduced from the reaction 
stoichiometry.  However, for complex reactions that does not occur by a single step. One of the 
major goals of chemical kinetics is to determine the mechanism or sequence of elementary 
reactions, by which a complex reaction occurs. Here we will discuss the appropriate 
approximations used to derive the correct rate law for complex reaction from the proposed 
mechanism. Many reactions involve reaction intermediate, and overall kinetic process can be 
written as 
                                            Reactant   intermediate  Product 
For Example, consider the reaction  
                                                    NO2 + CO  NO + CO2 

This reaction does not occur in a single step but proceeds by the following two-step process: 

                           NO2 + NO2  NO3 + NO                     slow 



                            NO2 + CO  NO2 + CO2                        fast 
If the reaction is occurring in more than one step, then exact rate law can be derived with help of 
two types of approximations: 

i) Rate limiting approximations: Rate limiting approximations used if it is known that 
out of two steps which step is slowest step. So for the above reaction the overall 
kinetics of the reaction is governed by step 1 as it is the slowest step or rate 
determining step. Therefore, rate law of reaction may be written as 
                         r = [ ] = k1 [NO2]2   

     ii)        Steady-state approximations: Steady-state approximations always applied with respect    
to the intermediate. Steady-state approximation assumes that rate of formation of an intermediate 
during the course of reaction is essentially equals to rate of its destruction so as to keep a 
constant concentration of intermediate throughout the reaction. We have seen that multistep 
reaction usually involves one or more intermediate species that do not appear in overall equation. 
Since these intermediates are very reactive and they do not accumulate to any significant extent 
during the reaction.  i. e. [I}<<[R] and [I}<<[P].  
Intermediate concentration [I] start from zero, rise to a maximum and then falls to zero. This 
concept of approximation can be used in consecutive irreversible first-order reactions. 
Consider two consecutive irreversible first-order reactions 
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Suppose that in an industrial batch process a substance A produces the desired product B which 
goes to decay to a worthless product C, each stage of the reaction being first-order. At what time 
will product B be present in greatest concentration? 
The time dependence of [B] 
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Assignment Problems 

1. Which order of reaction obeys the expression t1/2  1/[A] ? 
b) First                     b) Second        c) Zero                 d) Third 

 
2. A first order reaction completes 60 % in 20 minutes. The time required for the 

completion of 90 % of reaction is 
b) 30 min                b) 60 min          c) 40 min            d) 50 min 

 
3. Collision theory of reaction rates is most successful for  

              a) All types of reactions                        b) Reactions in solution     
              c) Bi-molecular gaseous reactions     d) Termolecular reactions 
 
       4.   Hydrolysis of ethyl acetate reaction in acidic medium follows  
             a) First order kinetics                           b) Second order kinetics 
            c) Zero order kinetics                           d)  None of the above 
       5.  What will be the unit of rate constant for nth order of reaction? 
             a) (mol/L)n s-1                                       b) (mol/L s-1)n-1 
            c) (L mol -1 s-1)n-1                                 d)  (L mol -1)n-1 s-1 
 
      6.  The inversion of cane sugar represented by 
             a) First order kinetics                           b) Second order kinetics 
            c) Zero order kinetics                           d)  None of the above 
     7.  Saponification of ethyl acetate follows : 
          a) First order kinetics                           b) Second order kinetics 
           c) Zero order kinetics                           d)  None of the above 
   8. The unit of zero order of reaction is  
            a) L mol-2 s-1                                         b) s-1 
            c)  mol L-1 s-1                                       d)  L mol -1 s-1 
 
  9. The reaction rate becomes 2 times for every 100 C rise in temperature. How many times rate 
of reaction will be increased when temperature is increased from 30 to 80 0 C ? 
 

a)       16              b) 64        c) 32              d) 128 
 

10. Half-life of radioactive 14 C is 5760 years. In how many years 200 mg of 14 C will be reduced 
to 25 mg? 

a) 17280           b) 5760        c) 23040              d) 1120 
 

11. The half life of first order reaction  NH2NO2N2O + H2O is 2.2 hours at 150 C. What will be  
time required for decomposition of 12.4 g of NH2NO2  if it was taken initially 1 mol. 

a)       4.34 hrs          b) 9.1 hrs        c) 0.7 hrs     d) 2.4 hrs 



 
12. The half life for the acid-catalysed hydrolysis of sucrose to form glucose and fructose, which 
is first order overall, is 3.20 h at 25°C. What is the rate constant for the reaction at this 
temperature? 
  a) 6.02 × 10-5 s-1                              b) 0.217 s-1 
c) 2.61 × 10-5 s-1                                              d) 0.24 × 10-15 s-1 
 
13. Which of the following statements about the kinetics of the reaction 
       H2(g) + Br2(g) → 2HBr (g) is definitely true? 
 a) The reaction is first order with respect to bromine, Br2.             b)  The reaction is first order with respect to bromine, Br2.            c) The reaction is second order overall.  
          d) It is not possible to predict the kinetics of the reaction from the stoichiometry. 
 
14. The graph between ln k vs. 1/T is a straight line. The slope of the line is  

b)  -Ea/2.303 R          b) -2.303R/ Ea        c) 2.303R/ Ea        d) Ea/2.303 R 
15. For the gas phase decomposition of ozone  2O3  3O2 the predicted order of reaction is 

a) 1              b) 1.5       c) 0         d) -1.5 
16. For a first order reaction when log k was plotted against 1/T Straight line with a slope of -
6000 was obtained. What will the activation energy of the reaction? 
  

          a) 27.48 kcal                      b) 10.4  kcal   c)  120 Kcal         d) none of the above 
17. The role of a catalyst is to change 
    a) Equilibrium constant                    b) Enthalpy of reaction  
   c) Activation energy of reaction       d) none of the above 
 
18.  Which of the following does not affect the rate of reaction? 
   a) Amount of reactant taken                    b) Physical state of reactant  
   c) Size of the vessel                                     d) Enthalpy of reaction  
 
19. Activation energy of a reaction can be determined by 
 

a) By determining the rate constant at two different temperature 
b)  By determining the probability of collision 
c)  By measuring equilibrium constant 
d) none of the above 

 
20. The given reaction 2FeCl3  + SnCl2  2FeCl2  + SnCl4 is an example of  
 
           a) First order kinetics                           b) Second order kinetics 
            c) Zero order kinetics                           d)  Third order kinetics 
 



 
 
 
 
 
 
 
 
 

 Answer key 

1. b   
2. d 
3. c 
4. a 
5. d 
6. a 
7. b 
8. c 
9. c 
10. a 
11. c 
12. a 
13. d 
14. a 
15. a 
16. a 
17. c 
18. d 
19. a 
20. d 
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PREFACE

Globalization of the world economy and higher education are driving profound changes in
cngincering education system. Worldwide adaptation of Outcome Based Education framework
and enhanced focus on higher order learning and professional skills necessitates paradigm shift
in traditional practices ofcurriculum design, education delivery and assessment. AICTE has also
taken various quality initiatives for strengthening the technical education system in lndia. These
initiatives are essential for promoting quality education in our institutions in the country so that
our students passing out from these institutions may match the pace with global standards.

A quality initiative by AICTE is 'Reyision of Curriculum'. Recently, AIC'I'E has released an
outcome based Model Curriculum for various Undergraduate degree courses in Engineering &
Technology which are available on AlCl'E website. A thrce-week mandatory induction program
is developed as a part of the model curriculum for the first year UG Engineering students which
helps students ,oining the first year of the college from diverse backgrounds to get adjusted in
the new environment ofthe institution.

Education is primarily conceived by students as one simple remembering facts by rote.
However, Science education also requires clear understanding ofscience concepts and a proper
logical thinking or a constructive thinking by students. We all know that the students seeking
admission in an undergraduate degree engineering program have passed their 10+2 in science
but it was felt that a student joining an engineering program after 10+2 require rein[orccment
of fundamental science concepts i.e. basic science courses in physics, Chemistry and
Mathematics. 'l'o support the students, gain better understanding, AICTE decided to initiate thc
task of development of bridge courses in Physics, Chemistry and Mathematics and it was
entrusted to IIT-BHU. These bridge courses aim to accelerate the students, knowledge in these
subjects acquired at 10+2 level; and also bridge the gap between the school science syllabus and
the level needed to understand their applications to cngineering concepts, Therefore, it was
decided that after completion of the 3-week mandatory induction programme introduced for
the first year UG engineering students, bridge course in basic physics, Chemistry and
Mathematics may be taken up by universities/institutions for the students for the remaining
part of thc semester. The concerned LJniversity/institution has a flexibility to adopt thesc
modules on bridge courses by adiusting teaching hours accordingly.

'I'hc lecture based modules in Physics, Chemistry and N4athematics have been dcveloped by a
team of respective Course Coordinators from Indian Institute of l'echnology, Banaras IIindu
University. AICTE approved institutions may utilize these modules ,Lecture 

Based Modules for
Bridge Courses - Physics, Chemistry and Mathemqtics,fot Leaching students to he]p bridge the gap
oflhcir studies ol 10 i 2 and UG level.

(Prof. Anil
Chairman, AICTE

I . rD _;

budhc)



ALL INDA COUNCIL FOR TECHNICAL EOUCATIAN

Lat!rc bosed Madutes lot Bridge Caurset in phytics, AenEtty ond Mothenotit,

ACKNOWLEDGEMENT

Curriculum plays a crucial role in enabling quality learning for our young learners in our society

i.e. students. An effective curriculum not only enables a student's learning process & knowledge

acquired but also supports students to overcome their inhibitions and aids in their holistic
development. AICTE in 2018 released a Model Curriculum for various Undergraduate degree

courses in Engineering & Technology. This curriculum is equipped with making students industry

ready, allow internships for hands on experience, learn about Constitution of lndaa, Environment
science etc. lnduction program has been included as a mandatory program for the first year

engineering students to get acquainted and get accustomed to thas new environment in the
college. a curriculum needs to be consistent and sustainable and it has been noticed that students

.joining an engineering program required to strengthen their concepts in science subjects i..e

Physics, Chemistry and Mathematics building a better foundation during the first semester itself.

AICTE therefore decided to develop lecture based bridge courses in basic science subjects i..e

Physics, Chemistry and Mathematics for students,. The lecture based modules in physics,

Chemistry and Mathematics have been developed by llT BHU. This task has been accomplished
by a team of respective Course Coordinators under Prof lndrajit Sinha, Department of Chemistry,
llT BHU as Overall Coordinator.

AICTE places on record its acknowledgement and appreciation to Dr. lndrajit Sinha, Department
of Chemistry, llT-BHU as overall coordinator; and respective course coordinators and their team
of facu ty members at llT-BHU for developing these lecture based modules for bridge courses:

The faculty team from llT BHU:

Depoftment of Pt tsics, ,tT, BHU
Prof. B. N. Dwivedi, Prof. O.N. Singh, Prof. D. Giri, Prof. p. Singh, prof. S. Chatterjee, prof. R. prasad, Dr.
(N,4rs) A. Mohan, Dr. P.C. Pandey, Dr. (Mrs) 5. Upadhyay, Dr. A.K. Srivastava, Dr. S.K. l,4ishra, Dr. A.S.

Parmar, Dr. S. Tripathi, Dr. S. Patil, Dr. (Mrs) 5. N4ishra, Dr p. Dutta, Dr. S.K. Singh, Dr (Mrs) N. Agnihotri

Deportrnent of Chemastry, ,rl, BHU

Prof. R. B. Rastogi, Prof. A K Mukherjee, Prof. M A Quraishi, prof. V. Srivastava, prof. y.C. Sharma, prof. D.

Tiwari, Prof. K.D. Mandal, Dr. l. Sinha, Dr. S.Singh, Dr. M. Malviya

Depoftment of Mothemoticol Scien.es, tlT, BHLt

Prof. L. P. Singh, Prof. Rekha Srivastava, Prof. T Som, prof. S.K pandey prof. S.K. Upadhyay, prof. S. Das,
Prof. S. Mukhopadhyay, Prof. S. Ram, prof. K.N. Rai, Dr. A.J. Gupta, Dr. Rajeev, Dr. R.K. pandey, Dr. V.K.

Singh, Dr. Sunil Kumar, Dr. Lavanya Shivkumar, Dr. A Beneiee, Dr. D. Ghosh, Dr. V.S. pandey

lnstitutions may adjust teaching hours to utilize these modules 'Lecture bosed Modutes for Bridge
Courses Physics, Chemistry ond Mothemotics'to bridge the gap of 10+2 and UG level.

(Prof. Rajive Kumar)

Adviser-l(P&AP), AICTE



Mathematics Modules  

(For AICTE Approved Colleges)  

 

 

 

 

 

 

 

 

 

Prepared by  

 

 

 

 

 

 

 

 

 

 

Department of Mathematical Sciences  

Indian Institute of Technology  

(Banaras Hindu University)  

Varanasi - 221005  

 



Contents  

 

            Module                                 Lectures  

1. Set Theory, Relations and Functions       03 

2. Differential and Integral Calculus      02 

3. Matrices and Determinants        02  

4. Complex Numbers         03  

5. Differential Equations        03  

6. Analytical Geometry & Vector Algebra      03  

7. Trigonometry          02  

8. Probability          02 

9. Statistics          02 

 

 

  



Preface 

The genesis of this module lies in the Induction Program first conceived and started by 

IIT(BHU) on 2016 on mass scale for about 1000 students. The fact is that the students are 

overburdened and stressed out due to a hectic high school life. To refresh their creative mind, 

they were exposed to month long diverse credit courses like Physical Education, Human Values 

and Creative Practices, as well as several non-credit informal activities. In a welcome step the 

AICTE has proposed to extend this program to the Engineering Colleges affiliated to them.  

Infact, purpose of this module is to bridge the gap between what the students need to know 

before they can start taking the advanced courses in the college level and what they are actually 

aware of from the intermediate level. Consequently, after the completion of the 3-weeks 

induction program, it is proposed that (besides other subjects) bridge courses in basic Physics, 

Chemistry and Mathematics should be taught to these students for the rest of the semester. The 

bridge courses will cover typical weaknesses of students in science at the 10+2 level.  

The modules in Mathematics are prepared keeping in mind that an hour of discussion will bring 

all the students in the same stage such that they can cope up with the courses in their college 

level, that requires the concepts of different topics in Mathematics. The modules are made as 

interactive sessions between the students and the instructors. Furthermore, we have discussed 

those topics which harder to understand. At the end of the discussion teacher may also take a 

small test to understand how much the students followed the class.  

In brief the contents of the modules are presented as follows. In Mudule-1, basic concepts of 

sets, relations and function are discussed. Module -2 describes the definition of limit and 

discuss some of its properties. After that we introduce the notion of continuity of a function 

and the concept of the derivative of a function, and their properties.  

Module-3, presents the idea of the basics of matrices, types of matrices, operations on matrices, 

determinants and cofactors, computing inverse of a square matrix, rank and elementary 

operations with brief discussion on system of linear equations.  

Module-4 introduces the idea of the complex numbers and its basic properties. Further, the 

definition of the complex sets, neighbourhood of a complex number, domain, complex 

functions, limit of a complex functions and continuity of complex functions are presented in 

detail with several examples.  

Module-5 is devoted to the differential equations and includes the topics as the formation of 

the differential equations, some special forms of the differential equations and then existence 

and uniqueness of the first order differential equations. Module-6 focuses on the double and 

triple integral and describes the method to solve such problems. It includes the other topics as 

polar equations of conics, directional derivatives, gradients, divergence and curl. Module-7, 8 

and 9 presents the basic idea of the trigonometry, probability and statistics respectively.  

We are very much grateful to all the faculty members (Prof. L. P. Singh, Prof. Rekha 

Srivastava, Prof. T. Som, Prof. S. K. Pandey, Prof. S. K. Upadhyay, Prof. S. Das, Prof. S. 

Mukhopadhyay, Prof. S. Ram, Prof. K. N. Rai, Dr. A. J. Gupta, Dr. Rajeev, Dr. R. K. Pandey, 

Dr. V. K. Singh, Dr. Sunil Kumar, Dr. Lavanya Shivkumar, Dr. A. Benerjee, Dr. D. Ghosh, 



Dr. V. S. Pandey, in the Department of Mathematical Sciences who devoted their valuable time 

to prepare these modules.  

This is to mention that that modules are prepared for the students with an objective to create 

interest among them in the subject. The references used in preparing these modules are cited at 

end of each module.  

 

 

Department of Mathematical Sciences, 

IIT(BHU) Varanasi 
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Module-1 

Pretest on Sets, Relations and Functions  

Sets 

1) Specify the following sets in roster forms 

(a) The set of prime numbers less than less than 20. 

(b) The set of consonants in the word “VARANASI”. 

2) Classify the following sets as finite, infinite, empty or singleton 

(a) Even number which is prime. 

(b) Set of teachers in your school. 

(c) Cows which have five legs. 

(d) The collection of integers. 

3) Let �, � and � be sets. Show that 

i) �	∪	�	�	– 	�	) 	
 	�	∪	�	
ii) �	∩	�	⊆	�	

4) Let �	 
 	 �0, 2, 4, 6, 8�, �	 
 	 �0, 1, 2, 4, 5, 6� and �	 
 	 �4, 5, 6, 7, 8, 9, 10�. Find 

i) �	∪	�	∪	�	
ii) �	∩	�	∩	�		

	
Relations 

5) Let � be a relation defined on �	 � 	�, where �	 
 	 �1, 2, 3, 4� such that �	 
 	 ���, �) ∶
	�	������ 	�, �, �	∈	��. Write �. 

6) If �	 
 	 �1, 2, 3� and �	 
 	 �4, 5, 6�, which of the following are relations from � to � 

and why? 

i) �! 	
 	 �	�1, 4), �1, 6), �2, 6)	�		
ii) �" 	
 	 �	�2, 4), �2, 5), �3, 5), �3, 6), �3, 4)	�		
iii) �# 	
 	 �	�4, 1), �1, 5), �2, 5)	�  

7) In a set $	 
 	 ��!, �", �#, �%� of four men, �! is younger to other three, �" is younger 

to	�# and �% only, �# is younger to �% only. Is the relation “is younger to” (i) 

Reflexive, (ii) Symmetric and (iii) Transitive. 

8) Find the domain and range of the relations defined on a set � of real numbers : 

i) For any two elements � and � of �, �	�	� iff 2�	 & 	3�	 
 	6. 

ii) For �, �	∈	�, �	�	� if and only if �" 	& 	�" 	
 	25. 

Functions 

9) Which of these are functions. 
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10) Find the domain of the following function defined on set of real numbers:'�() 	
 	 )
)*! 

11) Find the range of ' ∶ 	ℝ→ℝ  where  '�() is given by (i) 
)*!
),!, (ii) 3 −	 %

�)*").,". 
12) Is	'�() 
 	4(#	– 	7, a bijective function?  

13) If '�() 
 	(" 	& 	1, 0�() 	
 	(#, then find '10 and 01'.  
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Module-1 

Set Theory, Relations and Functions 

Lectures required -02 

In this module, we will discuss about the basic concepts of sets, relations and 

function. The model is divided into three sections with three subsection each given below:  

1. Set Theory  

1.1 Definition and Representation 

1.2  Types of Sets 

1.3 Operation on Sets 

2. Relations 

2.1 Definition  

2.2 Types of Relations 

2.3 Partial order and Equivalence Relations 

3. Functions 

3.1 Definition and classification  

3.2 Types of functions  

3.3 Composition and Inverse of functions 

1. Set Theory 

A set is most basic term in mathematics. Hardly any discussion can proceed without sets 

(class of collections). A set cannot be defined. Set is only primitive idea by which we can say 

that such element belongs to the set or not.  

A set is a collection of well defined distinct objects.  

By “well-defined”, we mean “being unambiguous”, that is, when the idea assigns a 

unique interpretation that given object in the world at large (abstract or concrete) is either an 

element of set or it is not.   

Notation: (∈2, is an element of 2.  

Example:  1. The set of days in a week. 

2. The set of integers i.e. 	ℤ 
 �. . . . . . . −3,−2, −1, 0, 1, 2, 3, . . . . . . . �	
The following do not describe a well-defined collection and so are not sets.  

Examples:  1. All good books. 

  2. The fruit which taste good to all. 

 

1.1 Representations of sets: Sets can be represented by many ways. The most used are  

(i) Roster form 

(ii) Set-Builder form  

 

(i) In the Roster form,  the elements are enumerated as a list and are enclosed between 

bracket “{ }” 

For example,  �	 
 	 �1, 2, 3, 4, 5�. 
 ℕ = Set of natural numbers  = {1, 2, 3, .  . . . } 

 ℝ = Set of real numbers 
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 ℤ = Set of integers = {0, ±1, ±2,  .  . . . } 

(ii) In Set-Builder form, a set is represented by describing its element and terms of one 

or several characteristics properties that helps us to decide whether given element 

belong to set or not.  

Example:  

a)  �	 
 �	( ∶ 	(∈	ℛ	�6�	(" − 1 
 0�.  
b)  �	 
 	 �	( ∶ 	(	� 	�6	���6	�67�0�8�.   
    

1.2 Types of Sets 

There are four types of sets based on the number of elements contain, namely, empty 

set, singleton set, finite set, infinite sets.  

(i) Empty Set:  A set which does not contain any element is called as an empty set or the 

null set. Empty set is denoted by ∅.  

Example:  

a) A = Set of vowels in the word “RHYTHM”  

b) B = {Number of occurrences of the letter ‘U’ in the word “ ENCYCLOPEDIA”}   

c) � 
 	 �(:	(	� 	�6	���6	:8�;�	6<;��8	08��7�8	7ℎ�6	2�.   
 

(ii) Singleton Set: A set which contains exactly one element is called a singleton set. 

Example: � 
	 �2�	 
 

(iii) Finite set: A set  � set which is empty or consists of a definite number of elements is 

called finite.  

Example:  

a) �	 
 	 �(:	(		 ∈ ℝ		�6�	�( − 1)�( & 4) 
 0	�	
b) � 
 �1, 2, 3, 4, 5�	
 

(iv) Infinite set: A set which is not finite is called infinite set.  

Example:  

a) �	 
 	 �(: (	� 	�	:8�;�	6<;��8� 
b) �	 
 	 �2�7	1'	�AA	1��	�67�0�8 �  

Further, given two sets we could compare the two sets and classify accordingly as equal sets 

(contain same elements), equivalent sets (contain equal number of elements), proper subset, 

improper subsets, superset.  

 

(v) Equal Sets: Two sets A and B are said to be equal if they have exactly the same 

elements and we write �	 
 	�. Otherwise, the sets are said to be unequal and we 

write �	 ≠ 	�. 

 

(vi) Subsets:  A set A is said to be a subset of a set B if every element of A is also an 

element of B. In other words, �	⊆	� if whenever ∈	� , then �∈	�. If �	⊆	� and �	 ≠
	�, then A is called a proper subset of B, denoted by �	⊂	� and B is called the 

superset of A.  

Example:  

a) � 
	 �1,2,3�	�6�	� 
 �1,2,3,4,5�. Here �	is a proper subset of � 

b) �	 
 		 �1,3�	�6�	� 
 	 �4,5,9�. Here �⊄�, since	1∈	� and 1∉	�.  
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Apart from these, we have two more sets called the Power Set and Universal Set. 

(vii) Power Set: A Power set of A is the set of all subsets of A and is denoted by P(A).  

Example: If �	 
 �1, 2, 3�, then P��) 
 �φ, �1�, �2�, �3�, �1, 2�, �1, 3�, �2, 3�, �1, 2, 3� 	
 	��  
� If A has n-elements, then P (A) contains 2n elements. 

 

(viii) Universal set :  A set that contains all possible sets in a given context is called 

universal set.  

Example: C	 
 	 �1, 2, 3, 4, 5, 6, 7� when �	 
 	 �1, 2, 3, 4� and �	 
 	 �2, 3, 5, 6, 7� are subsets 

of its universal set.  

 

Venn diagrams: Sets and their relationships can also be represented by using diagrams, 

called the Venn diagrams. Venn diagrams are graphic representation of sets as enclosed areas 

in a plane region. This representation is named after the English Logician John Venn. In 

Venn diagrams, the elements of the sets are written in their respective circles, while these sets 

are encompassed in a rectangle by their Universal sets.  

Example: A set A = {1,3,4,6,7,9,13,14} from its universal set U = { 1, 2, … 15} can be 

represented by  

 

Note: A is contained in the universal set U. 

3. Basic Operation on sets:  

Given two sets A and B, there are various operations that can be performed namely, 

then union or join, the intersection or meet, difference, symmetric difference and complement 

of a set. 

Here, except “complement”, all the other operations are binary operation, as we need 

two sets to perform the operation. While the complement is an unary operation with reference 

to the universal set. In addition, complements can also be viewed as binary operation of 

difference ��̅ 	
 C − �) between universal set and the set �.  

Historically, we could represent operation using Venn diagram as shown below :  
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Operations      Venn Diagram Representation  

 

 

 

 

 

 

Partition of a set :  

A partition of a set A is a collection of non-overlapping non-empty subsets of A 

whose union is A.  

(i.e.) If �!, �", … , �F	⊆	�	 then the collection δ = { A1,  ... An} is called a partition, if 

 (i)  �G 	≠	φ, �	 
 	1, 2, … , 6	
 (ii)  �G∩	�	H 
 	φ, �	≠	I, �, I 
 1, 2, . . 6, that is Ai’s are pairwise disjoint.  

 (iii)  �	!	∪	�	"	. . .∪	�F 		
 	�	(i.e.) ⋃ �GFGK! 
 �.  

For Example: A={1, 2, 3, 4, 5, 6, 7 }, δ = { {1, 4, 5}, {2, 7}, {3, 6, 8}}  is a partition of A. 

Principle of inclusion-exclusion: 

Let A and B be any two finite sets over a Universal set U, then n(A∪B) = n(A) + n(B) - 

n(A∩B), where n(A) represents number of elements in the set A.  

As to get number of elements of A∪B, we include number of elements of A and B, 

and exclude (A∩B). 

2. Relations 

Let us consider two sets A and B:  A = {a1, a2, a3} and B= {b1, b2, b3}. 

If one can indicate a relationship or association between (two or more objects) A and 

B, then we can say there is a relation between A and B. Relations are given by subsets of the 

cartesian product of sets �×�. That is, let  

� � �	 
 ���!, �!), ��!, �"), ��!, �#), ��", �!), ��", �"), ��", �#), ��#, �!), ��#, �"), ��#, �#)	�	  

    The complement of A:                

      A’={x∈∈∈∈U;   x∉∉∉∉A} 

 

    The symmetric difference:                

     A∆∆∆∆B= (A-B) ∩∩∩∩ (B-A) 

 

    The difference:                

     A-B=A\B={x:   x∈∈∈∈A  and  x∉∉∉∉B} 

    The intersection of A and B:               

     A∩∩∩∩B={x:   x∈∈∈∈A   and   x∈∈∈∈B} 

 

    The union of A and B:                

     A∪∪∪∪B={x:   x∈∈∈∈A  or  x∈∈∈∈B} 

                A 

      A                              B 

      A                              B      

        A                            B 

      A                              B 
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Let  R  ={(a1, b1), (a2, b3), (a3, b1)} represents a relation between A and B.  

Definition 1: Given two non-empty sets � and �, the relation from the set � to set	� is 

defined as the subset of �×�.  

If an ordered pair ��, �)∈�	then we say  ��	8�A�7��	71	�). If |�|=m and |�|=n, then 

|�×�|=mn. Then the number of relations on A and B are 2mn.   

 

Domain and range of relations 

Let � be a relation from a set � to set �. Domain is the set consisting of all the first 

elements of the ordered pairs belonging to � and the range of the relation is the set of all 

second element of the ordered pair of �.  

Therefore, Domain ��) 
 	 �	�	∈	� ∶ 		 ��, �)∈	�� and Range ��) 	
 	 �	�	∈	� ∶ 		 ��, �)	∈	��	
Example: A = {1, 2, 3 }, B = {a, b} and R = {(1, a), (2, b), (3, a), (3, b)}.  

Domain for R = {1, 2, 3 }  

Range of B = {a, b} 

 

2.2 Types of relations :  

i) Universal relation: If R = A×B, then R is called as universal relation. 

ii) Null/Void/Empty Relation: If R=φ, then R is called empty.  

iii) Inverse relation: If R is a relation from A to B, then R-1, inverse of R, is from B to S. 

       R-1 ={(b,a) : (a,b)∈R}.  

        Example:  If �	 
 	 ��1, �), �1, M), �2, �), �2, �)�then �*! 
	 ���, 1), �M, 1), ��, 2), ��, 2)�	
iv) Reflexive: If a relation R is such that aRa, ∀�	 ∈ �, then R is said to reflexive 

relation. 

v) Irreflexive: If a relation R is such that aRa for every a∈R, that is, for every element a 

in A, a is not related to itself.     

vi) Non reflexive: If R is such that '18	 1;�	�∈�, ���	�6�	'18	 1;�	�∈�, ���	(that 

is, for some element �∈�, a is related to itself, while there are some �∈�  not related to 

itself.   	
(vii) Symmetric relation: A relation R defined on set A is said to be symmetric 

�'	���	⇒	���,Oℎ�8�	�, �∈�.	 
Example:  For A = {1,2,3}, R = { (1,2), (2,1), (2,2), (1,3), (3,1)}   

R is symmetric, since �1,2)	∈	�	⇒	�2,1)	∈	�		
           �2,2)	∈	�	⇒	�2,2)	∈	� 

�1,3)	∈	�	⇒	�3,1)	∈	� 

(viii) Asymmetric Relation:  P'	��, �)	∈	�	⇒	��, �)∉	�, '18	�≠�	
(ix) Antisymmetric Relation:  A relation R is said to be antisymmetric, 

�'	��, �)∈	�, ���	�6�	���⇔	� 
 �.	 
In other words, if  �≠� then either aRb or bRa or both.  
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(x) Transitive Relation: A relation R on a set A is transitive if for 

�, �, M	∈	�, ���	�6�	��M	7ℎ�6	��M.  
     Example: R = {(1,2), (2,3), (1,3)}. Here,  1R2 and 2R3 ⇒ 1R3. 

 

2.3 Partial Order and Equivalence Relations 

A relation � is said to be partially ordered if � is reflexive, anti-symmetric and 

transitive. 

 Example:  R = { (a,b) : a divides b, a,b ∉ ℕ}. 

 (i) R is reflexive: Since a  divides a ∀� ∈ ℕ. 

(ii) R is antisymmetric: 

 aRb  ⇒ a divides b 

  ⇒ b=ak, k∈ ℕ 

 bRa  ⇒ b divides a 

  ⇒ a=bk,  

  ⇒ b=ba1k 

  ⇒ k1k1 =1.  

  ⇒ k =1 and k1 =1. 

  ⇒ a = b. 

(iii) R is transitive :  

 Since   aRb ⇒ a divides b ⇒ b = ak 

bRc ⇒ b divides c ⇒ c = bk1 

             ⇒ c = akk1 = ak2  

                        ⇒ a divides c 

         ⇒ aRc. 

 ∴ R is a partial order.  

Equivalence relation:  

A relation � defined on � is called an equivalence relation, if � is reflexive, 

symmetric and transitive.  

Given a set A and an equivalence relation R, an equivalence class is subset of X of the form  

 [�] 	
 	 �(∈� ∶ 	(���, Oℎ�8�	�∈�	
[�] -  contains those elements which are equivalent to �. 

� Set of all equivalence classes in A is called a Quotient set of A by R (A/R). 

� Set of all equivalence classes forms a partition of �.	 
Example: �	 
 	 �1,2,3,4�. � 
 ��1,1, ), �2,2), �3,3), �4,4), �1,3), �2,4), �3,1), �4,2)�	
� is reflexive, symmetric and transitive. Hence, R is an equivalence relation. 
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[1] 	
 	 �1,3� 	
 	 [3]		
[2] 	
 	 �2,4� 	
 	 [4]	

∴ [1] and [2] form the equivalence classes. Note that {[1], [2]} = {{1,3}, {2,4}} forms a 

partition of A.  

 

3. Functions  

Functions provide us a convenient way to handle a relationship between a variable 

that depends on the value of another variable. Every function is a relation. However, every 

relation does not become a function. 

Definition : Let A and B be any two non-empty sets, then the rules or correspondence 

between the elements of A and B is called a function from A to B if to each element of A, 

there corresponds exactly one element of B. (i.e.) A function	' ∶ 	�→�	is a rule such that 

every element of A has a unique image in B.  

A is called the domain and B is called the co-domain.  

Set of image of A (which is a subset of B) is called the range of f. 

Example: A = {1,2}, B = {1,3,4,5,6}	' ∶ 	�→� be defined as below: 

 

Note f is a function. 

Domain �') 	
 	 �1,2�	
Range �') 	
 	 �1,5� 

 

Example 2: �	 
 	 �1,2, 3,4�, �	 
 	 ��, �, M, �, ��  

 

Here f is not a function from A to B, since f(1) = a and 

f(1) = c.  

That is, 1 has no unique image. 

 

 

Example. 3 : A = {1,2, 3,4,5}, B = {a, b, c, d}  

 

Here, f is not a function from A to B, since the 

element 2∈A does not have an image in B.  
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Note : (i) There may be elements in B not related to elements in A but every element of A 

must have unique image in B.   

(iii) If |�| 
 ;	and |�| 
 6, then the number of functions from A to B are nm.  

 

Classification of functions 

Functions are broadly classified into algebraic and transcendental functions.  

Algebraic function represents polynomial functions and rational functions, while 

transcendental functions are trigonometric functions, logarithmic and exponential functions.  

3.2 Types of Functions  

i) One to one function [Injective or Into]:  

A function f : A →B is said to be one to one iff distinct elements of A have distinct 

images in B (i.e.) x1, x2 ∈A, f(x1) = f(x2) ⇒ x1 = x2.    

ii) Many to one functions : 

A function from A to B is said to be many to one iff two or more elements of A have 

same images in B.    

 Example: f(x) = x2,  x ∈ ℝ 

Suppose  f(x1) = f(x2) 

 ⇒ (!"= ("" 

⇒ x1 = ±x2  

⇒ Every element of B has two pre-image in A.  

 f(1) = 12 = f(-1)  

∴ f(x) is many to one function. 

 e.g. : Let f(x) = x2, x ∈ℝ+ [set of all positive reals].  

Here, f  is one-to-one 

Suppose f(x1) = f(x2) ⇒ x1 = ±x2.  

However x2 or- x2 does not belong to the domain of positive real numbers. 

(iii) Onto functions 

A mapping ':	�	→�	is said to be onto if every element y ∈ B has some preimage x in 

A, (i.e.) ∀y ∈ B   x∈A such that f(x) =y.  

Example:  f(x) =2x-1, x ∈	ℝ 

 Let y = f(x)  

 ⇒ 2x-1 = y  

⇒ x = 
S,!
" ∈	ℝ 

(i.e.) x∈ R 

f(x) = ' TS,!
" U − 1 
 V 
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(iv) Bijective Function 

A function f : A to B is bijective, if f is one-to-one and onto. 

' ∶ 	ℝ		→	ℝ	, f(x) = 4x3 – 7.  

One-One : f(x1) = f(x2) ⇒ 4(!# − V 
 4("# − V 

⇒(!# − ("# 
 0 

⇒�(! − (")	WT(! & ).
" U

" & #)..
% X 
 0 

⇒ x1  = x1 [(!" & (!(" & ("" > 0 

Onto: V 
 '�() 	
 	4(# − 7	⇒	(	 
 	 TS,Z
% U!/#, since y is real, for every  y∈	ℝ, there exists 

an x∈	ℝ such that  f(x)=y.  

∴ f  is both one-one and onto and hence bijective.  

 

3.3 Composition and Inverse of functions:  

Composition of functions: 

Let ': � → � and 0: � → � The composite of ' and 0 denoted by 01': � → � is defined by 
�01')�() 
 0�'�()). 
Pictorially, 

 

] 
 0�V) 
 0^'�()_ 
 �01')�() 
Similarly, for ': � → �, 0: � → � 

'10: � → � 

'10�() 
 '�0�()) 
Eg. � 
 �1,2,3�, � 
 ��, ��, � 
 �(, V� 
      ': � → � is '�1) 
 �, '�2) 
 �, '�3) 
 � 

      0: � → � is 0��) 
 (, 0��) 
 V. 
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      01': � → � is defined as 

      01'�1) 
 0^'�1)_ 
 0��) 
 ( 

     01'�2) 
 	0^'�2)_ 
 0��) 
 ( 

    01'�3) 
 	0^'�3)_ 
 0��) 
 V. 

Inverse of a function: 

Let ': � → � and 0: � → � is called the inverse of ' if 01' 
 P̀  and '10 
 Pa where, 

P̀ : � → � defined by P̀ ��) 
 � is called the identity function on A. 

That is, 0^'�()_ 
 (, ∀	( ∈ � 

and       '^0�V)_ 
 V, ∀	V ∈ �. 

The inverse of ' is also denoted by '*!. 

Necessary and sufficient condition for inverse of ' to exists is that ': � → � is bijective, that 

is, ' is one-one and onto. 

Example: '�() 
 (% and 0�() 
 (!/%, ( ∈ ℝ 

 are inverses of each other. 

�'10)�() 
 '^0�()_ 
 ' T(b
cU 
 �(!/%)% 
 ( 

�01')�() 
 0^'�()_ 
 0�(%) 
 �(%)!/% 
 ( 

Therefore, 01' 
 Pℝ 
 '10 

i.e, ' and 0 are inverses of each other. 

References: 

1. P.B. Bhattacharya, S,.K.Jain, S.R. Nagpaul, First Course in Linear Algebra, Wiley, 

1983.  

2. G. Hadley, Linear Algebra, Narosa Publishing, 1992.  

3. J.P. Singh, Discrete Mathematics for Under graduates, Ane Books, 2014.  
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Assignment on Sets, Relations and Functions 

Sets 

1) Let A, B and C be sets. Shows the 

i) �	�	– 	�	)	– 	�	⊆	�	– 	�	
ii) �	�	– 	�	)	∩	�	�	– 	�	)	≠φ	

2) Let �	 
 	 �	0, 2, 4, 6, 8	�, �	 
 	 �	0, 1, 2, 4, 5, 6	� and �	 
 	 �	4, 5, 6, 7, 8, 9, 10�. Find 

i)  �	A	∪	B	)	∩	C	 
ii) �	A		∩B	)	∪	C		

3) Show that �̿ = A.  

4) Let A	 
 	 �	a, b, c	�, B	 
 	 �	x, y�	and	C	 
 	 �	0, 1	�.	Find  

i) A	×	B	×	C	
ii) B	×B×B	
iii) C	×	B	×	A	

5) Which of these collections of subsets of partitions of �	1, 2, 3, 4, 5, 6	�.	 
i) �	�1, 2�, �2, 3, 4�, �4, 5, 6�	�		
ii) �	�1�, �2, 3, 6�, �4�, �5�	�		
iii) �	�1, 4, 5�, �2, 6�	�		

6) Give a formula for the number of elements in union of four sets. 

7) How many positive integers not exceeding 1000 are divisible by 7 or 11? 

Relations 

8) Following relations are defined on	A	 � 	A, where A	 
 	 �1, 2, 3�. Which of the 

following relations are (i) Reflexive, (ii) Symmetric and (iii) Transitive. 

i) R! 	
 	 �	�1, 1), �2, 3), �3, 3)	�		
ii) R" 	
 	 �	�1, 2), �2, 3), �2, 1)	�		
iii) R# 	
 	 �	�1, 2), �2, 3), �1, 3)	�		
iv) R% 
	�∅	�		

9) Give an example of a relation, which is 

i) Reflexive but not symmetric 

ii) Symmetric but not transitive 

iii) Transitive but not reflexive. 

10) Let R be a relation on the set of natural numbers such that �	 
 	 �	��, �) ∶
	�	������ 	�, �, �	∈	p�. Show that R is a partial order relation. 

11) A relation R is defined on the set	p	 � 	p, where p is the set of natural numbers by 

setting ��, �)�	�M, �)⇔	��	 & 	�) 
 ��	 & 	M), �, �, M, �	∈	p�. Show that this relation 

is an equivalence relation.  

12) If R is a relation on the set of an integer ℤ defined by �	 
 	 ���, �) ∶ 	� −
�	� 	���6	'18	�, � ∈ 			ℤ�. Describe the equivalence classes of ℤ.  
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13) Find the domain and range of the relations defined on a set � of real numbers : 

iii) For any two elements � and � of �, �	�	� iff 2�	 & 	3�	 
 	6. 

iv) For �, �	∈	�, �	�	� if and only if �" 	& 	�" 	
 	25. 

 

Functions 

14) Which of these are functions. 

 

15) Find the domain of the following function defined on set of real numbers: 

i) f(x) = 
!

)*|)| 

ii) f(x) = 
!

qrsbt�!*)) &	√( & 2 

16) If ' ∶ 	ℝ→ℝ be a function defined by f(x)= 2x2 + 3. Show that f(x) is not one to one 

function. 

17) If f(x)= x2 + 1, g(x) = x3, then find fog and gof.  

18) If f(x)= log 
!*)
!,), then prove that f(x) + f(y)=  fT ),S

!*)SU. 

19) Let ' ∶ 	ℝ→ℝ be defined by '�() 
 	 )
√!,)., then show that  

(i) �'1'1')�() 
 	 )
√!,#). and  

(ii) �'1'1')�() 	≠ 	 ['�()]# 

20) If f(x) = v(" − 4( & 3,												( w 2				�6�	
( − 4,															( x 2  

g(x) = v ( − 3,																								( w 	3
(" & 2( & 2,												( x 3		. 

Determine f+g, f/g. 

21) Let ' ∶ 	ℝ→ℝ and g ∶ 	ℝ	→ℝ be two functions such that f(x) = 2x-3, g(x) = x3+5. 

Then find (fog)-1(x). 

22) Prove that	' ∶ 	ℝ→ℝ defined by '�() 	
 �)  is one-one but not onto.  
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Pretest on Differential and Integral Calculus 

Q. 1. If � has a derivative at x=c, show that � is continuous at x=c. 

Q. 2. The function, 

���� = � 1,       if � is rational      0,       if � is irrational    
is discontinuous at … 

Q. 3. The function  

���� = � �����1��,       if � ≠ 0      0,               if � = 0   
is differentiable at x=0 or not? Give reason for your answer. 

Q. 4. Evaluate 

lim�→�  ���� − log �1 + ���" # 

Q. 5. If f(x) and g(x) are continuous for 10 ≤≤ x , could f(x) /g(x) possibly be discontinuous at a point of 

[0, 1]? Give reason for your answer. 

Q. 6. Give an example of function f and g, both continuous at x=0, for which the composite gf o  is 

discontinuous at x=0. 

Q. 7. Suppose that h is integrable and . 6)(  and   0)(

3

1-

1

1 ∫∫ ==
−

drrhdrrh Find ∫ =

1

3

?)( drrh  

Q. 8. For what values of c the following function  

���� = $ �" − 4� − 2 ,              if � < 2 ;   �)" − )�� − 8 ,   if � ≥ 2   
is continuous everywhere? 

Q. 9. The expression 
,-� �. ,-� + . "-� + ⋯ + .-�-�# is a Riemann sum approximation for …… 

(a)0 . �-� 1�,�  (b) 0 √�1�,�   (c) ,-� 0 . �-� 1�,�  (d) ,-� 0 √�1�,�   (e) ,-� 0 √�1�-��   
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Differential and Integral Calculus 

Lectures required-02 

A fundamental concept in single variable calculus is the concept of the limit of a function. In this 

module, we first introduce the definition of limit and discuss some of its properties. After that we 

introduce the notion of continuity of a function and the concept of the derivative of a function, and 

their properties. Also we discuss some of the results related to continuity and differentiability. We 

begin this module with some preliminary concepts.  

 

Intervals: A subset ‘A’ of ℝ is called an interval if ‘A’ contains every element lies between any 

two members of ‘A’. 

i.e. whenever  4 ≤ ) ≤ 6   ,  where 4, 678 

                          ⟹  )78 

Open Interval: �4, 6� = :�7 ℝ/4 < � < 6< 

Neighbourhood of a point: 

 A set = ⊆  ℝ is called the neighbourhood of a point 47 ℝ, if there exists an open interval 

I containing 4 and contained in =, i.e. 47? ⊆ =. 
Function:  

Let 8 and A be two non-empty sets.  8 Function � from 8 to A is a rule of correspondence 

that assigns to each element � in 8, a unique B in A. 

 8 is said to be the domain of � and A, the co-domain of �. 
Examples:  

(1) The set ℝ  of real numbers is the neighbourhood of each of its points. ∴ ∀ �7ℝ  , ∃ an open interval�� − 7 , � + 7), where s. t. �7�� − 7 , � + 7� ⊆ ℝ. 

 

(2) ℕ, ℤ, H, HI are not the nbd of any of its points (since these sets do not contain any open 

interval) 

(3) J = K,L |� 7ℕ N is not nbd of any real no. 

Limit point of a Set: Let  J ⊆ ℝ and O 7 ℝ then O is called a limit point of J if or any P > 0 
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                                     �O − P, O + P� ∩ J − :O< ≠ ∅ 

i.e. every nbd of O Contains at least one element of J other than O. 

Note:  

(1) A limit point of a set may or may not be a member of the set. 

(2) O 7 ℝ is limit point of J ⊆ ℝ if every nbd of  O contains infinite elements of J. 
Example: The set J = ℕ�Natural Number� has no limit point. 

                  ∵ for any O 7 ℝ , any P > 0 

           (O − P, O + P) ∩ J if finite. 

              ⟹   O is not a limit point ℕ 

                      Here O is arbitrary ⇒ ℕ is no limit pt. 

Example: The set K,L /� 7ℕ N has only one limit point, zero, which is not a member of the set. 

Limits 

Limit of a function: Let ���� be defined on an open interval about �� except possibly at �� itself.  

We say that limit of ���� as � approaches �� is the number L if for every number  7 > 0, there 

exist a corresponding number P > 0, s. t. for all �, 

                                    0 < |� − ��| < P ⇒ |���� − Z| < [     

OR: 

Definition-2:  Let 8 ⊆ ℝ, and let \ be a limit point of 8 for a function �: 8 → ℝ, a real no. L is 

said to be a limit of � at \ if, given any  7 > 0 there exists a P > 0 such that if � 7 8 and  

   0 < |� − )| < P, then |���� − Z| < [.   

Remarks:  

(a): The inequality 0 < |� − )| is equivalent to saying � ≠ ). 
(b): Since the value of P usually depends on 7, we will sometimes write P�7� instead of P. 
Question: Show that a function cannot have two different limits at the same point.   That is, if lim�→�_ ���� = Z, and lim�→�_ ���� = Z" then Z, = Z". 

Solution: Let, if possible, ���� tend to limits  Z, and Z"  here for any > 0 , it is possible to choose 

a P > 0 such that  
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|���� − Z,| < "̀                         when                   0 < |� − ��| < P 

|���� − Z"| < "̀                         when                   0 < |� − ��| < P 

          Now, |Z, − Z"| = |Z, − ���� + ���� − Z"| 
     ≤ |Z, − ����| + |���� − Z"| 
     < a" + a" = 7 when      0 < |� − ��| < P 

i.e. |Z, − Z"| is less than any positive number  7 (however small) and so must be equal to zero.  

Thus Z, = Z" . 

Question: Show that: lim�→I ���� = )"   if ���� = � �"    , � ≠ ) 1       , � = )     b 

Solution: We want to make the difference |�" − )| less than a reassigned 7 > 0 by taking � 

sufficiently close to ). To do so, we note that  

�" − )" = �� + )��� − )�. Moreover, if |� − )| < 1 then 

                          |�| < |)| + 1 ,    so that 

                             |� + )| ≤ |�| < |)| < 2|)| + 1. 
 Therefore, if |� − )| < 1, we have 

|�" − )| =  |� + )| ∙  |� − )| < �2|)| + 1� ∙ |� − )|                                                                   (1) 

Moreover this last term will be less than 7  provide we take  |� − )| < 7/�2|)| + 1�  
Consequently, if we choose 

    P�7�: ��� K1,   a"|I|d, N 

Then if 0 < |� − )| < P�7�, it will follow first that |� − )| < 1 so that (1) is valid, and therefore 

since |� − )| < 7/�2|)| + 1� that |�" − )"| < �2|)| + 1� ∙ |� − )| < 7. 

Since we have a way of choosing P�7� for an arbitrary choice of 7 > 0, we infer that  

                                                       = lim�→I ���� = )"    

 

Exercise: Prove the limit statement lim�→f" ���� = 4            if   ���� = � �"    , � ≠ −2 1       , � = −2    b 
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Question: Let ���� = � 0 ,           if � is rational    1,           if � is irrational   b  

Use definition of limit to prove that lim �→�  ���� does not exist. 

Solution: Let Z 7ℝ   
    Case-I:   Z = 0 

                       Let 7 = ," 

        ∀ P > 0, ∃ �7Hg Such that |� − 0| < P                    (∵  Hg is dense in ℝ ) 
      ∴ ���� = 1 

       |���� − Z| = |1 − 0| = 1 ≥ ," 

                    ∴ ∃     7 > 0 ,  namely  
,"  s.t. ∀  P > 0, ∃ �  s.t. |� − 0| < P and |���� − 0| ≥  7 

                   ∴ lim�→� ���� ≠ 0 

Case-II:    Z ≠ 0 

       Let 7 =  |Z|/2 > 0 

      ∀ P > 0,    ∃    �7H such that |� − 0| < P                     

      ∴ ���� = 0 

                   |���� − Z| = |0 − Z| = |Z| > |i|"  

                  ∴ ∃     7 > 0, s.t ∀ P > 0, ∃ �  s.t. |� − 0| < P and |���� − Z| ≥  7 

               ∴ lim�→� ���� ≠ Z 

               ∄ Z7ℝ  s.t. lim�→� ���� = Z 

               ∴ lim�→� ���� does not exist. 
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Continuity 

Definition: Let 8 ⊆ ℝ,  Let �: 8 → ℝ, and let a 78. We say that � is continuous at a if 

                                                     lim�→k ���� = ��4� 

In other words, the function is continuous at ‘4’, if for each 7 > 0, ∃ P > 0 s.t. |���� − ��4�| <7,  when |� − 4| < P. 
Discontinuous functions: A function is said to be discontinuous at a point ) of its domain if it is 

not continuous there at.  The point ) is then called a point of discontinuity of the function. 

Types of discontinuities:  

(i) A function is said to have a removable discontinuity at � = ) if lim�→I ���� exists but is not 

equal to the value ��)�. 
(ii) � is said to have a discontinuity of the first kind at � = ) if  lim�→Il ���� and lim�→Im ���� both 

exist but are not equal. 

(iii) � is said to have a discontinuity of the second kind at � = ) if neither lim�→Il ���� nor lim�→Im ���� exists. 

Question: Suppose that � is continous at �� and �����. Prove that there exists an open interval 

containing �� on which ���� > 0 

Solution: Since � is continuous at ��, 

                 lim�→�_ ���� = �����  

      ∴ for 7 = ����� > 0, ∃  P > 0  s. t. 

      ∴  |� − ��| < P ⇒ |���� − �����| < �����  

         = ����� − ����� < ���� < ����� + ����� 

                   = ���� > 0 

    ∴ for �7��� − P, �� + P�, ���� > 0. 

 

Question: Show that if ���� is continuous at � = ), then so is |����|. Is the converse true? 

Solution: Let ���� be continuous at � = )  

                i.e. lim�→I ���� = ��)�  
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     i.e. ∀ 7 > 0, ∃ P > 0 s.t. 

    |� − ��| < P ⇒ |���� − ��)�| < 7                 ∀ � 

              ⇒ n|���� − ��)�|n < |���� − ��)�| < 7 

                                                        (by triangular inequality) 

               i.e. ∀ 7 > 0, ∃ P > 0 s.t. 

     |� − ��| < P ⇒ n|���� − ��)�|n < 7                 ∀ � 

              i.e. lim�→I|����| = |��)�| 
  ∴ |����| is continuous at � = ). 
The Converse is not true. 

 i.e. |����| is continuous at � = ) ⇏ ���� is continuous at � = ) 

e.g. Consider, ���� = K 1,          � ≤ 2 −1,        � >  2       
  ∴ |����| = 1 

    |����| is a constant function  ⇒Continuous of � = 2 

             But  lim�→" ���� ≠ ��2� = 1  

   ∴ for 7 = 1 > 0 

             ∀ P > 0, ∃  � > 2 s. t.  |� − ��| < P   

    ∵ |���� − 1| = |−1 − 1| = 2 > 7 

  ∴ ∃ 7 > 0 s.t ∀ P > 0 ∃ s. t. |� − ��| < P and |���� − 1| ≥  7 

            ∴ lim�→" ���� ≠ 1 

So, ���� is not continuous at � = 2 

Question:  Let  ���� = � �,       if � is rational      0,       if � is irrational    
a) Show that � is continuous at � = 0. 

b) Show that � is not continuous at every non-zero value of  �. 

Solution:  
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a) ��0� = 0 

To show: lim�→� ���� = 0 

Let 7 > 0 be given. 

|���� − 0| < 7 ⟹  � |� − 0| < 7,       if � is rational   0 <  7,           if � is irrational    
Choosing P =  7,  
|� − 0| < P,     |� − 0| <  7,          |� − 0| < P  |� − 0| < 7  
|� − 0| < P ⟹  � |� − 0| < 7,       if � is rational   0 <  7,           if � is irrational    

    ⇒ |���� − 0| < 7   
∴ lim�→� ���� = 0 

∴ � is continuous at � = 0. 
Let �� ≠ 0 

To show:� is not continuous at � = ��. 
                Let if possible, lim�→�_ ���� = �����  
Case-1: pqr s: 
  ∵ �� 7 H ⇒ ����� = �� ≠ 0  
 for 7 t��_� "  

         ∃  P s. t. |� − ��| < P ⇒ |���� − �����| < 7 �exists because of denseness of Q in ℝ� 

 For  � 7 Hg     s. t.     |� − ��| < P  
         |���� − �����| = |0 − �����| = |�����| < |��_�|"  

         which is a contradiction 

         ∴ lim�→�_ ���� ≠ �����  
Case-2: pqr s′: 
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  ∴ ���� = 0 

           for 7 = |��_�|" > 0 

  ∃  P, s. t. |� − ��| < P, ⇒ |���� − 0| < 7 

 Let P =min :P,, 7< 

               ∴ |� − ��| < P ⇒ |���� − Z| < 7 

         for � 7 H s. t. |� − ��| < P 

                   |� − 0| < |�_|" ⇒  |�| < |�_|"                                                                                         (i) 

  Further, n|�| − |��|n < |� − ��| < P < 7 

                       ∴   n|�| − |��|n < |�_|"  

                        ∴   |�| − |�_|" < |�| < |��| + |�_|"  

                ∴  |�| > |�_|"                                                                                                         (ii) 

by (i) & (ii), |�| < |�_|"    and     |�| > |�_|"         

which is a contradiction. 

     ∴ lim�→�_ ���� ≠ �����    
    ∴ �  is not continuous at � ≠ 0    

Intermediate Value Theorem:  If a function � is continuous on [4, 6] and ��4� ≠ ��6�,  then it 

assumes every value between ��4� and ��6�.             
Proof: Let 8 be any number between ��4� & ��6�. We shall show that ∃ a number ) ∈ [4, 6] s.t. ��)� = 8. Consider a function ∅ defined on [4, 6] s.t.  

∅��� = ���� − 8            

clearly ∅ is continuous on [4, 6] . 
also, ∅�4� = ��4� − 8             4�1      ∅�6� = ��6� − 8                  
  so that  ∅�4� and  ∅�6� are of opposite signs.( ∵ A lies between ��4� & ��6�  ) 
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Thus the function ∅ is continuous on [4, 6] and ∅�4� & ∅�6� are of opposite signs therefore, ∃ ) 7 �4, 6� s. t. ∅�)� = 0 ⇒ ��)� − 8 = 0 ⇒ ��)� = 8. 

       
Differentiability 

Definition: Let ? ⊆ ℝ be an interval, let �: ? → ℝ, and let ) 7 ?. We say that a real number L is the 

derivative of � at ) if given any  7 > 0, ∃ P�7� > 0 

s.t. if �7 ? satisfies  0 < |� − )| < P�7�, then 

����� − ��)�� − ) − Z� < 7 

In this case we say that � is differentiable at ), and we write �g�)� for L. 

In other words, the derivative of � at ) is given by the limit 

�g�)� = lim�→I ���� − ��)�� − )  

provided this limits exists. 

Example: Show that the function ���� = �" is derivable on [0, 1]. 
Let  �� be any point of �0, 1� then 

�g���� = lim�→�_
�" − ��"� − �� = lim�→�_ �� + ��� = 2���exist finitely� 

   at the end points, we have 

   �g�0� = lim�→�d t���ft����f� = lim�→�d ��� = lim�→�d� = 0 �exist finitely� 

                         �g�1� = lim�→,f t���ft�,��f, = lim�→,f ��f,�f, = lim�→,f�� + 1� = 2 �exist finitely� 

   Thus the function is differentiable in [0, 1]. 
Example: A function � is defined as:         

 

      ���� = � �" J�� ,� ,       if  � ≠ 0      0,                 if  � = 0    
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is derivable at � = 0 but lim�→� �g��� ≠ �g�0� 

�g�0� = lim�→� ���� − ��0�� − 0 = lim�→�  �" sin 1��  

                                             = lim�→�  � �����, = 0 ⇒ � is differentiable at � = 0. 
From elementary calculus, we know that for � ≠ 0 

                �g��� = 2� sin ,� − cos ,� 

Clearly, lim�→��g��� does not exist and therefore, there is no possibility of lim�→��g��� being equal to �g�0�.  
Thus �g��� is not continuous at � = 0 but �g�0� exists. 

 

Theorem:  If �: ? → ℝ has a derivative at ) 7 ?, then � is continuous at ). 
Proof: for all �7 ?, � ≠ ), we have 

                                      ���� − ��)� = �t���ft�I��fI � �� − )�  

               Since �g�)� exists, so 

lim�→I  ����� − ��)�� = lim�→I  ����� − ��)�� − ) #  . �lim�→I�� − )�� 

                                 =�g�)� × 0 

 

Therefore, lim�→I ���� = ��)� so that � is continuous at ). 
 

Rolle’s Theorem: Suppose that � is continuous on a closed interval ? = [4, 6], that the derivative �′ 
exists at every point of the open interval (a, b) and that  ��4� = ��6�. Then ∃ at least one point ) 

in (a, b) s. t. �g�)� = 0. 
OR 

If a function � defined on [4, 6] is  

(i) Continuous on [4, 6], 
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(ii) derivable on �4, 6�, and 

(iii) ��4� = ��6� 

then ∃ at least one real no. ) between 4 & 6 4 < ) < 6 s. t. �g�)� = 0  

Proof: Do your-self. 

 

Lagrange’s Mean Value Theorem: 

If a function � defined on [4, 6] is 

(i) Continuous on [4, 6] and 

(ii) derivable on (a, b), 

then ∃ at least one real no. ) between 4 and 6 �\ 7 �4, 6�� s.t. 

�g�)� = ��6� − ��4�6 − 4  

 

Cauchy’s Mean Value Theorem: 

If two functions �, �   defined on [4, 6] are  

(i) Continuous on [4, 6] 

(ii) derivable on (a,b), and 

(iii) �g��� ≠ 0   ,       ∀ � 7 �4, 6� 

then ∃ at least one real no. ) between 4 & 6 s.t. 

��6� − ��4���6� − ��4� = �g�)��g�)� 

 

Theorem:  Let �: ? → ℝ be differentiable on the interval I. Then: 

(a)  � is increasing on ?  iff �g��� ≥ 0          ∀ � 7  ? 

(b) � is decreasing on ? iff �g��� ≤ 0          ∀ � 7  ? 

Theorem: Let ? be on open interval and let �: ? → ℝ have a second derivative on I.   Then � is a 

convex function on ? iff �gg��� ≥ 0  ∀     � 7 ? 
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Assignment 

Q.1. Show that 

a) Interval (Open/closed) is nbd of all of its members except the end points. 

b) A non-empty finite set is not a nbd of any point. 

c) Superset of a nbd of a point � is also a nbd of �. 

d) If � and = are nbds of a point �, then that � ∩ = is also a nbd of �. 
Q.2. If a function � is continuous on a closed interval [4, 6] and  ��4� & ��6� are of opposite signs ���4�. ��6� < 0�, then there exists at least are point O 7 �4, 6� s. t. ��O� = 0. 

Q.3. Show that the function defined by 

 ���� = � � J�� 1� ,       when � ≠ 0      0,               when � = 0       
        is continuous at � = 0 

Q.4. A function � is defined on ℝ  by 

���� = ��
� −�"                     ��   � ≤ 0           5� − 4            �� 0 < � ≤ 1     4�" − 3�          �� 1 < � < 2         3� + 4            ��    � ≥ 2           

Examine � for continuity at � = 0, 1, 2. Also discuss the kind of discontinuity, if any.  

Q.5. Is the function, where ���� = �f|�|�  continuous? 

Q.6. Show that  ���� = |�| + |� − 1|,              ∀ � 7  ℝ 

       is continuous but not derivable at � = 0 and � = 1. 

Q.7. Show that 

���� = � � ��� 1� ,       if  � ≠ 0      0,                 if  � = 0    
is continuous but not derivable at the origin. 

Q.8. Show that 

���� = � 0        ,            if  � ≤ 0  �         ,             if  � > 0    
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is continuous but not derivable at � = 0. 
Q.9. Show that for any real no. �, the polynomial ���� = �� + � + � has exactly one real root. 

Q.10. Verify Rolle’s theorem for the function ���� = �� − 9�. 
Q.11. Use Intermediate value theorem to show that there is a root of ���� = �" − � in the interval 

(1, 2). 

 

References: 

• G.B. Thomas, M.D. Weir, J.R. Hass, Thomas’ Calculus, Pearson Publication.  

• R.G. Bartle, D.R. Sherbert, Introduction to Real Analysis, Wiley Publication.  
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Riemann Integrals 

The Riemann integral, as it is called today, is the one fundamental topic usually discussed in 

introductory calculus. In this module, we introduce the concept of Riemann integrals and 

discuss some of its properties. Throughout this module, it is assumed that we are working with 

a bounded function � on a closed interval [4, 6]. 
 

Partition of [�, �]: Let [4, 6] be a closed interval and let �� �,, … … … �L are the points 

of [4, 6] s.t.  

4 = �� < �, < …………………�Lf, < �L = 6 

The define a set  

� = :4 = ��,  �, �", … … … … … … ��f,,  �� … … … … … … . , �L = 6< 

is called a partition of [4, 6] with �� + 1� points; and ?� = [��f, , �� ] be the ��  sub-

interval of [4, 6] obtained by the points ��f, &  ��  of �. i. e. 

?, = [��,  �,],   ?" = [�,,  �"],  …………, ?�¡ [��f, , �� ], … … … … , ?L = [�Lf, , �L ] 
Length of ¢£¤ interval: =  ¥ �?�� = |?�| = |�� − ��f,| 
Norm of Partition: Let P be a partition of [4, 6] and ?� = [��f, , �� ],  be the ��  sub- 

interval and ?�?�� = ∆�� = | ��   �� − 1, |  
The norm of � is denoted by §��� or‖�‖ and defined as: 

‖�‖ = �4� :∆�©  |    � = 1  ª«   �< 

�. �.    ? = [0, 1] 
Let  � = :0 = ��, �,, �",  �� = 1< 

           = K0, ,"   ,   "�   , 1 N  

      ?, = ¬0, ," ,                  ?" = ¬," , "� ,                        ?� = ¬"�  ,   1 

           ¥ �?,� = ,"              ,        ¥ �?"� = ,®,              ¥ �?�� = ¯1 − "�¯ = ,� 

So ‖�‖ = max K  ,"   ,   ,®   ,   ,�N = ,"  

Refinement of Partition: Let � and �∗ are two partitions of [4, 6] s. t. � ⊆ �∗ then  �∗  is 

called the refinement or finer than �. 
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 � = K0, ,"   ,   "�   , 1 N  

�∗ = �0, 14  ,   12  , 23 , 1 b 

 �∗∗ = �0, 14 , 12  , 23 , 34 , 1 b 

‖�‖ = 12 ,                ‖�∗‖ = 12,              ‖�∗∗‖ = 14   
Ex: P = K0, ,"   ,   "�   , 1 N  

 P∗ = �0, 12  ,   23  , 34 , 1 b 

‖�‖ = 12 ,                ‖�∗‖ = 12 

 

Note:   

(1) ‖�‖ ≥ ‖�∗‖ 

(2)  Let  ���� be a bounded function defined on [4, 6]. ∃ ², � ∈ ℝ s. t.  ² ≤ ���� ≤ � 

Now,  ?� = [��f, , �� ] be the ��  sub-interval. ���� is also bounded on ?�. 
 let  �� = sup    ����    

            � 7 [��f, , �� ] �� = ���    ����    
      � 7 [��f, , �� ] 
Then ² ≤ ²� ≤ �� ≤ � 

Darboux Upper Sum and Lower Sum: 

Let �: [4, 6] → ℝ be a bounded function on [4, 6]. Let us take a partition P of [4, 6] defined by 

P= :��, �,, … … … … … �L< where 4 = �� < �,………….< �L = 6. 
Since � is bounded on [4, 6], � is bounded on [��f, , �� ], for � = 1, 2, … … … , �.  
Let   � = sup� 7 [4, 6]  ����            ,                  ² = inf� 7 [4, 6] ���� 



Module-2: Differential and Integral Calculus 

       �� = sup� 7 [��−1 , �� ]  ����       ,                  ²� = inf� 7 [��−1  , �� ]  ����  

                                                                                                       � = 1, 2, … … … � 

Then  

�,∆�, + �"∆�" +  …………�L∆ �L = ∑ ��  L�¡, ∆�� 

called Darboux upper sum over the partition P and is denoted by U�P. ��. ∑ ²�L�¡, ∆�� = ²,∆�, +  …………²L∆ �L 

is called the lower Darboux sum corresponding partition P and is denoted by L. (P. �) 

Note: The Family of all partitions of  [4, 6] is denoted by P [4, 6] and the partition 

 P = :��, �,, �",  �� … … … �L< is amember of P [4, 6]. 

 

Upper and Lower Riemann Integral: 

Upper integral of � on [4, 6] is denoted by 0 �����µk  and defined by 

0 �����µk  1� = ���: ¶��, ��: � 7 �[4, 6] <  

Similarly, Lower integral of � on [4, 6] is denoted by 

 0 ������µ  1� = J·¸ : Z ��, ��: � 7 �[4, 6] <  

� is said to be Riemann integrable on [4, 6]  if 

¹ ����º
�µ  1� = ¹ �����µ

k  1� 

The common value of 0 � º�µ or 0 � �µk is called the Riemann integral of � on [4, 6] and is denoted 

by 0 ����ºk  1� 

Example:  A function � defined on [0, 1] by 

 

             ���� = � 1,       if � is rational      0,       if � is irrational    
Show that � is not integrable on[4, 6]  
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Solution: ∵ Range set of ���� = :0 , 1<  ⟹ � is bounded on [0, 1]. 
Let us take a partition � of [0, 1] defined by P= :��, �,, … … … … �L<, where 0 = �� <�, <………….< �L = 1. 
Let Let   � = sup� 7 [0, 1]  ����            ,                  ² = inf� 7 [0, 1] ���� 

       �� = sup� 7 [��−1 , �� ]  ����       ,                 ²� = inf� 7 [��−1 , �� ]  ����  

                                                                                                       � = 1, 2, … … … � 

Then M = 1, ² = 0, �� = 1, ²� = 0 

                                              for � = 1, 2, … … … . . , � 

¶��, �� = �,��, − ��� + �"��" − �,� + ⋯ + �L��L − �Lf,� 

= 1 ��, − ��� + 1 ��" − �,� + ⋯ + 1 ��L − �Lf,� 

                                     = �L − �� = 1 − 0 = 1 

Z ��, �� = ²,��, − ��� + ²"��" − �,� + ⋯ + ²L��L − �Lf,� 

                                        = 0 

Let us consider the set � [0, 1] of all partitions of [0, 1]  
Let the set  :Z ��, �� ∶ � 7 �[0, 1]< = :0< 

                  sup:Z ��, �� ∶ � 7 �[0, 1]< = :0<                        i. e. 0 ����1�,qµ  

and :¶ ��, �� ∶ � 7 �[0, 1]< = :1<  

      = inf :¶ ��, �� ∶ � 7 �[0, 1]< = :1<   i. e. 0 ����1� = 1¼µ�  

Since 0 ����,qµ 1� ≠ 0 ���� 1�¼µ�  

�  is not integrable on [4, 6] 
Theorem:(Condition for integrability) 

Let a function �: [4, 6] → ℝ be bounded on [4, 6]. Then �is integrable on [4, 6] iff for each 7 > 0 , ∃ a partition � of [4, 6] s. t.  

¶��. �� − Z��. �� < 7 
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Proof: Do yourself. 

Result: 

(1) Let a function �: [4, 6] → ℝ be monotone on [4, 6].  Then � is integrable on [4, 6]. 
(2) Let a function �: [4, 6] → ℝ be continuous on [4, 6]. Then � is integrable on [4, 6]. 
(3) Let a function �: [4, 6] → ℝ be bounded on [4, 6] and let � be continuous on [4, 6] except 

for a finite no. finite no. of points in [4, 6]. Then � is ½ − integrable on [4, 6] 
Example: ���� = ��� �,           � 7 [−2, 2] 
                  
���� = ¾−1           ,          �� − 2 ≤ � < 0           0             ,         �� � = 0                         1             ,       �� 0 < � ≤ 2                          

�  is bounded on [−2, 2], since |����| ≤ 1, for all � 7 [−2, 2]. � is continuous on [−2, 2] except 

at only one point 0.  Therefore  � is R-integrable on [−2, 2]�by previous result − III�. 

Example: �: [0, 1] → [0, 1] s. t.   
     ���� = "Áf,"Á   if � 7 ¬"Ál�f,"Ál�  , "Áf,"Á    then find 0 ����1� =?,�  

Solution: ∆�Ã = �Ã − �Ãf, = "Áf,"Á − "Ál�f,"Ál� = ,"Á 

                = 0 ����¼µ� 1� = limÃ→Ä ∑ �Ã∆�ÃÃ = limÃ→Ä ∑ "Áf,"ÁÃ  ∙ ,"Á 

                = limÃ→Ä ∑ "Áf,"�ÁÃ  

    = limÃ→Ä ∑� ,"Á − ,"�Á� 

               =   �, = ," − ,Å 

               =  �" = ,Å − ,,® 

               =  �� = ,Æ − ,®Å…….. 

So limÃ→Ä ∑ �Ã∆�Ã = ," + ,Æ + ,�" +………… 

                             = ," + ,"Ç + ,"È +………….. 
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                             = 

��,f�É = ,"  × Å� = "� 

¹ ����¼µ
� 1� = 23 

Similarly, 0 ����¼qµ 1� = "� 

So, 0 ����¼� 1� = "� . 

 

Assignment 

Q.1. Show that 

a) ¶ ��, �� ≥ Z ��, �� 

b) ¶ ��, �� ≥ ¶ ��∗, �� 

c) Z ��, �� ≤ Z ��∗, �� 

d) ¶��, �� ≥  Z ��∗, �� 

e) ¶ ��∗, �� ≥ Z ��∗, �� ≥ Z ��, �� 

Q.2. Discuss Riemann integrability of function  

     ���� = [�] ,                      � 7 [0, 2]. 
Q.3. Let�: [0, 1] → R is the function ���� = �".  For any ε >0, choose a partition  

� = :0 = ��,  �, �", … … … … … … ��f,,  �� … … … … … … . , �L = 1< 

such that �© −  �©f,  < ε/2  for all 1 ≤ i ≤ n. 

Show that  ¶��. �� − Z��. �� < 7 

Hence, � is Reimann integrable. 

References: 

• G.B. Thomas, M.D. Weir, J.R. Hass, Thomas’ Calculus, Pearson Publication.  

• R.G. Bartle, D.R. Sherbert, Introduction to Real Analysis, Wiley Publication.  
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Module-3 

Pretest on Matrices and Determinant 

 

1) Find 3� − 2�, if � =  �2 −1 04 7 15 3 2� and � = �−6 0 21 5 38 2 1� 

2) Find �(� +  �), if � = �1 0 23 −5 70 0 3�, � = �3 56 20 2� and � =  � 0 −83 110 4 � 

3) Classify the type of matrix :  

i) �1 3 53 4 −75 −7 6 �,  ii) �0 −4 −54 0 −75 7 0 �, iii) �4 2 60 5 −30 0 1 �, 

iv)  �2 0 00 0 00 0 5�,  v) �1 00 1� 
4) Determine the matrices X & Y from the equation:  

X + Y =  �1 −23 4 �, X - Y =� 3 2−1 0� 
5) If � = �−1 23 1� , � = � 1 −13 4−1 5 � does AB exists? 

6) If A and B are two square matrices of same order. Is (� + �)� = �� + 2�� + �� 

7) Apply the properties of determinants and calculate : 

i)  A= �1 2 34 5 67 8 9�,  ii) B= �1 0 10 1 00 0 1�, and iii) C = �2 3 42 � + 3  + 42 ! + 3 " + 4�. 
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Module-3 

Matrices and Determinants 

Lectures required -02 

In this module, we discuss about the basics of matrices, types of matrices, operations 

on matrices, determinants and cofactors, computing inverse of a square matrix, rank and 

elementary operations with brief discussion on system of linear equations. 

1. Matrices and Determinants    

1.1 Types of Matrices 

1.2 Operations on Matrices 

1.3 Determinants and Cofactors  

1.4 Inverse of a Square Matrix  

1.5 Rank of Matrix 

1.6 Elementary row / column operations  

1.7 System of Linear Equations 

 

1. Matrices and Determinants: 

A matrix is defined to be a rectangular array of a number assigned into rows and 

columns. A set of “mn” elements arranged in rectangular formation containing m-rows and n-

columns is called m×n matrix 

 A= 

#$$
$$%

�&& �&�     …        �&(��& ���     …        ��(.             .        …          ..             .        …          ..             .        …          .�*& �*�     …        �*(+,,
,,-, where �./  are elements of the matrix A. 

1.1 Type of Matrices : 

There are around 12 types of matrix. 

i) Row matrix : When m=1, the matrix with one row is called row matrix or 

vector.  

ii) Column matrix : When there is only one column  i.e. n=1, the matrix is called 

a column matrix. 

iii) Square matrix : When m=n, that is number of rows is equal to number of 

columns. 

iv) Triangular Matrix : In a square matrix, when the elements above the 

principal diagonal or below the principal diagonal are all zero, the matrix is 

called triangular matrix. 

v) Diagonal Matrix : In a square matrix, when the elements above and below the 

principal diagonal is zero i.e. matrix is filled with zero elements except on the 

main diagonal 
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e.g.  �2 0 00 −1 00 0 3� 

vi) Scalar matrix  : Scalar matrix is a diagonal matrix in which all the elements 

along the main diagonal are equal. 

e.g.  �2 0 00 2 00 0 2� 

vii) Unit matrix (Identity Matrix) : A scalar matrix with all the elements on the 

diagonal are equal to 1. 

e.g.  �1 00 1� �1 0 00 1 00 0 1� 

viii) Null or Zero Matrix : If all the elements in matrix are zero, then it is called 

zero matrix 

e.g.  �0         0             00         0             0� 

ix) Symmetric matrix : A square matrix A = (aij) is called symmetric matrix if 

aij= aji for all i and j. 

e.g.  �2 3 53 6 −75 −7 4 � 

x) Skew symmetric matrix : A square matrix A = (aij) is called a skew 

symmetric if aij= -aji for all i and j, i≠j and aii= 0 for all i. 

e.g.  � 0 4 7−4 0 −5−7 5 0 � 

xi) Singular matrix : If |�|=0 (det(A)), then the matrix A is called singular. 

xii) Non-singular matrix :  If |�| ≠0, then the matrix A is called non-singular. 

1.2 Operations on Matrices 

(i) Addition of two matrices: 

Addition of two matricesA=[aij]m×nand B=[bij]m×n can be defined only when both A 

and B have same more same order. 

 � =  2!./3*×( (= � + �), 5ℎ787 !./  =  �./ +   ./, 1≤ 9 ≤ :, 1≤ ; ≤ < 
is the sum of A and B. 

Example: A = � 2 1 5−1 6 2�,   B = �0 5 −23 4 1 � 

C = A + B = � 2 + 0 1 + 5 5 − 2−1 + 3 6 + 4 2 + 1�  = �2 6 32 10 3� 
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(ii) Multiplication of matrices by scalar : 

If = is a real or complex number, and � = [�./] is a m×n matrix, then the matrix � =[ ./] where  ./  =  =�./ for 1 ≤ 9 ≤ :, 1 ≤ ; ≤ < is called a scalar multiplication of � by = and 

written as � = =�.  

 e.g. : If A =�2 34 5� then 2A =�4 68 10� 
(iii) Multiplication of two matrices : 

Let � =  2�./3*×( and � =  2 ./3@×A  be two matrices. The product AB is defined 

only when n=r, (i.e.) no. of columns of A = no. of rows of B.  � = �� =   2!./3*×(  where  !./ =  �.& &/ +  �.� �/ +  … +  �.( (/ = ∑ �.C.  C/(CD& , 

for 1 ≤ 9 ≤ :, 1 ≤ ; ≤ E.  
 A =�1 20 5�,   B =�3 12 7� 

 AB = �1 × 3 + 2 × 2 1 × 1 + 2 × 70 × 3 + 5 × 2 0 × 1 + 5 × 7� 
=� 7 1510 35� 

 Note AB ≠ BA 

 BA = �3 × 1 + 1 × 0 3 × 2 + 1 × 52 × 1 + 7 × 0 2 × 2 + 7 × 5� 
=�3 112 39� 

(iv) Transpose of matrix : 

If � =  2�./3*×( , then the n×m-matrix � =  2 ./3(×* is defined as  ./  =  �/. , 1≤ 9 ≤ :, 1 ≤ ; ≤ <, is obtained by interchanging the rows and columns is called the transpose 

of A, denoted by AT. 

e.g. : If A=�2 3 04 7 5��×F,  AT=�2 43 70 5�F×� 

1.3 Determinants and Cofactors  

Let � =  2�./3*×(be a square matrix. If we delete the row and column containing the 

element aij, we obtain a square matrix of order n-1.The determinant of this square matrix of 

order n-1 is called the Minor of the element aij and is denoted by Mij. 

Cofactor (aij) = (-1)i+jMij  and is denoted by Aij. If A=[aij] is a square matrix of order <, 

the matrix 

#$$
$$%

�&&��&     …        �(&�&�            .       …          ..             .        …          ..             .        …          ..             .        …          .�&(��(     …        �(( +,,
,,-is called the adjoint of A, denoted by adj(A).  
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1.4 Inverse of a square matrix : 

A square matrix A of order < is said to be invertible, if there exists a square matrix B 

of order < such that �� = �� = G( and � is called the inverse of � and is denoted by �H&.  

If A is non-singular square matrix, then �H& exists and �H& = &|I| . �"; (�).  
1.5 Rank of a Matrix : 

Rank of a matrix A is said to be r, if A satisfies the following conditions: 

i) There exists an 8 × 8 submatrix whose determinant is non-zero.  

ii) The determinant of every (r+1)×(r+1)submatrix is zero.  

In other words, order of the determinant of the largest submatrix of A which does not 

vanish is called the rank of the matrix and is denoted by 8(�). 

Note that 8(�) ≤ :9< (:, <) where A is of order m×n.  

e.g. Find r(A) using determinants of minors. 

A=� 2 3 43 1 2−1 2 2� 

Since A is 3 × 3, 8(�)≤3 

|�|=� 2 3 43 1 2−1 2 2� 
                             = 2(2-4)-3(6+2)+4(6+1) 

     =2(-2)-3(8)+4(7) 

     = -4 – 24 + 28 = 0 ∵  |�| =0, r(A)≤2.  

Consider the submatrix order 2×2 : 

 K2 43 2K  = 4-12 ≠ 0. 

Since determinant of 2×2 order matrix is not equal to zero, 8(�) = 2. 

1.6 Elementary Row(Column) Operations: 

Let A be an m×n order matrix. An elementary row (column) operation on A is one of 

the following three types: 

i) Interchange of any two rows(columns) denoted by Ri↔Ri (Ci↔Cj).  

ii) Multiplication of row(column) by a non-zero element c, denoted by Ri→cRi 

(Ci→cCi). 

iii) Addition of any multiple of one row(column) with other row Ri→Ri + kRj 

(Ci→Ci  + kCj). 

By applying any of these elementary operations, the rank of matrix is not affected. 

Hence, “By successive application of elementary row and column operations, any non-zero 

m×n matrix A can be reduced to a diagonal matrix D in which the diagonal entries are either 

0 or 1 and all the 1’s precede all the zeros on the diagonal. 



Module-3: Matrices and Determinants 

 

6 

 

In other words, the non-zero m×n matrix is equivalent to a matrix of the form �G@ 00 0� where Ir is the 8 × 8 - identity matrix and 0 is the zero matrix. This is called the 

canonical form of the matrix.  

Two matrices A and B of the same order are said to be equivalent if B can be obtained 

from A by a finite number of elementary transformation. 

Definition (Rank of a matrix) :  

If A is a m×n matrix, then the unique non-negative integer r such that A ~ �G@ 00 0� is said to 

be the rank of A. The matrix is called as the canonical form of A. 

Example: Find the rank of A = �1       1         1     14       1         0     20       3         4     2�.  
A = �1       1         1     14       1         0     20       3         4     2� 

A is 3×4 matrix.∴ Clearly 8(�) ≤3. 
A ~  � 1       1         1     10  − 3    − 4  − 20       3         4     2 �  R2→R2 - 4 R1 

~  � 1       1         1     10  − 3    − 4  − 20      0         0     0 �  R3→ R3+  R2 

~  � 1     1         1       10       1    4/3     2/30       0        0         0 �  R2→R2 /(-3) 

~  � 1     0        0       00       1    4/3     2/30       0        0         0 �   C2→ C2 – C1 ,  C3→ C3 – C1, C4→ C4 – C1 

~  � 1     0        0       00       1       0       00       0        0        0�  C3→ C3 – 4/3 C2, C4→ C4 – 2/3 C2 

A ~  �G@ 00 0� ∴ r(A) = 2.  

 

1.7 Solving systems of equations 

Given a system of equations of the form �N =  �, where A is an m×n coefficient 

matrix, X -unknown vector of (n×1) order and B-a vector of (m×1) order. 

 A= 

#$$
$$%

�&&�&�     …        �&(��&���     …        ��(.             .        …          ..             .        …          ..             .        …          .�*&�*�     …        �*(+,,
,,-,      X= 

#$$
$$%
O&O�...O(+,,

,,-,  B=

#$$
$$%

 & �... *+,,
,,- 
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The m×(n+1) matrix, denoted [A|B] is called the augmented matrix of the system  

[A|B]= 

#$$
$$%

�&&�&�     …        �&( &��&���     …        ��( �.             .        …          .        ..             .        …          .         ..             .        …          .        .�*&�*�     …        �*( * +,,
,,- 

If the system has atleast one solution, then the system is called consistent, otherwise 

the system is said to be inconsistent. 

 A system AX=B 

(i) is consistent iff 8(�) =   8�<= ([�|�]). 

(ii) has a unique solution iff 8(�) =   8([�|�])  =  <, the number of unknowns (In 

this case m ≥ n). 

(iii) has infinitely many solutions if and only if 8(�) =   8([�|�])  <  :9<{:, <}. 

Remark1: If : = < and the 8(�) = <, then the 8(�)  =  8([�|�]) = < and hence the system �N = � has a unique solution and the solution is given by N = �H&�.  

Remark 2: To test whether the system �N = � , when : = <, is consistent or not, and if it is 

consistent, then to find the solutions of the system, we can use elementary row operation to 

the augmented matrix [�|�] and reduce � in [�|�] to a triangular matrix. 

Note: 

i) If |�| ≠0, then the system has a unique solution, ∴ It is consistent. 

ii) If |�|  = 0 and if 8(�) =   8([�|�]), then the system has infinitely many solutions 

and hence consistent. 

iii) If |�|  = 0 and if 8(�) ≠   8([�|�]) then the system has no solution and hence the 

system is inconsistent 

 

 

References: 

1. J.P. Singh, Discrete Mathematics for Under graduates, Ane Books, 2014.  

2. P.B. Bhattacharya, S,.K.Jain, S.R. Nagpaul, First Course in Linear Algebra, 

Wiley, 1983.  

3. G. Hadley, Linear Algebra, Narosa Publishing, 1992.  
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Assignment on Matrices and Determinants 

 

1) If A =� 3 1−1 2�, show that A satisfies A2-5A+7I = 0.  Hence determine A3 and A-1. 

2) Find the inverse of �1 2 −13 8 24 9 −1�, if it exists, using adjoint. 

3) Find the rank of matrix using elementary row/column operation: 

S 1       2   − 2     32       5    − 4     6−1   − 3       2   − 22      4   − 1       6 T 

4) Find rank of the matrix �1   1    1    14   1    0    2 0   3   4    2 �  by examining the determinant of minors.  

5) For what value of λ and µ, the system of equations: O + U + V = 6 O + 2U + 3V = 10 O + 2U + λ z =  X 

 (i) Consistent  

  (ii)  Consistent with unique solution  

(iii) Inconsistent 

6) Apply the properties of determinants and calculate : 

i)  A= �1 2 34 5 67 8 9�,  ii) B= �1 0 10 1 00 0 1�, and iii) C = �2 3 42 � + 3  + 42 ! + 3 " + 4�. 
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Module-4 

Pretest on Complex Numbers 

1. What are the roots of Find the value of  �� + 1 = 0 ? 

2. Find real numbers � and � such that 3� + 2
� − 
� + 5� = 7 + 5
. 
3. Perform each of the indicate operations 

(a) �3 + 2
� + �−7 − 
�      (b)     �−7 − 
� − �3 + 2
�        

4. Find the value of (i)  �1 + 
��   (ii) �−2 + 3
��4 − 
�   

5. What is the cube roots of unity ?  

6.  Find ����� and ����� of  following complex number � 

(a)  � = � ����� � ������                              (b)   � = ������������������                               
7. Find all solutions of the equation �� = �−1 + 
��. 

8. Find the real and imaginary parts � and   of given complex functions of � and � 

(a) !��� = 6� − 5 + 9
                       (c)   !��� = −3� − 2�̅ − 
    
(b) !��� = �� − 2� + 6                       (d)   !��� = �� − �̅� 
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Module-4 

Complex Numbers  

Lectures required -03 

 

Note: We use ∶= to abbreviate “defined by” or “written as”. 

Definition of complex numbers: 

 Consider ordered pairs of real numbers (�, ��. The word ‘ordered’ means that 

(�, ��, ��, �� are distinct unless � = �. We denote the set of all ordered pairs of real numbers 

byℂ.  We shall call ℂ as the set of all complex numbers. In ℂ, we define addition �+� and 

multiplication (× or juxtaposition) between two such ordered pairs ��� , ���, ��� , ��� by 

     ��� ��� + ��� ��� = ��� + ��,  �� + ���                                                                              (1) 

and 

��� , ������, ��� = ����� −   ����,  �� �� +  �����.                                           (2) 

If �� = ���, ��� and �� = ���, ���, then we say that  

                                  �� = ��  ⇔     �� = ��  and �� = ��. 

In particular, � = �� �� = �0, 0�   ⇔       � = 0  and � = 0. 
We can easily check the following simple properties for equality of ordered pairs making it an 

equivalence relation: For �� , �� /01 �� in ℂ,  
I. �� = ��  

II. �� = ��  ⇒ �� =  ��  
III. �� = �� and  �� = �� ⇒ �� = �� . 

The associative and commutative laws for addition and the multiplication and distributive laws 

etc., follow easily from the properties of field of real numbers ℝ. Further, it is clear from 

equations  (1) and (2) that (0,0) is the additive  identity, (1,0) is the multiplicative identity, �−�, −�� is the additive inverse of � = ��, �� and 

 

                                                        
�4 ∶= � 556�76 , − 756�76�     

is the multiplicative inverse of � = ��, �� ≠ �0,0�.   
• There is a unique complex Number, say �� , such that  �� + �� =  �� . If �9 = ��9, �9� 

(: = 1, 2, 3), then �� = ��� − ��,  �� − ��� and is denoted by �� − �� .     ;<�=>?/@>
A0B 
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• for �� ≠ �0, 0�, there is a unique �� such that �� = �� �� . In fact , ��=�� . �1/�� � Since �� �� = �� . �� . �1/�� � = D�� . �1/�� �E. �� = 1. �� = �� . The complex number �� is 

otherwise written as �� = �� /�� . 
The symbol commonly used for a complex number is not ��, �� but � + 
�, �, � real. 

Following Euler, we define  
 ∶= �0, 1� in the complex number system ℂ of ordered pairs. We 

write the real number � as ��, 0�. Then accoridng to (2) 


�= (0, 1) (0 1)= �−1, 0�,           
� = 
�. 
 = �−1, 0��0, 1� = �0, −1�, 
 and  
O = 
�. 
� = �1, 0�.    Also,   � + 
� = ��, 0� + �0,1���, 0� = ��, ��.The above discussion 

shows that ℂ is also a field.Further,writing a real number � as ��, 0� and noting that  

��� , 0� + ��� , 0� = ��� + �� , 0�  and ��� , 0���� , 0� = ��� �� , 0�, 

ℝ Turns out to be a subfield of  ℂ. The association � ↦ ��, 0�   shows that we can always treat ℝ 

as a subset of ℂ. Complex numbers of the form ��, 0� are said to be purely real or just real.  

Those of the form �0, �� are said to be purely imaginary whenever � ≠ 0. In particular, we have 

with the above identification of  ℝ, 
� = −1. Every (complex number) � = ��, �� ∈ ℂ, denoted 

now by � + 
�, admits a unique representation.  

                                 ��, �� = ��, 0� + �0, 1���, 0� = � + 
�,  with �, � R ℝ. 

‘Zero’ viz. �0, 0� = 0 + 
0 is the only complex number both real and purely imaginary. The 

conjugate of a complex number � = � + 
� is the complex number � ∶= � − 
 �. Note that � = � 

if and only if � + 
� = � − 
�,  i.e � = 0  i. e.� is purely real. The inverse or reciprocal ��� of a 

complex number � = � + 
� ≠  0 is  

1� = ��� = � − 
��� + �� = ��� + �� − 
 S ��� + ��T, 
which was defined earlier as the multiplicative inverse of �. we call � and � the real part and 

imaginary part of � = � + 
�, respectively. We write 

Re � ∶= �       and   Im � ∶= � ;      Re � = 4�4�        and      Im z = 4�4�� . 

We know that ordered pairs of real numbers represent points in the geometric place referred to a 

pair of rectangular axes.  We then call all the collection of ordered pairs as ℝ� and the two axes 

as the �-axis and � − /�
W.  Because ��, 0�  ∈ ℝ� corresponds to real numbers, the �- axis called 

the real axis and since 
� = �0, �� ∈ ℝ� is purely imaginary, the y-axis is called the imaginary 

axis. 

Now, we can visualize ℂ as a plane with � + 
� as points in ℝ� and we simply refer to it as the 

finite complex plane or simply complex plane. Depending on the problems on hand, we use    � + 
� or ��, �), to represent a complex number. 
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Theorem 1: The field ℂ cannot be totally ordered in consistence with the usual order on ℝ. 

(Total ordering means that if / ≠ = then either / < = or / > =. 

Proof: Suppose that such a total ordering exists on ℂ . Then for 
 ∈ ℂ we would have either      
 > 0   A? 
 < 0 since 
 ≠ 0.This means that in either case 

 −1 = 
 ∙ 
 = �−
��−
� > 0 

which is not true in ℝ. This observation shows that such an ordering in impossible in ℂ . 

Theorem 1 means that the expressions �� > �� or �� < �� have to meaning unless ��and �� are 

real. 

Concepts of modulus / absolute value:  

The modulus or absolute value of � ∈ ℝ is defined by  

                                          |�| = \    �    if  � ≥ 0−�     if   � < 0. 
As it stands, there is no natural generalized of |∙| to ℂ, because, as we have seen in Theorem 1,  

there is no total ordering on ℂ. However we interpret |�| geometrically as the distance from � to 

the origin (zero) of the real line. It is this fact which leads us to define the modulus of a complex 

number � = � + 
� ∈ ℂ by  |�| = √�� = `�� + ��. 

 

 

Circles          Suppose �a = �a + 
�a, Since 

|� − �a| = `�� − �a�� + �� − �a�� is the distance between the points � = � + 
� and  

�a = �a + 
�a, the points � = � + 
� that satisfy the equation 

|� − �a| = b,          b > 0.                                                                                                       (3) 

Lie on a circle of a radian b centered at the point �a see Figure (1)                                                                         

 

                                                             
  Fig 1 

 

                                           |� − �a| = b 

 

            �a        b 
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                                         Circle of raids b  
 

Example 1: Two circles    

�/�   |�| = 1 is an equation of a unit circle centered at the origin. 

�=� by rewriting   |� − 1 + 3
| = 5 as |� − �1 − 3
�| = 5,  we see from (3) 

That the equation describes a circle of radius 5 centered at the point �a = 1 − 3
. 
 

Disks and Neighborhoods: 

   The points � that satisfy the in equality |� − �a| ≤ b can be either on the circle |� − �a| = b or within the circle.  We say that the set of points defined by |� − �a| ≤ b is a disk 

of radius b centered at �a. But the points � that satisfy the strict inequality |� − �a| < b lie 

within, and not on a circle of radius b centered at the point  �a. This set is called a neighborhood 

of �a. Occasionally, we will need to use a neighborhood of �a that also excludes �a such a 

neighborhood is defined by the simultaneous inequality 0 < |� − �a| < b and is called a deleted 

neighborhood of �a.  For example, |�| < 1 defines a neighborhood of the origin, where as       0 < |�| < 1 defines a deleted neighborhood of the origin; |� − 3 + 4
| < 0.01 defines a 

neighborhood of  3 − 4
,  whereas the inequality 0 < |� − 3 + 4
| < 0.01 define a deleted 

neighborhood of 3 − 4
. 
Open Sets: A point �a is said to be a interior point of a set S of the complex plane if there exists 

some neighborhood of �a that lies entirely within S. if every point of � of a set S in an interior 

point, then S is said to be an open set see Figure 2 For example Re ���  >  1 defines a right half 

plane, which is an open set.  If we choose, for example  �a = 1.1 + 2
, then a neighborhood of �a lying entirely in the set is defined by |� − �1.1 + 2
�| < 0.05  See Fig. 3.On the other hand, 

the set S of points in complex plan defined by Re ���  ≥  1 not an open set because every 

neighborhood of a point lying on the line � = 1 must contain a points in S and points not in S. 

See Fig 1.18 
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                                                                  Figure 2 Open set 

 

 

                                           |� − �1.1 + 2
�| < 0.05 

                                      

Figure 3 Open set with magnified view of point near � = 1 

                                                 

                                                        Figure 4 Set S not Open  
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If every neighborhood of a point   �a of a set S contains at least one point of S, and at least one 

point not in S then, �a is said to be boundary point of S. A point � that is neither an interior 

point nor a boundary point of a set S is said to be an exterior point of S; in other words,  �a is an 

exterior point of a set S if there exists some neighborhood of that Contains no points of S. Figure 

5 shows a typical set S with Interior, boundary, and exterior.  

                                               

                                                Figure 5 Interior, boundary, and exterior of set S 

 

Annulas: The set <� of points satisfying the inequality b� < |� − �a| lie exterior to the circle of 

radius b� centered at �a, whereas the set <� of points satisfying |� − �a| < b� lie interior to the 

circle of radius b� centered at �a. Thus, if 0 < b� < b�, the list of points satisfying the 

simultaneous inequality 

                                b� < |� − �a| < b�                                                                (4) 

is the intersection of the sets <�and <�. This intersection is an open circular ring centered at �a. 

Figure 6 illustrates such a ring centered at the origin.  The set defined by (4) is called an open 

circular annulus.  By allowing b� = 0, we obtain a deleted neighborhood of  �a. 
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                                                          1 < |�| < 2; Interior of circular ring 

                                                                                 Figure 6 

Domain: If any pair of points �� and �� in a set S can be connected by a polygonal line that 

consists of a finite number of line segments joined end to end that lies entirely in the set, then the 

S is said to be connected. See Figure 7.  An open connected set is called a domain.  Figure 3 is 

connected and so are domain.  The set of numbers � satisfying Re ��� ≠ 4 is an open set but is 

not connected since it is not possible to join points on either side of the vertical line � = 4 by a 

polygonal line without leaving the set (bear in mind that the points on the line � = 4  are not in 

the set). A neighborhood of a point  �a is a connected set. 

                                                

    Figure 7 Connected set. 

Regions:      

              A region is set of points in the complex plane with all, some, or one of its boundary 

points.  Since an open set does not contain any boundary points, it is automatically a region.  A 

region that contains all its boundary points is said to be closed.  The disk defined by               |� − �a| ≤ b is an example of a closed region and is referred to as a closed disk.  A 

neighborhood of a point �a defined by |� − �a| < b is an open set or an open region and is said 
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to be an open disk.  If the center �a is deleted from either a closed disk or an open disk, the 

regions defined by 0 < |� − �a| ≤ b or |� − �a| < b are called punctured disks.  A punctured 

open disk is the same as a deleted neighborhood of �a. a region can be neither open nor closed; 

the annular region defined by the inequality 1 ≤ |� − 5| < 3 contains only some of its boundary 

points (the points lying on the circle|� − 5| = 1), and so it is neither open nor closed.  In (4) we 

defined a circular annular region; in a more general interpretation, an annulus or annular region 

may have the appearance shown in figure 8. 

 

Figure 8 Annular region 

Bounded Sets: Finally, we say that a set s in the complex plane is bounded if there exists a real 

number � > 0 such that |�| < � every z in S. That is, s is bounded if it can be completely 

enclosed within some neighborhood of the origin.  In Figure 9, the set S shown in color is 

bounded because it is contained entirely within the dashed circular neighborhood of the origin.  

A set is unbounded if it is not bounded.  For example, the set in Figure 6 is bounded, whereas the 

sets in Figures 10, 11, and 12 are unbounded. 

 

Figure 9 The set S is bounded Since some neighborhood of the origin encloses S entirely. 
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                                                      Figure 10  Im��� < 0 ; lower half plan 

                                                                                    � 

                                                        

                                                      Figure 11.  −1 < ����� < 1 ; infinite vertical strip 

 

                                                                 

                                                        Figure 12.  |�| > 1 ; exterior of unit circle 
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Complex Function: One of the most important concepts in matchematics is that of a function.  

You may recall from previous courses that a function is a certain kind of corresspondence 

between two sets; more specifically: 

A function ! from a set A to a set B is a rule of correspondence that assign to each element in a 

one and only one element in B. 

We often think of a function as  a rule or a machine that accepts inputs from the set A and returns 

outputs in the set B.  In elementary calculus we studied functions whoe inputs and outputs were 

real numbers.  such functions are called real-valued functions of a real variable.  In this section 

we begin our study of functions whose inputs and outputs are complex numbers.  Naturally, we 

call these functions complex functions of a complex variable, or complex functions for short.  

As we will see, many interesting and useful complex functions are simply generalizations of 

well-known functions from calculus. 

Function: Suppose that ! is  a function from the set A to the set B . If !  assigns to the element a 

in A the element =  in B, then we say that = = !�/�. The set A-the set of inputs is called the 

domain of !  and the set of images in B the set outputs is called the range of !. We denote the 

domain and range of a function ! by Dom �!� and Range �!�,  respectively. As an example, 

consider the “squaring” function !��� =  �� defined for the real variable x. Since any real 

number can be squared, the domain of f  is the set R of all real numbers.  That is , Dom (f) = A = 

R. The range of f consists of all real numbers �� where � is a real number.  Of course, �� ≥ 0 for 

all real �, and it is easy to see from the graph of !  that the range of f  that the range of  f  is the 

set of all nonnegative real numbers. Thus, Range �!� is the interval (0, ∞�. The range of ! need 

not be the same as the set B.  For instance, because the interval (0, ∞� is a subset of both R and 

the set C of all complex numbers, f can be viewed as a function from A=R to B=R or ! can be 

viewed as a function from A=R to B=C. In both cases, the range of ! is contained in but not 

equal to the set B.  

 As the following definition indicates, a complex function is a function whose inputs and 

outputs are complex numbers. 

Definiton 1  Complex function: A complex function is a function ! whose domain and range 

are subsets of the set C of complex numbers. 

 A complex function is also called a complex-valued function of a complex variable.  for 

the most part we will use the usual symbols !, f, and ℎ to denote complex functions.  In 

addition, inputs to a complex function f will typically be denoted by the variable � and outputs by 

the variable � = !���. When referring to a complex function we will use three notations 

interchangedably, for example, !��� = � − 
, � = � − 
, or, simply, the function � − 
. 
Throughout this text the notation � = !��� will be reserved to represent a real-valued function of 

a real variable �. 
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Example1. Complex function: (a) The expression �� − �2 + 
�� can be evaluated at any 

complex number z and always yields a single complex number, and so !��� =  �� − �2 + 
�� 

define a complex function.  Values of f are found by using the arithmetic operations for complex 

numbers .  For instance, at the points � = 
 and � = 1 + 
 we have: 

!�
� = �
�� − �2 + 
��
� = −1 − 2
 + 1 = −2
 
and !�1 + 
� = �1 + 
�� − �2 + 
��1 + 
� = 2
 − 1 − 3
 = −1 − 
 
(b) The expression f��� = � + 2 �����   defines a complex function .Some values of f are: 

f�
� = 
 + 2 �� �
� = 
 + 2�0� = � 

and  f�2 − 3
� = 2 − 3
 + 2 �� �2 − 3
� = 2 − 3
 + 2�2� = 6 − 3
.  
Real and Imaginary Parts of a Complex Function: It is often helpful to express the inputs and 

the outputs a complex function in terms of their real and imaginary parts. If � = !��� is a 

complex function, then the image of a complex number � = � + 
� under f is a complex 

number � = � + 
 . By simplifying the expression !�� + 
��, we can write the real variables � and   in terms of the real variables x and �.  For example, by replacing the symobl � with � +
� , we can express any complex function � = ��, we obtain: 

                                       � = � + 
 = �� + 
��� = �� − �� + 2��
.                                        (5) 

From (5) the real variables � and   are given by � = �� − �� and  = 2�� respectively. This 

example illustrates that, if � = � + 
 = �� + 
�� is a complex function, then both � and   are 

real functions of the two real variables � and y. That is, by setting � = � + 
�, we can express 

any complex function � = !��� in terms of two real funtions as: 

                                                      !��� = ���, �� + 
 ��, ��.                                                            (6)         

The functions ���, �� and   ��, ��  in (6) are called the real and imaginary parts of f , 

respectively. 

Example 2. Real and imaginary parts of a function:  

Find the real and imaginary parts of the functions: (a) !��� = �� − �2 + 
�� and 

(b) f��� = � + 2 �� ���.           
Solution. In each case, we replace the symbol � by � + 
�, then simplify. 

(a) !��� = �� + 
��� − �2 + 
��� + 
�� = �� − 2� + � − �� + �2�� − � − 2��
.  
So ,���, �� = �� − 2� + � − ��  and   ��, �� = 2�� − � − 2�.         

(b) Since  f��� = � + 
� + 2 �� �� + 
�� = 3� + 
�,  we have  � ��, �� = 3�  and    ��, �� = �.    
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Every complex function is completely determined by the real functions � ��, �� and  ��, �� in 

(6). Thus, a complex function � = !��� can be defined by arbitarily specifying two real 

functions ���, �� and  ��, ��, even though � = � + 
  we not be obtainable through familiar 

operations performed soley on the symbol z. for example, if we take, say, ���, �� = ��� and  ��, �� = �� − 4��, then !��� = ��� + 
��� − 4��� define a complex function. in order to 

find the value of f  at the point � = 3 + 2
, we substitute � = 3 and � = 2 into the expression for ! to obtain !�3 + 2
� = 3 ∙ 2� + 
�3� − 4 ∙ 2�� = 12 − 23
.  
Limit of a Real Function h�i�: The limit of f as x tends  �a exists and is equal to L if for every j > 0 there exists  / k > 0 such that |!��� − l| < j                                                                  (7) 

Whenever 0<|� − �a| < k.  
The geometirc interpretation of (7) is shown in figure 13.  In this figure we see that the graph of 

the function � = !��� over the interval ��a − δ, �a + δ�, excluding the point � = �a, shown in 

color on the � − axis is mapped onto the set shown in black in the interval �l − j, l + j, � on the � −axis.  for the limit to exist, the relationship exhibited in figure 13 must exist for any choice of j > 0. We also see in Figure 13 that if a smaller j is chosen, then a smaller δ may be needed. 

 

      

             Figure 13. 

Complex Limits: A complex limit is, in eassence, the same as a real limit exept that it is based 

on a notion of “close” in the complex plane.  Because the distance in the complex plane between 

two points �� and �� is given by the modulus of the difference of �� and ��, the precise definiton 

of a complex limit will involve |�� − �� |. For example, the phrase “!��� can be made arbitarily 

close to the complex number L,” can be stated precisely as: for every j > 0, � can be chosen so 

that |!��� − l| < j. Since the modulus of a complex number is a real number, both j and k still 

represent small positive real numbers in the following definiton of a complex limit. The complex 

analogue of (7) is: 
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Definition 2 Limit of a complex funtion:  Suppose that a compex funtion !is defined in a 

deleted neighborhood of �a and suppose that L is a complex number.  The limit of ! as � tends to �a existsand is equal to L, written as lim4→4s !��� = l , if for every j > 0 there exists a 

k > 0 such that |!��� − l| < j whenever 0 < |� − �a | < k. 

 

      

(a)  Figure 14. Deleted k −neighborhood of  �a  
Complex and real limits have many common properties, but there is at least one very imprtant 

differnce. For real function lim5→5s !��� = l if and only if lim5→5st !��� = l and lim5→5su !��� = l. 
That is, there are two directions from which � can approach �a  on the real line , from the right ( 

denoted by � → �a�) or from the left (denoted by � → �a��  The real limit exists ifr and only  if 

these two one –sided limits have the same value. For example, consider the real function defined 

by: 

!��� = v �� ,                   � < 0            � − 1,                   � ≥ 0      w 

The limit of ! as � approaches to 0 does not exist since lim5→a� !��� = lim5→a� = �� = 0, 
but lim5→at !��� = lim5→at !�� − 1� = − 1. See Figure 15. 
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                                   Figure 15. The limit of f does not exist as x approaches 0. 

 

For limits for complex functions, z is allowed to approach �a from any direction in the complex 

plane, that is, along any curve or path through �a. See Figure 16.In orer that lim4→4s !��� exists and 

equals l along every possible curve through �a. Put in a negative way: 

 

                                                   

  Figure 16. Different ways to approach �a in a limit. 

Example 3. A Limit That does Not Exist    

Show that lim4→a 44  does not exist. 

Solution:  We show that this limit does not exist by finding two different ways of letting � 

approach 0 that yield different values of  lim4→a 44 .First, we let � approach 0 along the real axis.  

That is we consider complex numbers of the form � = � + 0
 where the real number � is 

approaching 0. for these points we have:  

     lim4→a 44 = lim5→a 5�a�5�a� = lim5→a1 = 1.           (8) 
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On the other hand, if we let � = 0 + 
� where the real number � is approaching 0. For this 

approach we have: 

    lim4→a 44 = lim5→a a��7a��7 = lim7→a�−1� = −1.                                        (9) 

Since the values in (8) and (9) are not the same, we conclude that lim4→a 44 does not exist. 

Example 4 An Epsion-Delta Prof of a Limit: 

Prove that lim4→����2 + 
�� = 1 + 3
. 
Solution According to definition 2.; lim4→����2 + 
�� = 1 + 3
, if, for every j > 0, there is a k >0 such that |�2 + 
�� − �1 + 3
�| < j when ever 0 < |� − �1 + 
�| < k. proving that the limit 

exists requires that we find an appropriate value of k for a given value of j .  In other words, for 

a given value of j we must find a positive number k with the property that if 0 < |� − �1 + 
�| <k, then |�2 + 
�� − �1 + 3
�| < j. One way of finding  k is to “work backwards.” The idea is to 

start with the inequality: 

    |�2 + 
�� − �1 + 3
�| < j                                                           (10) 

and then use properties of complex numbers and the modulus to manipulate this inequality until 

it involves the expression |� − �1 + 
�|.  Thus, a natural first step is to factor �2 + 
� out of the 

left-hand side of (10): 

                                                 |�2 + 
�|. |� − ����������� | < j.                                                         (11) 

Because |�2 + 
�| = √5 and ������� = 1 + 
, �11�is equivalent to:  
√5. |� − �1 + 
�| < j or |� − �1 + 
�| < |√�.             (12) 

 

Thus, (12) indicates that we should take k = |√�.  Keep in mind that the choice of k is not unique. 

Our choice of k = |√� is a result of the particular algebraic manipulations that we employed to 

obtain (12). Having found k we now present the formal proff that lim4→����2 + 
�� = 1 + 3
. that 

does not indicate how the choice of k was made: 

Given j > 0,  let k = |√� . if 0 < |� − �1 + 
�| < k, then we have |� − �1 + 
�| < |√�. 

Multiplying both sides of the last inequality by |1 + 
| = √5 we obtain: 

            |�2 + 
�|. |� − �1 + 
�| < √5. |√�. or |�2 + 
�� − �1 + 3
�| < j.      
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Therefore, |�2 + 
�� − �1 + 3
�| < j whenever  0 < |� − �1 + 
�| < k,  So, according to 

Definition 2., we have proven that  lim4→����2 + 
�� = 1 + 3
. 
Real Multivariable Limits: The epsilon-delta proof from Example 4 illustrates the important 

fact that alghouth the theory of complex limits is based on Definition 2, this definition does not 

provide a convenient method for computing limits.  We now present a practical method for 

computing complex limits in Theorem 2.  In addition to being a useful computational tool, this 

theorem also establishes an important connection between the complex limit of !��� =���, �� + 
 !��, �� and the real limits of the real- valued function of two real variables � ��, �� and  ��, ��. Since every complex function is completely determined by the real 

functions � and  . 

Before stating Theorem 2. we recall some of the important concepts regarding limits of real-

valued functions of two real variables }��, ��. The following definition of  lim�5,7�→�5s ,7s� }��, �� = l is analosous to both  equation (7) and Definiton 2. 

Limit of the real function ��i, ��:   
The limit of } as ��, �� tends to (�a, �a) exists and is equal to the real number l if for every j >0 there exists a k > 0 such that        

                  |}�� − �� − l| < j  whenever 0 < `�� − �a�� + �� − �a�� <  k.                        (13) 

 The expression `�� − �a�� + �� − �a�� in (13) represents the distance between the points ��, �� and ��a, �a� in the Cartesian plane. Using (13), it is relatively easy to prove that: 

lim�5,7�→�5s ,7s� 1 = 1,     lim�5,7�→�5s ,7s�� = �a,       /01  lim�5,7�→�5s ,7s�� = �a                                      (14) 

If lim�5,7�→�5s ,7s�}��, �� = l and  lim�5,7�→�5s ,7s����, �� = �, then (13) can also be used to show: 

 lim�5,7�→�5s ,7s� @} ��, �� = @l, @ a real constant,                     (15) 

            lim�5,7�→�5s ,7s��}��, �� ± ���, �� = l ± �,                                                                       (16) 

            lim�5,7�→�5s ,7s� }��, �� ∙ ���, �� = l ∙ �,            (17) 

and          lim�5,7�→�5s ,7s�  ��5,7���5,7� = ��  , � ≠ 0.                                                                                  (18) 

Limits involving polynomial expressions in � and � can be easily computed using the limits in 

(14) combined with properties (15)-(18).  For example,  
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lim�5,7�→��,���3��� − �� = 3 S lim�5,7�→��,���T  S lim�5,7�→��,���T S lim�5,7�→��,���T − lim�5,7�→��,��� 

                                                = 3∙ 1 ∙ 2 ∙ 2 − 2 = 10. 
In general, if ���, �� is a two-variable polynomial function, then (14)-(18) can be used  to show 

that 

                                    lim�5,7�→�5s ,7s����, �� = ���a, �a�                                        (19) 

If ���, ��and ���, �� are two-variable polynomial functions and � ��a, �a� ≠ 0,  then equations 

(19) and (18)  give: 

  lim�5,7�→�5s ,7s� ��5,7���5,7� = ��5s,7s���5s,7s�                                                                                (20) 

We now present Theorem 2., which relates real limits of ���, ��and  ��, �� with the complex 

limit of !��� = ���, �� + 
 ��, ��.  
Theorem 2. Real and imaginary parts of a Limit: 

 Suppose that !��� = ���, �� + 
 ��, ��,  �a = �a + 
�a, /01 l =  �a + 
 a. Then lim4→4s!��� = l 

if and only if 

  lim�5,7�→�5s ,7s����, �� = �a  and lim�5,7�→�5s ,7s� ��, �� =  a . 
Theorem 2. has many uses.  First and foremost , it allows us to compute many complex limits by 

simply computing a pair of real limits. 

Example 5: Using Theorem 2. to compute a Limit:  

Use Theorem 2. to compute lim4→��� ����� + 
�. 
Solution: Since !��� = �� + 
 = �� − �� + �2�� + 1�
, we can apply Theorem 2. with  

���, �� = �� − ��,  ��, �� = 2�� + 1, and �a = 1 + 
.  Identifying �a = 1 and �a = 1,we find �a and  a by computing the two real limits: 

�a = lim�5,7�→��,����� − ��� and  a = lim�5,7�→��,���2�� + 1�. 
Since both of these limits involve only multivariable polynomial functions, we can use (19) to 

obtain: 

�a = lim�5,7�→��,����� − ��� = 1� + 1� = 0 
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 a = lim�5,7�→��,���2�� + 1� = 2 ∙ 1 ∙ 1 + 1 = 3 

and so l = �a + 
 a = 0 + 
�3� = 3
. Therefore,  lim4→�������� + 
� = 3
. 
Continuity of Complex Functions: 

 The definition of continuity for a complex function is, in essence, the same as that for a real 

function.  That is a complex function ! is continuous at a point �a if the  limit of ! as � 

approaches �a exists and is the same as the value of ! at �a. This gives the following definition 

for complex functions. 

Definition 3. Continuity of a Complex Function:  

A complex function ! is continuous at a point �a  if lim4→�4s�!��� = !��a�. 
Analogous to real function, if a complex ! is continuous at a point , then the following three 

conditions must be met. 

Criteria for Continuity at a Point:  

A complex function ! is continuous at a point �a if each of the following three conditions hold: 

(i) lim4→4s!��� exists, 
(ii) ! is defined at �a, and 

(iii) lim4→4s!��� = !��a�. 
 

If a complex function ! is not continious at a point  �a then we say that ! is discontinuous at �a. 

for example, the function !��� = ���46 is discountinuous at � = 
 and � = −
. 
Example 6 Checking Continuity at a Point:  

Consider the function !��� = �� − 
� + 2. In order to determine if ! is continuous at, say, the 

point �a = 1 − 
,  we must find lim4→4s!��� and !��a�, then chek to see whether these two complex 

values are equal.  From Theorem 2.2 and the limits in (15) and (16) we obtain: 

lim4→4s!��� = lim4→������ − 
� + 2� = �1 − 
�� − 
�1 − 
� + 2 = 1 − 3
. 
Furtheromre, for �a = 1 − 
 we have: 
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                     !��� = !��a�, we conclude that !��� = �� − 
� + 2  is a continuous at the point �a = 1 − 
.     
 

Continuity of a Real Function ��i , ��  

A function F is continuous at a point ��a , �a� if 

                                   lim�5,7�→�5s ,7s�}��, �� = }��a , �a�.                                                             (21) 

Theorem 3. Real and Imaginary Parts of a Continuous Function:  

Suppose that !��� = ���, � + 
 ��, �� and �a = �a + 
�a. Then the complex function ! is 

continuous at the point �a if and only if both real functions � and   are contiunous at the point 

(�a, �a). 

Proof: Assume that the complex function ! is continuous at �a .  Then form Definition 3 we 

have: 

 lim4→4s!��� = !��a� = ���a, �a� + 
 ��a, �a�.                                                                             (22) 

By Theorem 2., this implies that: 

lim�5,7�→�5s ,7s����, �� = ���a, �a�  and lim�5,7�→�5s ,7s� ��, �� =  ��a, �a�                                       (23) 

Therefore, from (21), both � and   are continuous ��a, �a�. Conversely, if � and   are 

continuous at (�a, �a), then 

lim           �5,7�→�5s ,7s����, �� = ���a, �a� and lim�5,7�→�5s ,7s� ��, �� =  ��a, �a�. 

It then follows form Theorm 2. that lim4→4s!��� = ���a, �a� + 
  ��a, �a� = !��a�. Therefore, ! is 

continuous by Definition 3. 

Example 7.Checking Continuity Using Theorem 3: 

Show that the function !��� = �̅  is continuous on C. 
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Solution: According to Theorem 3, !��� = �̅ = � + ���������� = � − 
� is continuous at �a = �a +
�a if both ���, �� = � and  ��, �� = −� are continuous at (�a, �a). Because � and   are two-

variable polynomial functions, it follows from (19) that: 

lim�5,7�→�5s ,7s����, �� = �a and lim�5,7�→�5s ,7s� ��, �� = −�a. 

This implies that � and    are continuous at (�a , �a), and, therefore, that ! is continuous at �a =�a + 
�a by the Theorem 3.  Since �a = �a + 
�a was an arbitary point, we conclude that the 

function !��� = �̅  is continuous on C. 

Theorem 4 Properties of Complex Limits  

Suppose that !  and f are complex functions. If  lim4→4s!��� = l and lim4→4sf��� = �, then  

(i) lim4→4s@!��� = @l , c a complex constant, 

(ii) lim4→4sD!��� ± f���E = l ± � , 

(iii) lim4→4s!���. f��� = l. � , and  

(iv) lim4→4s
��4���4� = �� , provided � ≠ 0. 

Proof of (i)  Each part of Theorem 4 follows from Theorem 2 and the analogous property (15)-

(18). We will prove part (i) and leave the remaining parts as exercises. 

Let !��� = ���, �� + 
 ��, ��, �a = �a + 
�a,  l = �a + 
 a and @ = / + 
= . 

Since lim4→4s!��� = l, it follows from Theorem 2 that lim           �5,7�→�5s ,7s����, �� = �a and 

lim�5,7�→�5s ,7s� ��, �� =  a. By (15) and (16) ,we have  

lim           �5,7�→�5s ,7s�/���, �� − = ��, �� = /�a − = a 

and                         lim           �5,7�→�5s ,7s�/���, �� + = ��, �� = /�a + = a. 
However , ReD@!���E = /���, �� − = ��, ��  and ImD@!���E = =���, �� + / ��, ��.Therefore, 

By Theorem 2, 

lim4→4s@!��� = �/�a − = a� + 
�/�a + = a� = @l. 
The algebraic properties of complex limits from Theorem 4 can also be restated in terms of 

continuity of complex functions. 
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Theorem 5: Properties of Continuous Function: 

If  !  and f are continuous at the point �a, then the following functions are continuous at the 

point �a: 
(i) @!, @ a complex constant, 

(ii) ! + f, 

(iii) ! ∙ f, and 

(iv) 
�� provided f��a� ≠ 0. 
 

Proof of (ii) We prove only (ii); proofs of the remaining parts are similar.  Since ! and f are 

continuous at �a we have that  lim4→4s!��� = !��a� and lim4→4sf��� = f��a�. From Theorem 4 (ii),  it  

follows that  lim4→4sD!��� + f��a�E = !��a� + f��a�. Therefore, ! + f is continuous  at �a by 

Definition 3. 

 

Assignment 

1. Draw the pair of points � = / + 
= and �̅ = / − 
= in the complex plane if 

  / > 0, = > 0;   / > 0, = < 0;  / < 0, = > 0;  and  / < 0, = < 0.                             
2. Consider the complex number �� = 4 + 
, �� = −2 + 
, �� = −2 − 2
, �O = 3 − 5
. 
(a) Use four different sketches to plot the four pairs of points ��, 
��;   ��, 
�� ;  ��, 
�� ; and �O,
�O. 
(b) In general, how would you describe geometrically the effect of multiplying a complex 

number � = � + 
� by 
 ? By – 
 ? 

3. Under what circumstances does |�� + ��| = |��| + |��| ? 

4. Without doing any calculations, explain why the inequalities |Re � | ≤ |�| and       |Im � | ≤|�| hold for all complex numbers  �. 
5. Find the modulus of the given complex number. 

(a).  �1 − 
��          (b).       
����O�             
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 (c).   
�2 − 
� − 4 �1 + �O 
�                              (d).      
������� + ������. 

6. Sketch the graph of the given equation in the complex plane. 

(a) |� − 4 + 3
| = 5                                                (b) |� + 2 + 2
| = 2         

(c)  |� + 3
| = 2                                                      (d) |2� − 1| = 4                

(e) Re ��� = 5                                               (f) Im��� = −2 

In problems 7 -18 sketch the set S of points in the complex plane satisfying the given inequality. 

Determine whether the set is (a) open (b) closed (c) a domain, (d) bounded, or (e) connected. 

 7.  Re��� < −1              8.  |Re���| > 2   

  9.    |Im���| > 3           10.  Re D�2 + 
�� + 1E > 0 

 11.  2 < Re�� − 1� < 4          12. −1 ≤ Im��� < 4         

 13. �� ���� > 0                                 14. Im��� < Re���              

 15. 2 < |� − 
| < 3                          16.  1 ≤ |� − 1 − 
| < 2        

 17. 2 ≤ |� − 3 + 4
| ≤ 5                                             18. |� − 
| > 1    

In Problems 19-25, show that the function ! is continuous at the given point. 

19. !��� = �� − 
� + 3 − 2
 ;  �a = 2 − 
 
20. !��� = �� − �4  ;   �a = 3
 
21. !��� = 4� 4���46�4 ;  �a = 
 
22. !��� = 4��� 46��4�� ;  �a = 1 + 
 
23. !��� = v4��� 4��            |�| ≠ 13                  |�| = 1    ;  �a = 1  

24. !��� = � 4��� 46�4��                  |�| ≠ 1
����√��                   |�| = 1    ;  �a = ���√��   
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25. !��� = �̅ − 3����� + 
 ;  �a = 3 − 2
  
   

Refrences: 

1. Dennis G. Zill and Patrick D. Shanahan. A First Course in Complex Analysis with 

Applications, Jones and Bartlett publishers Sudbury, Massachusetts 

2. S. Ponnusamy. Foundations of Complex Analysis, Norasa publishers. 
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Module-5 

Pretest on Differential Equations 

Note: Find the correct answer in the following questions given below. 

1. The differential equation 

 
���
��� + (��

��)� + 	�
 = 0 is of 

 

(i) Order 1 and degree 3 

(ii) Order 3 and degree 1 

(iii) Order 2 and degree is not defined 

(iv) Order 2 and degree 3 

2. The differential equation of the family of circles touching the � axis at origin is 

(i) � ��
�� = ��

����� 

(ii) 
��
�� = ���

����� 

(iii) � ��
�� = ��

����� 

(iv) None of these 

3. Find the family of curves for which the slope of the tangent at any point (�, �) on it is 

(i) �� − �� = �� 

(ii) � − � = �
� 

(iii) �� + �� = �� 

(iv) � + � = �
� 

4. The integrating factor of the differential equation (1 − ��) ��
�� + �� = ��,        (−1 < � <

1), 
(i) 

�
����� 

(ii) 
�

���� 

(iii) 
�

���� 

(iv) 
�

����� 

5. General solution of the differential equation 

  
��
�� = ����

�� !" ���  is 

 

(i) � = (tan�� � − 1) + � 	� �� !" � 

(ii) � = (tan�� � − 1) + �  tan�� �  
(iii) � = (tan�� � − 1) + � 	�� !" � 

(iv) None of these. 
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Module-5 

Differential Equations 

Lectures required-03 

An equation involving the dependent variable, the independent variable/variables and 

derivatives of dependent variable w.r.t. independent variable/variables is called a differential 

equation.  

 Ex.  (a)  
��
�� = 3� + �� 

  (b)  � &'
&�  +  � &'

&� = (� 

  (c)  
���
���  +  3�� = )*+ � 

The equations (a) and (c) are ordinary differential equations because these equations consist 

of one independent variable x. Eq. (b) is a partial differential equation because it contains one 

dependent variable ( and two independent variables x and y.  

In this section, we shall discuss about ordinary differential equations only. Before going 

further, let us discuss the following definitions:  

Order:  The order of a differential equation is the order of the highest derivative occurring in 

the equation.  

 Ex. (i) The order of  �� ���
���  +  � ,��

��-� + � = 0 is two.  

                   (ii) The order of  
�.�
��. +  �� +  	�
 = 0 is three. 

Degree:  The degree of a differential equation is the highest power of the highest order 

derivative occurring in the given differential equation if the differential equation is a 

polynomial equation in derivatives.  

Ex. (i) The degree of ,��
��-� + ��

��  + )*+ � = 0 is three.  

     (ii) The degree of y″′+ �� +  	�
 = 0 is not defined because the given equation is  not a 

polynomial equation in its derivatives.  

     (iii) The degree of  ,��
��-� + ��

��  + )*+� � = 0 is two.  
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1. Formation of differential equations of first order 

We first study how to form a differential equation if the complete primitive (or general 

solution) is known. 

Let the primitive of the differential equation be 

 /(�, �, �) = 0                                                                                                      (1.1) 

Where � is an arbitrary constant. 

Differentiating Eq. (1.1), we obtain a relation between �, �, � and 
��
�� of the form   

0 ,�, �, �, ��
��- = 0                                                                                               (1.2) 

Eliminating � between the Eqs. (1.1) and (1.2), we obtain the following equation:      

1 ,�, �, ��
��- = 0                                                                                                (1.3) 

Eq. (1.3) is a differential equation of the first order.  

Example: Find the differential equation of all circles which pass through the origin and 

whose centres are on the x axis. 

We know that the equation of any circle passing through the origin and whose centre is on the 

x axis is given by 

�� + �� + 22� = 0,                                                                                         (1.4) 

Where 2 is an arbitrary constant. 

Differentiating Eq. (1.4) w.r.t. x, we get 

2� + 2� ��
�� + 22 = 0.                                                                                       (1.5) 

From Eq. (1.4), we have 

22 = −(�� + ��)/�                                                                                        (1.6) 

Substituting the expression of 22 from Eq. (1.6) in Eq. (1.5), we get 

  2�� ��
�� +�� − �� = 0, 

Which is a differential equation whose primitive is given in Eq.(1.4). 

Exercise: 

(1) Find the differential equation corresponding to the family of curves � = �(� − �), 

where � is an arbitrary constant.  

(2) Find the differential equation of all circles which pass through the origin and whose 

centres are on the y axis. 

(3) Find the differential equation corresponding to the family of curves  �� = 4�(� + �), 

where � is an arbitrary constant.   
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2. Differential Equations reducible to linear form  

The students have already studied about the differential equation of first order and first 

degree and their solutions by the method of separation of variables, method of solving 

homogeneous and linear equations. Therefore, let us discuss first the differential equations 

reducible to the linear form:  

The equation of the form  

  
��
�� +  6� = 7�8       (2.1)  

is known as Bernoulli’s equation, where 6 and Q are functions of x alone. 

Equation (2.1) can be reduced to the linear form by dividing the equation by �8 and 

putting ��8�� equal toν. That is if are divide (2.1) by �8, we get  

  ��8 ��
�� +  6��8�� = 7      (2.2) 

If we take ��8�� = ν, (2.2) becomes  

  
�

(�8��)
�ν
�� +  6ν = 7,   + ≠ 1, 

Which is a linear differential equation in ν and x. 

Example: Solve � ��
�� +  � = ���. 

Dividing by  ��, we have 

  ���� ��
�� +  ���  = � 

Now, taking ���=ν, we have  

                 −2��� ��
�� = �ν

�� 

This gives 

                  − �
� � �ν

�� +  ν = �                 ⇒ 
�ν
�� −  �

�  ν = −2 

Which is a linear differential equation.   

The solution of this linear equation is  

  ν. :; =  < −2. :; =� + >, 
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Where :; (Integrating factor) = 	<!�
? ��  = �

��  and > is an arbitrary constant. 

Hence, the solution of linear differential equation is 

                  
ν

�� =  �
� +  >  

And the final solution of given differential equation becomes 

 (2 + ��)��� = 1. 

An equation of the form /
(�) ��
�� +  6/(�) = 7, where P and Q are function of x only can 

also be reduced to linear form.   

If we take /(�) = @, so /
(�) ��
�� = �ν

��  and the differential equation becomes:                                                                     

                 
�ν
�� +  6ν = 7 

Which is linear in ν and x. This equation can be easily solved.  

Ex.   Reduce    
��
�� + � )*+ 2� = ���A)��   in linear form.     

Dividing above differential equation by �A)��, we get  

                  )	��� ��
�� + 2� tan � =  �� 

If tan � = @, then  )	��� ��
�� = �ν

��. Hence, the above equation becomes             

       
�ν 
�� +  2�ν = �� 

Which is linear in ν and x.  

Exercise  

(i) 
��
�� + �

�  )*+ 2� = ���A)�� 

(ii) 
��
�� + � )*+ � = ���A)2� 

(iii) 
��
�� = 	��� (	� − 	�)  

(iv) � ��
�� + 3� = ����  

3. Exact Differential Equation 
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A differential equation is said to be exact if it can be derived from its general solution directly 

by differentiating without any subsequent multiplication, elimination, etc.  

Thus, the differential equation  

  Mdx + Ndy = 0        (3.1)  

is exact if there exists a function f(x,y) such that  

  d [f(x,y)] = Mdx + Ndy, 

where M & N are functions of x and y. 

Theorem: A necessary and sufficient condition for the differential equation Mdx + Ndy = 0 

to be exact is  

  
∂B
∂� =  ∂C

∂� .         (3.2)  

If the equation (1) is exact, then its general solution is  

  < D=� +  <(E	FG *) H +AE �A+E�*+*+2 �)=� = �, 

 [Treating y as constant]  

where � is an arbitrary constant.  

Example: (x2 – 4 xy – 2y2) dx + (y2 – 4 xy – 2x2) 

   
∂B
∂� = −4� − 4�  &   

∂C
∂� = −4� − 4� 

Hence, the given equation is exact and its solution is  

  <(�� − 4�� − 2��)=� + < ��=�   = �    (3.3)  

In first integral of (3), we take y as a constant and after integration, we have 

  
�.
� − 4� ��

� − 2��� +  �.
� = > 

⇒ �� + �� − 6��(� + �) = >
,   >′ is arbitrary constant.  

  

4. Integrating factor  

Sometimes the equation Mdx + Ndy = 0 is not exact. But, it can be made exact by 

multiplying it with a function of x and y. Such a function is known as integrating factor (IF). 

In general, the differential Mdx + Ndy = 0 has an infinite number of integrating factor. But, 
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there is not a unique method to find them. Therefore, we discuss some rules to find 

integrating factor for Eq. (3.1).  

(i) By inspection: Sometimes an integrating factor can be found by rearranging the terms of 

the given equation and/or by dividing by a suitable function of x & y. 

Ex: Solve  y (2xy+ ex)dx = exdy 

⇒ (2xy2 + yex)dx - exdy=0 

⇒ 2xdx + 
�K?���K?��

��  = 0 

=  = ,�� + K?
� - = 0  (Exact) 

= x2 + ex/y = c. 

(ii) If  the equation Mdx + Ndy = 0 can be written in the form  

f1(xy)ydx + f2(xy)xdy  = 0,  

and D� − H� ≠ 0, then 
�

B��C� is an integrating factor.  

Ex.: Find I.F. of    y(1+xy)dx +x(1-xy)dy  = 0.  

Clearly M = (1+xy)y & N = (1-xy)y.  

In this case D� − H� = 2���� ≠ 0 

Hence I.F. = 
�

B��C� =  �
����� . 

(iii) If M and N are homogeneous in the equation Mdx + Ndy = 0 and D� + H� ≠ 0, then 

�
B��C� is an integrating factor of the equation.  

Ex.: Find integrating factor of  

(x2y - 2xy2)dx - (x3 - 3x2y)dy  = 0  

Clearly M = x2y - 2xy2 & N = - (x3 - 3x2y) and M & N are homogeneous functions.  

Now, D� + H� = ���� ≠ 0. 

Hence, I.F. = �
���� . 
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(iv) If 
�
C ,∂B

∂� − ∂C
∂�- is a function of x alone, say f(x), then 	< L(�)�� is an integrating factor of 

the equation Mdx + Ndy = 0. 

Ex. : Find integrating factor of (x2+y2
 + x)dx + xydy = 0.  

Clearly, M = x2+y2
 + x & N = xy  

Here,  
�
C ,∂B

∂� − ∂C
∂�- = �

�� (2� − �) = �
� = /(�). 

Hence, I.F. =  	<"
?�� = 	MNO� = � . 

(v) If 
�
C ,∂H

∂� − ∂D
∂� - is a function of y alone, say f(y), then 	< L(�)�� is an integrating factor of 

the equation Mdx + Ndy = 0. 

(vi) Let  xhyk be the I.F. of the equation  

xayb(mydx + nxdy) + xrys(pydx + qxdy) = 0,  

where a, b , m, n, r, s, p, q are constants and h, k are unknowns.  

Multiplying the diff. equation by the I.F., we get  

       (mxa+hyb+k+1 + pxr+hys+k+1)dx + (nxa++1hyb+k + qxr+h+1ys+k)dy = 0 

Since this equation must be an exact. Therefore, the condition  

∂B
∂� = ∂C

∂� ,  

provides 

m(b+k+1)xa+hyb+k + p(s+k+1)xr+hys+k = n(a+h+1)xa+hyb+k + (r+h+1)xr+hys+k. 

This will be true only when    

P(Q�R��)S8 (T�U��)V(W�R��)SX (Y�U��) Z                                             (4.1)  

Eqs. in (4.1) determine the values of h and k.  

Ex. : Find the integrating factor of  

(2ydx + 3ydy) + 2xy (3ydx + 4xdy) = 0. 

Let xhyk be I.F. of the equation.  Therefore, the equation  

 (2xhyk+1 + 6xh+1yk+2)dx + (3xh+1yk + 8xh+2yk+2) dy = 0  
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must be exact.  

Clearly, M = 2xhyk+1 + 6xh+1yk+2 & N = 3xh+1yk + 8xh+2yk+2. 

By the condition  
∂B
∂� = ∂C

∂�  , we get  

2(k+1) xhyk +6(k+2) xh+1yk+1 =3(h+1) xhyk +8(h+2) xh+1yk+1,  

which gives  3h-2k= -1   and  4h-3k= -2. 

After solving these equations, we get 

  h=1 & k=2.  

Hence, I.F. = xhyk  = xy2  

 

5. Differential equations of the first order but not of the first degree.  

The general first order differential equation of the degree > 1 is  

�[ ,��
��-8 + �� ,��

��-8�� + �� ,��
��-8�� + ⋯ + �8�� ,��

��- + �8 = 0   (5.1) 

where a0, a1, a2,... an are functions of x and y.  

In this section, we shall discuss the following solutions of Eq. (5.1). 

(i) Equation solvable for 
]^
]_  

Let 
��
�� = ` 

then Eq. (5.1) becomes  

a0 p
n+ a1p

n-1+..... an-1p+ an =0.                (5.2)  

Suppose (5.2) is solvable for p then it can be written as :  

(p-f1(x,y)) (p-f2(x,y))...... (p-fn(x,y))=0                (5.3)  

Equating each factor of Eq. (5.3) to zero, we get n equations of the first order and first degree. 

Suppose the solutions of resulting n equations are respectively, 

F1(x,y,c1)=0, F2(x,y,c2)=0 ...... Fn(x,y,cn)=0.    (5.4)  

In Eq. (5.4), c1, c2, ..... ,cn are arbitrary constants of integration.  
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Without loss of generality, we can replace the arbitrary constants, c1, c2, c3, .... cn by single 

arbitrary constant C. Therefore, the n solutions given in Eq. (5.4) can be put in the form  

F1(x,y,c)=0, F2(x,y,c)=0 ...... Fn(x,y,c)=0    (5.5)  

The solution of Eq. (5.2) can evidently be put in the form  

F1(x,y,c)  F2(x,y,c) F3(x,y,c)..... Fn(x,y,c)=0    (5.6)  

Ex. 1   4� ,��
��-� = (3� − �)� 

                       ⇒ 4� `� = (3� − �)� 

⇒ p = ± ���T
�√�  

⇒ dy = ± c�
� √� − T�!"/�

� Z =� 

⇒ y+c = ±d��/� − ���/�e 

⇒ (y+c) = ±√�(� − �) 

⇒ (y+c)2 = x (x-a)2   (general solution) 

(ii)  Equation solvable for y  

Suppose the given differential equation f(x,y,p) =0 is solvable for y. Thus it can be put in the 

form  

 y = F (x,p),        (5.7)  

where  p = 
��
��. 

Differentiating Eq. (5.7) w.r.t. x, we get an equation in the form:  

 p = ∅ ,�, `, �V
��-.       (5.8)  

In Eq. (5.8) only two variables p and x are present . It may be possible to find the solution of 

Eqn. (5.8) in the form:  

 ψ (x, p, c) = 0,        (5.9)  

where c is arbitrary constant.  

The elimination of p between Eqs. (5.7) and (5.9) gives us the required solution.  
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If elimination is not possible, the Eqs. (5.7) and (5.9) may be taken as solution which give x 

and y in terms of parameter p.  

Ex. 1.  Solve y+px = x4p2. 

 ⇒ y = x4p2-px        (5.10)   

Diff. w.r.t. x and taking p for dy/dx, we get  

  P = 4x3p2+2x4p
�V
�� – p-x

�V
�� 

  2P(1-2x3p)+x,�V
��- (1-2x3p) = 0  

 ⇒  (1-2x3p) g2` + � �V
��h = 0      (5.11)  

The second factor of Eq. (5.11) contains 
�V
��, so from this equation, we have  

 2` + � �V
�� = 0 

⇒ 
�
V =` + 2 ��

� = 0 ⇒ p = c/x2    (5.12)  

Eq. (5.10) and Eq. (5.12) gives  

 xy ± c = c2x  

which is the solution of the problem.  

(iii)       Equations solvable for x.  

If the given equation is solvable for y, then we can put that equation in the form  

x = f(y,p)        (5.13) 

Differentiating (1) w.r.t.  y and writing 1/p for 
��
��, we get  

�
V = ∅ ,�, `, �V

��-       (5.14)  

Suppose that the solution of Eq. (5.14) is possible and let the solution be  

 ψ (y, p, c) = 0        (5.15)  

where c is arbitrary constant.  
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The elimination of p between Eqs (5.13) and (5.14) gives us the required solution. If the 

elimination of p is not possible, then we solve (5.13) and (5.15) to express x and y in terms of 

parameter p. 

Ex.   Solve y = 2px + p2y  

 ⇒ 2x = -py + y/p                               (5.16)  

 Diff. w.r.t. y, we get  

  
�
V = −` − � �i

�� + �
V − �

V�
�i
�� , 

 ⇒ (1 + 1/`�) g` + � ,�i
��-h = 0.                             (5.17)  

Neglecting first factor of Eq. (5.17) which does not involve dp/dy, we have  

  ` + � ,�i
��- = 0 

⇒ py = c.        `(5.18)  

Eqs. (5.16) and (5.18) give  

 2xc – y2 +  c2  = 0,   

Which is the required solution.  

(iv)       Clairaut’s equation  

A differential equation of the form  

 � = � ��
�� + / ,��

��- is known as Clairaut’s equation.  

If  
��
�� = `, then we can write Clairaut’s equation as:  

  y = xp+f(p)        (5.19)  

To solve Eq (5.19), we differente (5.19) w.r.t. x and writing p  for 
��
��, we have  

  p = p + � �V
�� + /′ ,�V

��- 

⇒ [x+f’(p)] ,�V
��-  = 0       (5.20) 

Neglecting first factor of Eq (5.20) which does not involve 
�V
��, we get  
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�V
�� = 0 

⇒ p = c        (5.21)  

From Eqs. (5.19) and (5.21), the required solution of Clairaut’s equation is  

 y = xc + f(c) 

Ex.:  Solve y = 4xp + 16y3p2  

Multiplying the above equation by y3 , this equation becomes  

  y4= 4xy3p + 16y6p2.                              (5.22)  

Taking y4=v, the Eq (5.22) becomes  

  v = � �j
�� − ,�j

��-�
.                                                                                 (5.23) 

which is Clairaut’s equation.  

Solution of Eq. (5.23) is v = xc – c2.  

Finally, y4 = xc – c is the solution of given differential equation.  

 

6.   Initial value problem 

The differential equation  

 y′ =f(x,y)        (6.1)  

with  y(x0) = y0 is an initial value problem (IVP).  

There are three possibilities of existence of solution of an initial value problem given in Eq 

(1). These possibilities are illustrated by the following example:  

⇒ The initial value problem  

 |�′| + |�| = 0,  y(0)=1      (6.2) 

has no solution. Clearly, y=0 is the only solution of differential equation and this solution 

does not satisfy the initial condition y(0)=1.  

⇒ The initial value problem  

 y′ = x,   y(0)=1       (6.3) 
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has only one solution, i.e. y = x2/2+1.  

⇒ Now, consider the following initial value problem  

 y′ = 
���

� ,   y(0)=1       (6.4) 

It can be written as :  

 
��

��� = ��
� ⇒ log (y-1) = log x + log c  

⇒  y-1 = xc,  

where c is arbitrary constant.  

Here, we cannot determine c by using initial condition y(0)=1. Therefore, the initial value 

problem (6.4) has infinite solution.  

This discussion leads the following two fundamental questions:  

(i) Under what condition an initial value problem of the form (6.1) has at least one 

solution?  

(ii) Under what condition an initial value problem of the form (6.1) has unique 

solution?  

The answers of these questions are discussed in the following theorems: 

Theorem 1 (Existence theorem)  

If f(x,y) is continuous at all points (x,y) in a rectangle  

  l ∶  |� − �[| < � , |� − �[| < n 

and bounded in R, say  

 |/(�, �)| ≤ p for all (x,y) in R 

then the initial value problem (1) has at least one solution y(x) which is defined for all x in the 

interval  

  |� − �[| < q, where q = min(�, Q
R) 

Theorem 2 (Uniqueness theorem)  

Suppose f(x,y) is continuous at all points (x,y) in a rectangle  

  l ∶  |� − �[| < � ; |� − �[| < n 
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and bounded in R, i.e. 

 |/(�, �)| ≤ p   for all (x,y) in R.  

where p is a constant.  

Let /(�, �) satisfy the Lipschitz condition in R, i.e. 

 |/(�, ��) − /(�, ��)| ≤ D|�� − ��|;  
where D is  constant. 

Then the initial value problem (1) has unique solution y(x). This solution is defined for all x 

in the interval |� − �[| < q, where q = min(�, Q
R). 

Remark : If f(x,y) satisfies the condition  

  u&L
&�u ≤ D       (*)  

for all values of f(x,y) in R then for the same constant D the Lipchitz condition is also 

satisfied.   

Proof : By Mean value theorem 

  
L(�,��)�L(�,�")

�"��� = &L
&�u�S�v ;        �� <  �v < �� 

where (x,y2) and (x,y1) are in R.  

This gives  

   |/(�, ��) − /(�, ��)| ≤ D|�� − ��| 
which is Lipschitz condition. This shows that Lipschitz condition can be replace by (*) in the 

existence & uniqueness theorem. The condition (*) is stronger condition.  

Ex. 1  Consider the ODE (IVP)  

y′ = 1+y2, y(0) = 0        (6.5)  

Consider the rectangle R=w(�, �)| |�| ≤ 1, |�| ≤ 1 x 

Clearly, f(x,y)=1+y2 and u&L
&�u = 2� are continuous in R. Hence f(x,y) satisfies a Lipschitz 

condition in R.  Hence IVP (6.5) has a unique solution in a nhd of 0.  

Ex. 2  Consider the function f(x,y)=x2|�| in the rectangle R=w(�, �)| |�| ≤ 1, |�| ≤ 1 x 
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Since  |/(�, ��) − /(�, ��)| ≤ y��|��| − ��|��|y 
  = y��|��| − ��|��|y 
  ≤ ��|�� − ��| 
  ≤ |�� − ��| 

∀(�, ��) and (�, ��) in R.  Hence, f(x,y) satisfies a Lipschitz condition  with Lipschitz 

constant 1. 

 Now, we observe that 
&L
&� does not exist at any point in R for a≠0.   

[Note : /(�, �) = ��|�| is continuous in R]. 

Ex.3 Discuss the existence and uniqueness of solution of the IVP 

y′=y1/3,  y(0)=0       (6.6)  

First of all, we show that f(x,y) =y1/3 does not satisfy a Lipschitz condition in any rectangle 

centred at (0,0). To show this, let M>0 be given, if we choose y1, y2 such that  

  0 < y1, y2 <, �
�B-�/�

  

then ���/� + ���/� + ���/����/� < �
B   and 

 y���/�−���/�y  {���/� + ���/� + ���/����/� < u�""/.���"/.u
B { 

Hence, |/(�, ��) − /(�, ��)| =  y���/�−���/�y > D|�� − ��|.  
Thus, f(x,y) does not satisfy a Lipschitz condition. Hence, the above problem may have 

unique solution or many solutions. Possible solutions of above problem are: 

 y(x) = 0, 

 y(x) = ,��
� -�/�

 , 

y(x) = - ,��
� -�/�

. 

Note: The existence and uniqueness theorems do not tell us anything about the uniqueness of 

the solution if Lipschitz condition is not satisfied.   

Ex. 4 Discuss the existence and uniqueness of the solution of IVP  
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y′ = xy – sin y,  y(0) =2 

Solution:  Here f(x,y) = xy – sin y 

 and  
&L
&�= x – cos y 

Hence, f(x,y) and 
&L
&� are continuous in R2. Therefore, both are continuous in any rectangle 

centred at (0,2) i.e. |�|≤a and |� − 2|≤ b.  So the above problem has a unique solution in the 

nhd of 0.  

Assignment 

1. Solve 

(i) (x2y2 +xy+1)ydx - (x2y2 -xy+1)xdy  = 0  

(ii) (x2y +2xy2)dx - (x3  - 3x2y)dy  = 0  

(iii) y(1+xy)dx +x(1-xy)dy  = 0  

(iv) (xy2 –x2)dx + (3x2y2+x2y-2x2+y2)dy  = 0  

(v) (2x2y2 +y)dx - (x3y -3x)dy  = 0 

(vi) (x2y2 +xy + 1)ydx - (x2y2 -xy + 1)xdy  = 0 

2. Discuss the existence and uniqueness solution for IVP 

  y′=y1/3 + x,  y(1)=0. 

3. Discuss the existence and uniqueness solution for the IVP 

  y′ = 
��
� ,   y(x0)=y0. Also find the solution.  

 

Reference Books: 

1. Erwin Kreyszig, Advanced engineering mathematics, Wiley India (P) Ltd. John Wiley 

& sons. 

2. Earl A. Coddington, An Introduction to Ordinary Differential Equations, prentice-

Hall.  

3. S.G. Deo, V. Lakshmikantham,V. Raghavendra; Textbook of Ordinary 

Differential Equations, Second Edition, Tata McGraw-Hill Education Pvt. Ltd. 
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Module-6 

Pretest on Analytical geometry and Vector Algebra 

Polar Coordinates  

1. Find a polar coordinates of the point (-1, -1) 

2. Identify the polar equation of the circle �� − 1�� + �� = 1.  

3. Identify the polar equation of the �-axis, �-axis and the straight line � = �.  

4. Identify a rough sketch of the curves 
 = cos � and 
 = 1 + cos �. Algebraically identify 

the common points of these two curves.  

 

Directional Derivative  

1. Find both the partial derivatives of the function ���, �� = ��� + �� at �0, 0�. Is the 

function continuous at (0, 0)? Justify your answer mathematically.  

 

Surface integral  

1. Evaluate ∬ ����  �� where r is the region bounded by the lines 

 � = �, � = 3�,   &  � + � = 2.  
 

2. Change the order of integration  

� � ���, ���������
� !

�
"  

 

3. With the help of polar double integration, evaluate the area inside the curve 
 = 1 −cos �   
 

Curl and Gradient  

1. Consider the function  ���, �, #� = ��� + ��# + #�� 

Execute the expression of  $%
& �'
(� ���, �, #��  

 

2. Find the unit normal vector on the cone #� = 4��� + ��� at the point �1, 0, 2�.  
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Module-6 

Analytical geometry and Vector Algebra 

Lectures required -03 

Polar Equation of Conics 

In discussing polar coordinate system we always refer to the Cartesian coordinate system 

such that we can tally with our existing knowledge on curves  

 

Definition of Polar coordinates  

 * +,� (- .
,/,- 0 +,� ( 
(� �
.1 0    

      

Origin 0  Initial ray : OX  

 also called      2θ ≥ 0 → (-3,4&.456,789 0 → 4&.456,78      

  Pole 

        : 
 ≥  0 → (&.-/ 0;<<<<<=                        9 0 → 
8>8
78 �,
843,.- .� 0;<<<<<= 

P( r, θ )  

 

 Directed distance   Directed angle from initial ray to OP.  

from O to P    The value of  

      r  can  be +ve, can be –ve and any real number   

     θ  can  be +ve, can be –ve and any real number   
 

Note :  In the cartesian coordinate system a point has ONE and ONLY ONE pair of cartesian co-

ordinates. However in the polar coordinate system of a point has INFINITELY MANY pairs of 

polar coordinates. 

Example 1  Find all the polar coordinates of the point ; ?3, @!A.  

Coordinates of  P are  

 ?3, 2-B + @!A, n = 0, ±1, ±2,…. 

 ?−3, 2-B − �@! A, n = 0, ±1, ±2,…. 
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Example 2  Plot the point ?−2, @�A. Then find all of its polar coordinates. 

The point ?−2, @�A  is located at P.  

All the polar coordinates of P are  

 ?−2, �@� + 2-BA and ?−2, �@� + �2- + 1�BA, n = 0, ±1, ±2,…. 

 

Example 3  Find the polar coordinates of C√3, −1E in 0 ≤ θ ≤ 2π  and 

r ≥ 0. 

 C√3, −1E ⇒ r =FC√3E� + �−1�� = 2, sin θ = − G� and cos θ = 
√��  

  ⇒ θ = 
GGπH  

∴ Polar coordinates of C√3, −1E in 0 ≤ θ ≤ 2π  and r ≥ 0 are ?2, GGπH A. 

Example 4  Find the polar coordinates of (5, -12) in π ≤ θ < 2π  and r≥0 

 �5, −12� ⇒ r =�5� + �−12�� = 13, sin θ = − G�G� and cos θ = 
JG� 

  ⇒ θ = − tan-1 ?G�J A  

 ∴ Polar coordinates of (5, -12) in π ≤ θ ≤ 2π  and r ≥ 0 are (13, − tan-1 ?G�J A) 

Example 5  Find the polar coordinates of ?√�� , G�A in -π ≤ θ < 2π  and r ≥ 0.  

 ?√�� , G�A	⇒ r =F?√�� A
� � ?� G

�A� = �1, sin θ = � G
� and cos θ =	�	√��  

  ⇒ θ = 
Kπ

H   or θ = � Jπ

H  

Polar coordinates of ?√�� , G�A in -π ≤ θ <2π  and r ≤ 0 are ?�1, Kπ

H A  or θ = ?�1,� Jπ

H A. 

Example 6 (Identifying the graph) 

Graph the sets of points whose polar coordinates satisfy the following conditions  

 

(a) r = 1  

(b) 1 ≤ r ≤ 2 

(c) 1 ≤ r ≤ 2,    0 ≤ θ ≤ 
π

! 
(d) �1 ≤ r ≤ 2,   θ = 

π

H  
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(e)  r ≤ 0,    θ = 
π

! 
(f) 

�π

� 	 ≤ θ ≤ 
Jπ

H ,  r ≥ 0 

(g) 
�π

� 	 ≤ θ ≤ 
Jπ

H  

 

 
 

Note  r = a :   Circle of radius |(|	centred at O 

 

 	 �2
 	 2 M Circle of radius 2 centred at O 

 θ = θ0 :  Line through O making an angle θ0 with the initial ray  

Question  A polar  

Representation of x-axis : θ = 0  +ve  x-axis : θ = 0 , r > 0. 
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x= r cos θ 

y = r sin θ 

Representation of y-axis : θ = 
π

�  +ve  y-axis : θ =	π�	, r > 0. 

In order to represent the points on the plane, now we have two coordinate systems. Let’s       

now see their interrelation  

Relating Polar and Cartesian coordinates : 

 

 

 

 

 

 

 

 

If (r, θ) is given we can obtain the    x= r cosθ 

corresponding cartesian coordinate by   y= r cosθ 

 

Question      If (x,y) is given, how to obtain the corresponding polar coordinates?  

  r2 = x2 + y2 

  ↓ 

  Two values of r : +��� � ��,  ���� � ��  

  ↓ 

  cosθ = 
�
N	, sinθ = 

O
N 	, letting r ≠ 0   [If r = 0 then θ can be any value]  

  ↓ 

  Obtain unique θ ∈ (0, 2π) corresponding to a particular r.  

   or θ ∈ (�π, π) 

Example 7 Find the polar coordinates of the point whose cartesian coordinates (-1, 1). 
 

Solution  (x,y) = (�1, 1)⇒ x =	�1, y =1    

  r2 = x2 + y2⇒ r2 = 2 ⇒ r =	√2,  �√2   sin +ve 

  r =√2 : cosθ = 
�
N = � G

√�,  sinθ = 
O
N = 

G
√�   cos -ve   

θ =π �	π! 		 �π

!         * 
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∴ A polar coordinates of the cartesian coordinates (�1, 1) is ?√2, �π4 A  

 

Example 8 Converting cartesian to polar equation   

 xy – equation   →  rθ equation 

 Given (x�2)2 + y2 = 4       Use the relation  

Solution    (r cosθ �2)2 + y27,-�� = 4     
x 	 	r	cos θy 	 	r	sin θ

U  

          ⇒  
� �	4r cosθ  + 4 = 4  

       ⇒  r ( r � 4 cosθ ) = 0 

       ⇒  r = 0   or  r = 4 cosθ 

       ⇒  r = 4 cosθ. 
 

Example 9   Converting polar to cartesian coordinate  

 rθ equation → xy – equation  Type	equation	here.  
(a) r = 1 + 2r cosθ      Use the relation  

(b) r = 1 � cosθ       r2 = x2 + y2 

        cosθ = = 
�
N 

         sinθ = 
O
N  

Solution:    (a) r = 1+2x ⇒ r2 = (1+2x)2 ⇒  x2+ y2 =1+ 4x + 4x2 ⇒ y2�3 x2� 4x �1 =0 

                   (b) r = 1�	cosθ ⇒ r2 = r	� cosθ  ⇒  x2+ y2 = r � x  

    ⇒  ( x2+ y2 + x )2 = r2  

    ⇒  x4+ y4 + x2+2 x2y2+2 y2x +2x3 = x2 + y2 

      ⇒  x4+ y4 + 2 x2y2+2 xy2 + 2x3	�	y2 = 0  

Conic Section in Polar Coordinates  
 

Lines  Equation of the line L : 

  

 

 where r0  ≥ 0, P0(r0, θ0) is the foot  

of perpendicular from the origin 

 to the line L.  

 

  Don’t use  

  r =	^��� � �� 

r cos(θ	�θ0) = r0 
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Example 10  Find the equation of the line in which the point ?2, �π4 A is the foot of perpendicular 

from the origin  

      r cos?θ � �@
! A = 2  

 Cartesian r cosθ	?� G
√�A � 
	7,-θ	 ?� G

√�A = 2 

⇒  y	�	x = 2√2 

Note  Ax + By + C = 0,   (A, B) ≠ (0,0)  

R (A cosθ +B sinθ ) + C = 0  

⇒ r cos(θ	� θ0 ) = r0 

  ↓ 

 �$/√�� � `� 

Circle  Equation of a circle with centre P0(r0,θ0) and radius a  

  2r r0 cos (θ	�θ0) = r2+	
"� �a2   

 

⇒ 

 

Example 11 Find the polar equation of a circle with centre ?�1, � π2A	and radius 1.  

 Center :  ?1, �	π2A 

Radius : 1  

 1 = r2 + 1 �	2r cos ?θ � @
�A  

 ⇒  r = �2 sin θ    

   

Particular cases  

Circles passing through origin  

 

a2 = r2+a2� 2ra cos(θ	�θ0) 

⇒ r =2a cos(θ	�θ0) 

a2 = r2+a2� 2ra cos(θ	�θ0)           x2+ y2 + 2y = 0  

⇒ r =2a cos(θ	�θ0)     ⇒  x2+ (y+1)2  = 1 

Subcases  (i) Centre lies on the positive y-axis  

  θ0 = 
@
� 

a2 = r2+
"� � 2r r0 cos(θ	� θ0) 
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r =2a cos(θ	� 
@
�) = 2a sin θ 

(ii) Centre lies on the positive x-axis  

θ0 = 0 

r =2a cos(θ	�	0)= 2a cos θ 

 

 

 

            (iii) Centre lies on the negative x-axis  

θ0 = π 

r =2a cos(θ� π)= �2a cos θ 

(iv)  Centre lies on the negative y- axis  

θ0 = 
@
� 

r =2a cos(θ +	@�)= � 2a sin θ 

 

Conic Sections  

 

  
ab
bc = e ⇒  

N
d�Nefgθ

 = e ⇒  r = e ( k – r cosθ) 

⇒  r = 
dh

Gihefgθ
, where x = k > 0 is the vertical directrics  

If the directrix is the line x = �	k, k > 0, i.e.  directrics lies on the left of the origin  

r  = 
dh

G�hefgθ
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If   y = �	k,  k > 0, is the directrics 

r  = 
dh

G�hgjkθ
  

 

 

 

 

If  y = � k,  k > 0, is the directrics 

r  = 
dh

Gihgjkθ
  

 

 

Examples 12  (Polar equation of a hyperbola)  

Find the polar equation of the hyperbola with 

 eccentricity e = 
�
� and directrix x=2  

K= > 0, e = 
�
�  

  r = 
dh

Gihefgθ
 =	 �

Gil 	efgθ
 

= 
H

�i�efgθ
 

Example 13 (Finding a directrix) 

Find the directrix of a parabola r = 
�J

G"iG"efgθ
 

   r = 
�J/G"
Giefgθ

 : x = 5/2  

*Find the ellipse with eccentricity e and semi-major axis a  

  k =  
m
h – ae 

  ⇒  ke = a(1 � 8�)  

equation r = 
m�G�h �
Gih	efgθ

 

 

Particular Case  

          a/e 

e = 0 ⇒ r = a : circle    
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Directional Derivative 

Gradient 

The gradient vector of a function f(x,y) at a point p0(x0,y0) is the vector  

 ∇<<=� 	 ��|�op,qp�r̂ � �O|�op,qp�t̂ 
Notation  ∇<<=�, grad(f)  

This is the direction in which functional rate of changes is maximum but the question is how to 

measure the rate of changes of a function along any direction. We have already learnt that 

functional rate of change along the x-axis & y-axis and are given by first order partial 

derivatives. This rate of change of a function along a particular direction is known as directional 

derivative. 

            Q  

Directional derivative    %u 	 %Gv̂ � 	%�w ̂               x 	 ;"�7G%u 

Rate of change of f(x,y) at P0(x0,y0) and along %u  is      s    s≥ 0 

  Ltz→b
{�z��{�b�

|bz<<<<<=|        P0    

 = Ltg→"
{��pig}~,	Opig} 	��{�	�p,	Op�g , this limit (if exists) is called directional  

       derivative of f at p0 along %u  

Notation ?���gA}�.bp  or ��}���bp 	 
Attention! The given direction in the def. is a unit vector.  

Example 1  Let f(x,y) = � � O
�� iO ,														��, �� ≠ �0,0�

0																								��, �� 	 �0,0�							 
Find the directional derivative of f(x,y) at (0,0) in the direction of the vector %u 	 	 ? G

√�A v̂ � ? G
√�A ŵ 

Solution   

  Ltg→"
{?"i �

√ ,"i �
√ 	A�{�","�g   

  Ltg→"
�/ √ �� �"

g    



Module-6: Analytical Geometry and Vector Algebra 

 

11 

 

  Ltg→"
g 

���|g|	= 0  along  v̂ � ŵ is 
G
√� 

∴ Required directional derivative is 0. 

Let's relook the definition of directional derivative for a differentiable function  

 ��}��bp 	 	 Ltg→"
{��pig}~,	Opig} 	�{�	�p,	Op�g , 

 =   Ltg→"
{o��p,Op�g}~i	{q�	�p,	Op�g} i∈~g}~i∈ g} g   �6ℎ8
8	 ∈G →	0∈� →	0(7			7	→	0 � 

 = ����", �"�%G �	�O�	�", 	�"�%� 

 = C����", �"�v̂ � 	�O�	�", 	�"�ŵE. �	�Gv̂, 	��ŵ� 
= �/
(�	��b". %u	 
Example 2 Find the directional derivative of the function f(x,y) =2xy � 3y2 at P0(5,5) in the 

direction �= = 4v̂ � 3ŵ 
Solution fx (x,y) =2y, fy(x,y) =2x	� 6y : both the functions are continuous everywhere  

   ∴ the function is differentiable everywhere  

  ⇒C��=Eb" 	 C�{Eb". �=|�=| 
  = C���5,5�v̂ � 	�O�5,5	�ŵE. ?!J v̂ � �

J ŵA 	 �	4 

Attention!  If the direction is given by (= of any length (≠ 0) then  

  ��m<=��ρ" 	 ?���gAρ" C∇<<=�Eρ"
m<=
|m<=|     (f is differentiable function) 

Properties of Directional Derivative  

  �}�� 	 ∇<<=�. %u 	 |∇<<=�|. |%u|$.7	θ,																	θ 	 〈∇<<=�. %u〉		 
  =|∇<<=�|$.7	θ 

1. When cos θ =1 or θ =0, i.e. %u 	 	 ∇<<={|∇<<={|  then �}��	has maximum value. Therefore the 

function increases most rapidly along the gradient direction.  

The directional derivative along ∇<<=� is |∇<<=�|.  
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2. When cos θ = � 1  or θ =π, i.e. %u 	 	�∇<<=�. Then �}��	has minimum value. 

∴The function decreases most rapidly along �	∇<<=�  

The directional derivative along �∇<<<<<=� is �	|∇<<=�| 
3. When cos θ = 0  or θ=π/2, 3π/2, i.e. %u � ∇<<=� then �}�� 	 0. Therefore, any direction 

orthogonal to ∇<<=� is a direction of zero change in f.  

Example 3 Find the direction in which f(x,y) =
� 
� � O 

�  

a) Increases most rapidly at the point (1, 1). 

b) Decreases most rapidly at (1, 1). 

c) What are the directions of zero change in f at (1, 1)? 

Solution a) The function increases most rapidly in the direction of ∇<<=� at (1, 1). 

  (∇<<=��	(1, 1) = �xv̂ � 	�ŵ��G,G�	= v̂ � 	 w ̂
∴ Direction is 

G
√� v̂ � 	 G√� ŵ 

b) The function decreases most rapidly in direction of �	∇<<<=� 

C�∇<<=�E�G,G� 	 �	v̂ � ŵ 
∴ Required Direction is 

�r̂�t̂
|�r̂�t̂| 	 �	 G√� v̂ � 	 G√� ŵ 

c) The directions of zero change at (1, 1) are the directions orthogonal to ∇<<=�. 
∴ Required Direction is -u 	 �	 G√� v̂ � 	 G√� ŵ 
   & �-u 	 	 G√� v̂ � G

√� ŵ 
Gradient and directional derivative for function of three variables.  

Gradient -  ∇<<=� 	 ��v̂ � 	�Oŵ � ��5�  

Directional derivative  -  �}�� 	 ∇<<=�. %u  =��%G � �O%� � ��%� 

Observation -      
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Change of order of integration in triple integral. 

Example.  Let D be the region bounded by the parabolid # 	 �� � �� and the plane # 	 2�. 
write the triple integral to evaluate the vol. of D in the order of �#	�� ��, ��	��	�#, ��	�#��. 
Step 1.      

 

Step 2. 

 

 

Step 3.    ��	������������ 
Eliminate # from # 	 2� & # 	 �� � �� 

                            �� � �� � 2� 	 0 

                  �� � �� � 1�� 	 1. 																															�� 

I 	 � � � �#�O
��� iO 

��O�O 
�����O�O 

�
O�" 	��	�� 
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��	�����������                                                                                       
 Eliminate y from # 	 2�	&	# 	 �� � �� 

                              # 	 �� � � 
!   

      #� � 4# � �� 	 0  

     �# � 2�� � �� 	 2� 

             � 	 � � � ��	√��� O��/�√!��� ���√!��� !��" 		��	�# 

 

��	����������� 
� 	 0, gives 

# 	 0� � �� 

� 	 � � � ��	���O 
������O 

�O��O �O�" 		�#	��                               

Here elimination will not work since the projection consists of projections of two surfaces # 	2�	&	# 	 �� � �� where as in the previous two we projected the curve on # 	 2	� itself. 

Triple integral in cylindrical & spherical coordinate system: First we shall introduce the 

coordinate systems then we will go to find the integral w.r.t those coordinate system. 

Let’s suppose you have a point in the 3D space with Cartesian coordinates (�, �, #). We can also 

locate this point in two different mamaers. 

                                                                Cartesian 
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Cylindrical 

 

Cylindrical=Polar (
, �) in �, � � plane   

�# Cartesian,  ����B, B�	 or 	�0, 2B� 
       

 

                                                                 Spherical 

                                                         

																																																																																																						; 	 |0;<<<<<=| ≥ 0 

    																																		� 	 ∠C0;<<<<<=, �ve	z	axisE		��0, B� 
                  																			� 	 cylindrical, ����B, B�	 Or �0, 2B�																						                                             � 	 cylindrical	�, 
                                    

  � 	 ρ	sin� cos �,   � 	 ρ	sin� sin �,   # 	 ρ cos � 

 ρ 	 ��� � �� � #�, unlike r, ρ is always ≥ 0. 
Volume/ Triple integrals w.r.t three coordinate system: 

∭ ���, �, #��>c     =>    To evaluate over D⊂ 3� � space, where D is a bounded region. 

As we have defined triple integral for Cartesian coordinates, we have to discretize the region D 

through some elementary regions whose boundaries are given by constant values of the 

variables.  Well firs then we try to find the surfaces those are given by constant values of the 

variables.                                              

                                                              Cartesian 

     � 	 (	 → plane 

     � 	 § → plane 

     z = c→ plane	  
                                                          �> 	 ��	��	�# 
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                                                    Cylindrical  

 

                                                  � 	 ¨ → plane 

                                                                         

                             # 	 4 → plane 

                                                                                 �> 	 
	�
	��	�#  

   

                                                                     Spherical 

                                                                                              � 	 �". Cone 

                                                                                   

                                        � 	 Constant ∶ plane  

                                            �> 	 «� sin� 	�«	��	��  
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Volume elements ��¬�: 
                                                                   Cartesian 

                                                 �> 	 ��	��	�# 

 

        Cylindrical 

      

             					#	�	�#"	, 						#"	 � Δ#�                                            
                                                            		
	�	�
"	, 
"	 � Δ
� 
                                                     									�	�		��"	, �"	 � Δ�� 
          

     																																																												�> 	 
	�
	��	�# 

 

Spherical 

 

                                                                                                               Steps,  �	�¯�0	, 	�0	 �Δ�° 
																																																																																																									1g� 	�	�		��0	, 	�0	 �Δ��	 

																																																																													2k�	« 	 «" 

																																																																																																					3N�   �	�¯�0	, 	�0	 �Δ�° 
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                                                    �> 	 «� sin��«	��	��. 

Example 1: Find the iterated integral in the order of �«	��	�� to evaluate volume of the solid 

bounded below by the	�� � plane, on the sides by the 7±ℎ	« 	 2 and above by the cone � 	 @
�. 

(Spherical Coordinate) 

� � � «�²��²�"
³ ∅�³l

�@µ�" sin∅ 	�«	�∅	��     

                                         

 

 

 

 

Example 2:  Find the integral in the cylindrical coordinate system to evaluate volume of the solid, in the 

1st hyper octant that is bounded on the side by	
 	 sin�, above by the sphere �� � �� � #� 	 1  

� � � 
	�#	�
	��
√G�N 

��"

¶jk	µ

N�"

@�

µ�"
 

   
 	 sin∅ => 
� 	 
 sin �  

     =	�� � �� 	 � 

    =	�� � �� � G
��� 	 G

�  
 

 

Example 3: (changing order of integration in cylindrical coordinate) 

 Let D be the region bounded below by the cone # 	 ��� � �� and above by the paraboloid # 	2 � �� � ��. Set up the triple integral in cylindrical coordinates that give the volume of D using the 

following order of integration. 
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(a) �#	�
	��   (b)		�
	�#	��                                (c)  ��	�#	�
 

Solution. (a) 	�#	�
	��                 

Eliminate; #	=	��� � �� 	 # 	 2 � �� � ��.  

�      ?��� � ��A� � ��� � ��	- 2= 0 

�     ?��� � �� � 1A	?��� � �� � 2A 	 0 

�      �� � �� 	 1. 
                                                               

  

         � � � 
	�#	�
	����N ��NGN�"�@µ�" 	 
                         

 

 

(b)    � � � 
	�
	�#	���N�"G��"�@µ�"  

      �� � � 
	�
	�#	��√���N�"���G�@µ�"  

      

 

 

(c)   � � � 
	��	�#	�
�@µ�"��N ��NGN�"  

 

     

      

          
 	 
" , # 	 #"                          
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Example 4:  (Changing order of integration in spherical coordinates) 

     Let D be the region bounded below by the plane# 	 0, above by the sphere	�� � �� � #� 	 4, 

and on the sides by the cylinder  �� � �� 	 1. Set up the triple integrals in spherical coordinates that give 

the volume of D  using the following orders of integration: 

(a) �«	�∅	��             (b)  �∅	�±	�� 

Solution: (a): 	� � � «�	�²�"
³·∅�"�@µ�" sin∅ 	�«	�∅	�� 

                   �� � � «�	efghe	∅²�"
³ ∅�³·

�@µ�" sin ∅ 	�«	�∅	��                               

																					�� � �� � #� 	 4																					�� � �� 							 			1U 	# 	 √3 																				 ∴ # ≥ 0 

                 * �� � �� 							 			1
	#																				 	 √3 

  ∅ 	 ∠?�0, 0, 1�, C0, 1, √3EA 

                 =		cos�G √�
√G√! = 

@
H 

                                                                                                                                �� � �� 	 1  

         «� sin�	∅ 	 1 

                                                                                                           				« 	 4.784	∅ 

  

(b).       � � � «�	¹º»¼~~½²�"�²�G�@µ�" sin ∅ 	�∅	�«	��         

           + � � � �∅	�«	��³ ∅�"G²�"�@µ�" 	          
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(1) Double & iterated integral / repeated integral ���	�� , � � �	��	��O� ,					� � �	��	���O   (Fubini’s 

Theorem). 

 

(2) Rules in integrations, properties. 

 

 

Assignment 1 

 
(1) Find Volume of the region bounded above by the surface # 	 � � 2��  and below by the 

square	|�| � |�| 	 1. 

 

     Sol.: Vol 	 � � �� � 2����iG���G"G ��	�� � � � �� � 2��G����G"G �	��	�� 	 � �
� 

 

(2) Evaluate ∬ ��� 	�� where r is the region bounded by the lines � 	 �, � 	 2�,			&		� � � 	 2.  
 

Sol.: ∬ ��� 	�� 	 � � ��	��	������/�" � � � ��	��	������G�/� 	 G�
¿G 

 

(3) Find the volume of the solid cut from the square col. |�| � |�| ≤ 1 by the planes  # 	 0 &			3� �# 	 3. 

 

Sol.: Vol 	 � � �3 � 3���iG���G"�G ��	�� � � � �3 � 3��G����GG" ��	�� 	 6 

 

(4) Find ∬ √4 � ��� 	��  where R is the sector cut from the disk �� � �� ≤ 4  by the rays 	� 	B 6Â 	&		� 	 B 2Â . 

 

Sol.: 	 @
H ,    � 	 �

√�;      ∬ √4 � ��� 	�� 	 � � √4 � ��	√!�� � √�Â
√�" ��	�� 	 �"√�Ã . 

 

(5) Evaluate the integral � �tan�G B��" � tan�G ��	�� by converting it to a double integral. 

 

Sol: � � G
GiO 

@���" 	��	�� 	 	� � G
GiO 

OO @Â
�" 	��	�� �	� � G

GiO 
�O @Â

�@� 	��	��. 
 

       = 2 tan�G 2B � 2 tan�G 2 � G
�@    ln	�1 � 4B�� � ÄkJ

�  

 

(6) A solid right (noncircular) cylinder has its base R in the �� � plane	and	is	bounded above by 

the parabolid 	# 	 �� � ��. The cylinder’s Volume is  
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����� � �����	��
O

"

G

"
�� � ��� � �����	��

��O

"

�

G
 

Sketch the base and region R and express the cylinder’s Volume as a single iterated integral with order of 

integral reversed. Then evaluate the integral. 

 

 

 

 

Sol.: � � ��� � �����	�����"G" 	 4/3 

 

(7) Change the order of integration and hence evaluate � � � q
!�O ��	��!�� "�"   &  � � �O	��

OÆiG
�
√�l¿"  

 

Sol.: � � �h q
!�O ��	�� 	 hÇ�G

¿
�!�O"¿" 	 ; � � G

GiOÆ ��	�� 	 ÄkGK
!

Ol"�"  

 

(8)    How would you evaluate the double integration of constant function ���, �� over the region R    

in the  �, � � plane enclosed by the hincye with vertices  �0,1�, �2, 0�, &	�1, 2�; 
 

Sol:            � � ���	, ����	����O/����OG" � � � ���	, ����	����O/�O�G�G  
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Gradient, Divergence and Curl: 

We will start with the concept of Point function: 

A variable quantity whose value at any point in the region of the space deptnds upon the positon of the 

point, is called a point function.  

Types of point functions are  

1)- scaler point function:if to the each point P(x,y,z) of  region Rin the space there corresponding a 

unique scaler  f(P), then f is called a scaler point function.  We also call it a scalar field. Hence, a scalar 

field is a function points in space to points real numbers.  For example Temperature distribution in a 

heated body, density of a body and the potiential due to gravity are scaler point function or scalar field. 

2)-Vector  point function: if to each point P(x,y,z) of the region  R in the space there corresponds a 

unique vector f(P), then f is called a vector point function. This is also called as vector field. Hence, 

vector field is a function from points in space to vectors in space.  The velocity of a moving fluid, 

gravitational force are the examples of the vector point function. 

Gradient of a Scaler function: 

Definition of gradient:If  φ(x,y,z)  be a scaler point function then v̂ ÉÉ� + ŵ ÉÉO +5� É
É�  is called the 

gradient of the scaler function φ. 

   It is denoted by grad φ or ∇ φ. 

Thus,  grad φ = v̂ ÉÉ� + ŵ ÉÉO +5� É
É� 

  grad φ =(v̂ ÉÉ� + ŵ ÉÉO +5� É
É� ) φ(x,y,z)   

  grad φ = ∇ φ 

Hence, We recognize the gradient as the generalization of the derivative.  

Remark:From Vector Calculus we know that the partial derivatives , ,
f f f

x y z

∂ ∂ ∂

∂ ∂ ∂
 

give the rates of change of f(x, y, z) in the directions of , , ,i j k
rr r

 respectively.  Hence, if the 

gradient of t at a point P is not zero, i.e., ( ) ( ) 0,f P Grad f P∇ = ≠
r

 then it is a vector in the direction 

of maximum increase of f at P. 

 

Properties of gradient 

 

(i) Gradient of a scalar quantity is a Vector quantity. 
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      (ii) Magnitude of that vector quantity is equal to the Maximum rate of change of that scalar 

quantity. 

     (iii) Change of scalar quantity does not depend only on the coordinate of the point, but also on 

the direction along which the change is shown. 

Geometrical meaning of the Gradient 

As we know that a surface is all points in 3( , , )x y z ∈  that verifies ( , , ) ,f x y z c=  for some smooth 

scalar field f and constant c.  

Example: Consider the unit sphere in 3
  , 2

:S  

{ }2 3 2 2 2
( , , ) : 1 .S x y z x y z= ∈ + + =  

From the following, we can understand the geometrical meaning of gradient: 

Definition of level surface:If a surface  φ(x,y,z) =c passes through a point and the value of the 

function at each point of the surface is the same as at P, then such a surface is called a level 

surface through P.   For example, if φ(x,y,z) is represents potiential at the point P,then 

equipotential surface φ(x,y,z)=c is a level surface.Two level surface cannot intersect. 

Let a level surfce pass through the point P at which the value of the function is φ. Consider 

another level surface passing through Q,where the value of the function is φ+dφ. 

Let 
̅ and
̅+δ
̅ be the position vector of P an Q then ;x<<<<<== δ
̅ 

 ∇ φ.d
̅= (v̂ ÉÉ� + ŵ ÉÉO +5� É
É� ). (v ̂dx + ŵdy +5� dz ) 

  =
Éφ
É�dx+

Éφ
O� dy+

Éφ
É�  dz =dφ   ….. ………………..(1) 

If Q lies on the level surface of P, then dφ=0 

Equation (1) beecomes  ∇ φ.d
̅=0. Then ∇� φ is� to d
̅ (tangent). 

Hence, ∇ φ  is normal to the surface φ(x,y,z)=c. 

Let ∇ φ  =|∇ φ|ÌÍ ,where ÌÍ is a unit normal veator. Let Î- be the perpendicular distance between two 

level surface through P and R. then the rate of change of φ in the direction of the normal to the 

surface through P is 
Éφ
Ék .  

  
�φ
�k  = limÐk→" ÉφÉk  = limÐk→" ∇Ñ.d
�Ék  

        = limÐk→" |∇Ñ|ÒÍ.d
�Ék  
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        = limÐk→" |∇Ñ|δn Ék  =|∇φ| 

       |∇ φ| = 
ÉφÉk. 

Hence, gradient φ is a vector normat to the surface φ =c and has a magnitude equal to the rate of 

change of φ along this normal. Hence, we have the following theorem as geometrical 

interpritation of gradient: 

Theorem:  Let f be differentiable and S = { }3( , , ) : ( , , )S x y z f x y z c= ∈ = be a surface. Then the 

gradient of f, f∇ at a point P of the surface S is a normal vector to S at P (provided ( ) 0f P∇ ≠ ). 

Engineers use the gradient vector in many physical laws such as: 

1. Electric Field (E) and Electric Potential (V): E=-Grad.V 

2. Heat Flow (q) and Temperature (T): q(x,y,z)=-kGradT(x,y,z), k is constant 

3. Force Field (F) and Potential Energy (U): F(x,y,z)=-GRadU(x,y,z) 

 

 

Divergence of a Vector function: 

The divergence of  a vector point function+� is denoted by div F and is defined as below. 

Let   += =+Gv ̂+ +�w ̂+ +�5� 

Div =+= =∇<<=.+= 

 = (v̂ ÉÉ� + ŵ ÉÉO +5� ÉÉ� ).(+Gv ̂+ +�ŵ + +�5�) 

=
Éa~É�  + 

Éa ÉO  +
ÉalÉ�  . 

It is evident that div += is scaler function. 

Physical Intuition 

• Divergence (div) is “flux density”—the amount of flux entering or leaving a point. We 

can think of it as the rate of flux expansion (positive divergence) or flux contraction 

(negative divergence). 

• So, divergence is just the net flux per unit volume, or “flux density”, just like regular 

density is mass per unit volume (of course, we don’t know about “negative” density). 

Imagine a tiny cube—flux can be coming in on some sides, leaving on others, and we 

combine all effects to figure out if the total flux is entering or leaving. 

• The bigger the flux density (positive or negative), the stronger the flux source or sink. A 

div of zero means there’s no net flux change in side the region. i.e., 
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• Imagine a fluid, with the vector field representing the velocity of the fluid at each point in space. 

Divergence measures the net flow of fluid out of (i.e., diverging from) a given point. If fluid is 

instead flowing into that point, the divergence will be negative.  

 

A point or region with positive divergence is often referred to as a "source" (of fluid, or whatever 

the field is describing), while a point or region with negative divergence is a "sink". 
 

Geometrical Interpretation of Divergence:  

Let us consider  the case of a fluid flow. Consider aSmall rectangle pallellopiped of dimension dx,dy,dz 

parallel to x,y and z axes resprctively. 

 

 

Let            Ô<= =Ô�v ̂+ ÔOw ̂+ Ô�5�  be the velocity of the fluid at P(x,y,z). 

Mass of the fluid flowing in through the face ABCD in unit time  

      =Velocity ×Aear of the face  

      =Ô�(dy dz) 

Mass of the fluid flowing out across the face PQRS  in unit time 

      = Ô�(x+dx)(dy dz) 

      =(Ô�+ 
ÉÕoÉ� dx)(dy dz) 

Net decrease in mass of fluid in the parallelopiped corresponding to the flow along x-axis per unit time  

   = Ô�(dy dz)- (Ô�+ 
ÉÕoÉ� dx)(dy dz)    

=-  
ÉÕoÉ�  dxdy dz       (minus sign shows decrease) 

Similarly, the decrease in mass of fluid to the flow y-axis = 
ÉÕqÉO  dx dy dz 
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And the decrease in mass of fluid to the flow z-axis = 
ÉÕÖÉ�  dx dy dz 

Total decrease of the amount of the fluid per unit time =(
ÉÕoÉ�  +ÉÕqÉO  + 

ÉÕÖÉ� ) dx dy dz 

 

 

Thus the rate of the loss of fluid per unit volume = 
ÉÕoÉ�  +ÉÕqÉO  + 

ÉÕÖÉ�  
      =(v̂ ÉÉ� + ŵ ÉÉO +5� ÉÉ� ).(Ô�v ̂+ ÔOw ̂+ Ô�5�) 

      = ∇×.Ô�  =div Ô�  . 

Remark:If the fluid is incompressible, there can be no gain or no loss in the fluid in the volume element.  

Hence  

  div Ô�= 0     ………………………(1) 

and V is called a solenoidal  vector function. 

Equation (1) is also called the equation of the continuity or conservation of mass. 

 

CURL of a Vector 

The curl of a vector point function s definrd as below  

  Curl × += =∇<<= × += 

    =?v̂ ÉÉ�  +  ŵ ÉÉO  + 5� ÉÉ�A × (+Gv ̂+ +�w ̂+ +�5�) 

   =   Ù vÉ̂É�+G
wÉ̂ÉO+�

5�É  É�+�
Ù =v̂�ÉalÉO  -

Éa É�  ) - ŵ�ÉalÉ�  -
Éa~É�  ) + 5��Éa É�  -

Éa~ÉO  ) 

Curl += is the vector quantity. 

Physical Meaning of the CURL: 

As we know that  Ô<= =Ú<<= × 
=, where Ú is the angular velocity, Ô<= is the linear velocity and 
= is the position 

vector of a point on the rotating body. 

   Curl Ô<= = ∇<<= × Ô<= 
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               = ∇<<= × (Ú<<= × 
=) = ∇<<= ×[(ÚGv ̂+ Ú�w+̂ Ú�5� ) × (x v ̂+ y ŵ + z 5�) ] 

 =  ∇<<= × Û v̂ÚG�
ŵÚ��

5�Ú�# Û =   ∇<<= ×[(Ú� # -Ú� y) v ̂+( ÚG z -Ú� x) ŵ+( ÚGy -Ú� x) 5�] 

 = ?v̂ ÉÉ�  +  ŵ ÉÉO  + 5� ÉÉ�A × [(Ú� # -Ú� y) v ̂+( ÚG z -Ú� x) ŵ+( ÚGy -Ú� x) 5�] 

 = Ù vÉ̂É��Ú� # − Ú� y�
wÉ̂ÉO� ÚG z − Ú� x�

5�É  É�� ÚGy − Ú� x�Ù 
 

 =(ÚG+Ú�)v ̂– (-Ú� − Ú�)ŵ + (Ú� + Ú�)5� 

               = 2(ÚGv ̂+ Ú�ŵ+ Ú�5� ) = 2 Ú. 

Remark:Curl Ô<= = 2 Ú which shows the curl of a vector field is connected with the rotational properties of 

the vector field and the justifies the name rotation used for curl. 

If  Curl Ô<==0, the field is termed as irrotational. 

Lemma -1: Gradient fields are irrotationals. That is, if ,F f= ∇  

for some smoothscalar field f,  then curl F = 0. 

 
 
Similarly, some identites related to curl, divergence and Gradient: 

for vectors functions ,  a and b,  and  scaler functions U are given below: 

i)- div curl = Ü .  Ü ×a =0 

ii)- Ü . Ýa = (Ü Ý)a + U( Ü.  a) 

            =  (grad U)a +U(div a)  

iii)- Ü ×Ua= UÜ ×a +(Ü Ý) × a 

iv)-   div a × b = (curl a).b  - a.(curl b) 

v)- curl a × b =Ü ×( a × b) 

      =(Ü.  b)a –(Ü.  a)b + [b .Ü ] a - [a .Ü ] b 

Where  [a .Ü ] = ?Þ� ßß�  + Þ� ßß�  + Þ� ßß�A 

vi)-   curl (curl a) = grad (div a) - Üà a 



Module-6: Analytical Geometry and Vector Algebra 

 

29 

 

 where Üà a = ÜàÞ�+ ÜàÞ�+ ÜàÞ� 

 Assignment 2 

1)- If  
̅ =(x v ̂+ y ŵ + z 5�) then show that 

i)- grad r =

�N  ii)- grad(

GN) = 

�áâ 

2)   if u= x+y+z, v=x2+ y2 +z2, w=yz +zx+xy   prove that the grad u, grad v, grad w are coplanar vectors. 

3) if u= x2+ y2 +z2, and 
= =(x v ̂+ y ŵ + z 5�), then find div (u 
=) in terms of u. 

4) find the value of n for which the vector rn
= is solenoidal, where  
= =(x v ̂+ y ŵ + z 5�). 

5) show that div (grad rn) =n (n+1) rn-2,         where       
= =(x v ̂+ y ŵ + z 5�). 

    Hence show that,  ∆2 ( 
G N ) = 0. 

6) find the divergence and curl of  >̅= (x y z) v ̂+ (3 x2 y) ŵ + (x z2 –y2 z) 5� at (2,-1,1). 

7) Prove that (y2  - z2 +3xyz -2x) v ̂+ (3xz +2xy) ŵ + (3xy –2xz +2z) 5� is both solenoidal and irrotational. 

8) +==(x2 – y2 + x ) v ̂- (2xy + y)ŵ. Is this field is irrotational ? if so, find its scaler potiential. 

9) Prove that, the vactor field +==

�|áâ|  is irrotational as well as solenoidal. Find the scaler potential. 

10) For a solenoidal vector +=, show that  

curl (curl ( curl +=) ) ) = ∇4+= . 

11. The gravitational field p
r

 is the force between two particles at points 
0 0 0 0( , , )P x y z=  and ( , , )P x y z= .   

It is defined by 

0 0 03 3
[ , , ],

c c
p r x x y y z z

r r
= − = − − − −

r r
 

    where 2 2 2

0 0 0( ) ( ) ( )r x x y y z z= − + − + −
r

 and it is irrotational field as the scalar field ( , , )
c

f x y z
r

=     is 

a potential for it.  Verify it. 
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Surface Area 

of a closed and bounded region on the surface  

of ä��, �, �� = å  with the help of projection on a plane  

 

We often come across to deal with some surfaces that are presented by ��, �, #� 	 4 , a constant, 
for instance, the equipotential surfaces in the gravitational or electrical or magnetic fields.  

 In this lecture we intend to evaluate the surface area of a closed and bounded region on 

the surface of ���, �, #� 	 4. In due course we shall project the surface under consideration on a 

flat region or plane.   

 Let this plane be R and ±̂ be the unit normal on R. We assume that  

(i) The surface is smooth; if not entirely, at least the patch of the surface that we consider 

to evaluate the area is smooth. Let this patch be S. Mathematically, this condition 

presumes that on S, the function f is differentiable and æ<=� is nonnull and continuous.  

(ii) When we take perpendicular projection of S on R, we never observe that the surface 

folds back over itself. Mathematically,  æ<=�. ±̂ � 0 on S. 
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                     Fig : A surface and its projection on R-plane.  

          We approximate the area of the infinitesimal surface by the tangent surface at p.  

 As æ<=� is perpendicular to the tangent plane    æ<=� ,7 ±(
(&&8& 3.  %<=  ×  >= ,  

 when %<= is tangent to the curve  PWQ and >= is tangent to the curve PTN.  

 The value |%<= � >=| measures area of the rhombus whose sides are %<=  &  >=. Here we let 

∆σ = |%<=  × >=| . 

 As  %<=  × >= has the direction perpendicular to the rhombus, the dot product |%<=  ×  >=|. ±̂ 

measures area of the region perpendicular to ±̂. 

 Hence  ∆A  = ||%<=  × >=. ±̂|| (absolute value of mod of |%<=  ×  >=|. ±̂) 

   = ||%<=  × >=| | ±̂| 4.7 
|,  r = < ( ±̂, æ<=�) 

   = ∆P |4.7 
| 

⇒ ∆P = 
∆�

|efg N|
  (cos r ≠0, due to assumption (ii) ) 

As we approximate ∆σ by the value of ∆P, 

 ∆σ ≈ ∆P= 
∆�

|çfg N| 
 Since  r = < �±̂, æ<=�� ,  above   ⇒  |æ<=�. ±̂| = |æ<=�| $.7 
  

  ⇒    4.7 
 =  |è<<={ .  éu||è<<={|  

Therefore  ∆σ = 
∆�|è<<={||è<<={ .  éu| 

Hence the required surface area =∬ |è<<={|��|è<<={ .  éu| 
    

±
.ê843,.-  .-ë ±&(-8 
8/,.-   

Surface integrals  

If S be the shadow region of a smooth surface Ω, defined by ���, �, #� = 4 on the plane 

R whose unit normal is ±̂, and g be a continuous function over the surface Ω,  then the integral of 

g over Ω, is the integral   

 ∬ /�
Ω

ì =  ∬ /��, �, #�¶ |è<<={||è<<={ .  éu| �� 

Here we assume that R be such a plane that æ<=�. ±̂ � 0. 

 

PROPERTY  
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If Ω being partitioned by smooth curves into a finite number of nonoverlapping patches 

Ω1, Ω2, ….Ωn 

then   ∬ /�ì
Ω

=  ∬ /�ì +
Ω~ ∬ /�ì + ⋯ … … … . ∬ /�ì

ΩïΩ  

 

 

 

 

 

 

Example 1 Integrate g(x,y,z) = x2y2z over the surface of the cube out from the first octant by the 

plane x=1, y=1 and z=1. 

Solution  Ω = six faces of the unit cube  

     = Ω1 +Ω2 +Ω3 + Ω4 +Ω5 +Ω6 

        For  

Ω1 :  ±̂  = 5�, equation : z=1 

For Ω2 : y=1,  ±̂  = ŵ 
For Ω3 : z=0,  ±̂  = −5� 

For Ω4 : y=0,  ±̂  = −ŵ 
For Ω5 : x=0,  ±̂  = -v ̂
For Ω6 : x=1,  ±̂  = v ̂

∴ ∬ /�ì
Ω

   =  ∬ /�ì +
Ω~ ∬ /�ì +   ∬ /�ì +

Ωl ∬ /�ì
ΩÆΩ  

                          + ∬ /�ì +
Ωð ∬ /�ì

Ω·  

Here     ∬ /�σ
Ω~ =  ∬ /��, �, #�

Ω~
|è<<={||è<<={.éu| ��,   where f��, �, #� ≡  # − 1 = 0 

               = � � ����1�GO�"G��" |d� |
|d�  . dÍ | dx dy = 

GÃ 

        Similarly   ∬ /�ì
Ωò  = GÃ  for i = 2,3,4,5,6 
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         ∴ ∬ /�ì 
Ω

= 
HÃ =  �� . 

Example 2  Find the surface area of the surface cut from the cylinder y2 + z2 =1, 

 z ≥ 0 by the planes x = 0 and x = 1. 

 

Solution  The required surface area  

  

            = ∬ �ì
Ω

,  Ω ∶ *�� + #� = 1, # ≥ 00≤ �≤ 1    

 = ∬ |è<<={||è<<={.  éu| ��¶  ,    

                       where ���, �, #� = y2 + z2-1 = 0,  

      z ≥ 0   &  ±̂  =  5�  

            = � � |�Ot̂i��d� ||C�Ot̂i��d� E.d� |GO��GG��"  dxdy 

= � � ��O i� �|�|GO��GG��"  dxdy    

   Mathematically this  

= � ó� G
�G�O 

GO��G ��ôG��" dx                                  shadow region is 

= � �7,-�G���GGG��" dx                   õ: * 0≤ �≤ 1�1≤ �≤ 1 

= 2 sin-1
  1 sq. unit  
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Module-7 

Trigonometry 

Lectures required -02 

1. Generation of Angles:   

In plane geometry, an angle is usually said to be formed by two rays (half-lines), radiating from 

the same point called vertex. All angles – acute, obtuse or reflex, are positive and less than 360°.  

 

An angle, in trigonometry, is formed by the rotation of a ray in a plane, around the end point. 

 

The revolving ray is called generating line and its initial and final position are respectively called 

initial side (arm) and terminal side (arm).  The end point is called vertex. 

 

Counter clockwise movement of generating line generates positive angle while clockwise 

generates negative angle. 

 

2. Useful Terminology: 

1. Quadrants: Two perpendicular lines divide the plane into four different Quadrants as shown in 

figure. 

 

2. Quadrantal and Co-terminal angles:  

An angle is said to be in the quadrant, in which the terminal side of the angle, when placed in 

standard position, is located.  If the terminal side coincides with one of the axes, then the 

angle is called a quadrantal angle.  Any multiple of 90° are all quadrantal angles. 

 

If the initial and terminal sides coincide the angles are said to be co-terminal. If any integral 

multiple of 360° is added or subtracted for an angle Ɵ, then all such angles are co-terminal. 

 

If 0° < Ɵ < 90°, Ɵ is in first quadrant 

If 90° < Ɵ < 180°, Ɵ is in second quadrant 

If 180° < Ɵ < 270°, Ɵ is in third quadrant 

If 270° < Ɵ < 360°, Ɵ is in fourth quadrant 

 

3. Measurement of angles: different systems° 

There are three principal systems for measuring angles: 

4. Sexagesimal or English Systems or Degree System: 
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Most commonly used system of measuring angle. 

 

 

5. Circular System or Radian Measure (or system): 

In advanced mathematics, the most convenient system for the measurement of angles is the 

circular or radian measures. 

1. Definition of π: 

For any circle, the ratio of the circumference to its diameter is the same, i.e., this ratio 

is independent of the size of the circle. 

� �
circumference	of	circle

diameter	of	circle
 

2. Numerical value of �: 

Approximate value is 22/7.  This is correct to 2 decimal places. The fraction 355/113 

is correct to 6 decimal places.  Approximate value of π, correct upto 10 decimal 

places, is 3.1415926536. 

A radian is the measure of an angle at the center of a circle subtended by an arc equal in length to 

the   radius of the circle.        

               

                Radian is a constant angle.  One radian = 
���°

�
 

     One radian is denoted by  1�.  Thus �� stands for π radian.  Generally,  π radian is just denoted by 

π. 

  180°  =  π,  90°  = 
�

�
,  45°  = 

�

�
, 60° = 

�

�
,  etc. 

                1 radian = 
���°

�
 = 180° x 0.31831 = 57.2958° = 57°  17’ 44.81’’  approx.  =  206265 seconds 

approx.  

3. Relation between three systems: 

 

For the same angle let the measure be D in degree, G in grades and C in radian. 

 

180° = π radians. 

D degrees =  
��

���
 radian  …. (i)  

 

100 grades = 1 right angle = 90° =  
�

�
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1 grade =  
�

���
radian,   G grades =  

� 

���
  ….(ii) 

 

From equation (i) and (ii), 
��

���
  =  

� 

���
 = C 

 

Hence,  
!

"�
  =  

#

���
 = 

$%

�
 

 

 

  Magnitude	of	angle	in	circular	measure � 	
)*+,-.	/0	1/22*34/+56+,	721

275683
 

 

  Ɵ �	
)

:
 

 

Examples: 

 

Q1) Express 73°25’30’’ in centesimal measure. 

Solution:  25’30’’ = 
�;.;°

=�
  = 0.425°, 

                  Hence, 73° 25’30’’ = 73.425° = 
>�.��;°

"�
  rt angles = 81.5833B  = 81B 58’33’’ 

 

Q2) The angles of a triangle are in AP and the ratio of number of radian in the greatest angle is to the 

number of degree in the least one as π : 60. Find the angles in degree. 

Solution:  Let the number of degree in the angle be A-B, A, A+B, then  A= 60° 

Again the greatest angle = (A+B)°  = (A+B) * 
�

���
  

The least angle = (A-B)°   

 

Hence,  

(DEF)H

���

IJK
  = 

�

=�
 

 

A+B = 3(A-B),   A= 2B 

 

B= 30°.   Hence,   30°, 60° and 90°. 

 

TRIGNOMETRICAL RATIO and FUNCTION 
 

A class of real functions defined in terms of ratios of sides of a right angled triangle are known as 

trigonometrical function.  Sign of trigonometrical ratios of an angle with reference to a right angled 

triangle will depend on the quadrant in which the terminal side is located. 
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Some Basic Identities: 

 

   

1. Definition of Trigonometrical Function unit Circle: 

The trigonometrical ratio can be represented through a unit circle. 

Take any point on the circle at a arc length of Ɵ.   

∟DOB = =  
L

M
  =  

Ɵ
�  = Ɵ(in radian) 

OD = 1, OA = x , AD = y. 

 sinƟ =   
NO

PQ
  =  

R

�
  = y 

cosƟ =  
PQ

P�
  =   

S

�
 = x 

tanƟ =   
R

S
 ,   cotƟ =  

S

R
 ,  cosecƟ =  

�

R
  and secƟ =  

�

S
   

From the diagram, x2 + y2 = 1,  all equation in section 1 can be derived from this. 
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For example,              sin2
Ɵ + cos2

Ɵ =  1 

                                     1+ tan2
Ɵ  =  

TUVWU

WU
  = sec2

Ɵ 

                                     1 + cot2
Ɵ  =  

TUVWU

TU
  = cosec2

Ɵ 

 

The formulae,  mentioned above, which are true for all (admissible) values of Ɵ,  are called 

trigonometrical identities.   

 

Values of Circular functions for some standard angles: 

To find the value of trigonometry  ratios for Ɵ =  
�

X
  and  

�

�
   

∟DOB = 30°,  ∟ODA = 60°   

 

 

 

 

 

 

 

The triangle DOC is equilateral with each side of 1unit.  ∟DOA = 60°/2 = 30° 

Hence,  DA=  1/2.    Sin(
�

X
)  = DA = y =  ½ 

OA = √1 – (½)2   =  √3/2  = cos(
�

X
)  =  cos 30° 

Similarly,  sin60° = Sin(
�

�
)  = √3/2,  cos60° = ½ 

 

Examples: 

Q1)  Prove that 
YZ[QV\]^QJ�

YZ[QJ\]^QV�
 =  

�V\_[Q

1/3I
 

 Solution:  Left side = 
YZ[QV\]^QJ�

YZ[QJ\]^QV�
  =

YZ[QV\]^QJ(`a�UJ	bcdU)

YZ[QJ\]^QV�
  = (secA + tanA) 

�J\]^QVYZ[Q

YZ[QJ\]^QV�
  = secA + tanA 

= 
�V\_[Q

1/3I
 

 

Q2)  if cosA +sinA  = √2 cosA,  prove that cosA – sinA = √2 sinA 

Solution:  Squaring both sides 

                  cos2A   +  sin2A  +2 cosA sinA = 2cos2A 

C 

o 

 

A 

D 
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                 cosA – sinA =  
$efghijeh

kl\QV\_[Q
   = √2 sinA 

 

 

2. Conversion of circular functions of -Ɵ(negative angle) in terms of circular functions of Ɵ 

 

sin (-  Ɵ)  = -sin Ɵ cos (-  Ɵ)  = cos Ɵ 

tan (-  Ɵ)  = -tan Ɵ           cot (-  Ɵ)  = -cot Ɵ  

sec (-  Ɵ)  = sec Ɵ             cosec (- Ɵ) = -cosec Ɵ 

 

 

3. Cosine Formula 

 

1. cos (A - B) = cos A cos B + sin A sin B 

2. cos (A + B) = cos A cos B - sin A sin B 

 

Consider the unit circle with center O and radius OP=1 

Let OP rotate about O in the anti-clockwise sense and reached OP1 such that, are PP1 = B.  Then the angle 

generated is ∟POP1 = B. 

Instead if it rotates about O in the anticlock wise sense to reach OP2  such that are PP2 = A and then 

rotates about O in the clockwise sense to reach OP3 such that are P2P3  = B. 

Then the angle generated is  

∟P3OP =  ∟P2OP  - ∟P2OP3  =  A -B 

Co-ordinate of P1  = (x1, y1)  = (Cos B, Sin B)                                                                                                                                    

Co-ordinate of P2  = (x2, y2)  = (Cos A, Sin A)                                                                                                                                        

Co-ordinate of P2  = (x3, y3)  = (Cos A, Sin A) 

Also  P(1,0),  as are PP1 = P2P3 = B,  we get cord PP1 = cord P2P3. 

arc PP1 + arc P1P3  = arc P2P3  + arc P1P3,   arc PP3 = arc P1P2 

PP3 = P1P2, ie,  PP3
2
 = P1P2

2  or  (1 -x3)
2  + (0 - y3)

2   =  (x1 – x2)
2  + (y1 – y2)

2 

or [1- Cos (A - B)]2 + [(0 – Sin (A - B))]2    =  (Cos A – Cos B)2  +  (Sin A – Sin B)2 

or  1 – 2Cos (A -B) + Cos2 (A-B) + Sin2(A-B)  = Cos2A + Cos2B + Sin2A + Sin2A – 2Cos A Cos B – 2Sin 

A SinB 

or 2 – 2Cos (A -B)  = 2 – 2(Cos A Cos B + Sin A Sin B) 

Cos (A-B) = Cos A Cos B + Sin A Sin B   
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Cos (A + B) = Cos (A – (-B))  = Cos A Cos (-B) + Sin A Sin (-B) = Cos A Cos B – Sin A Sin B 

 

3. Sine Formula: 
 

Sin (A + B) = Cos [
�

�
  - (A +B)] = Cos [(

�

�
− n) -B]  = Cos (

�

�
−n) Cos B + Sin (

�

�
− n) Sin B = Sin A 

Cos B +Cos A Sin B 

 

  Sin (A+B) = Sin A Cos B +Cos A Sin B 

 

Similarly,  Sin (A-B) = Sin A Cos B – Cos A Sin B 

                     

1. tan (A+B) = 
YZ[QVYZ[o

�JYZ[QYZ[o
 

 

2.  tan (A+B) = 
YZ[QJYZ[o

�VYZ[QYZ[o
 

 

Sin (A+B) = Sin A Cos B +Cos A Sin B  …(i) 

Cos (A + B) = Cos A Cos B – Sin A Sin B …(ii) 

Dividing (i)  and (ii) : 

Tan (A+B)  = 
\_[Q^l\o V^l\Q\_[o
^l\Q^l\o – \_[Q\_[o  … (iii) 

Dividing (iii)   by Cos A Cos B 

        Tan  (A+B) = 
YZ[QVYZ[o

�JYZ[QYZ[o 

 

3. To transform sum or difference into product: 

Adding two sine formula: 

2sinAcosB = Sin (A+B) + Sin (A-B)  

2cosAsinB =  Sin (A+B) – Sin (A-B)  

2cosAcosB = Cos (A+B) + Cos (A-B)  

2sinAsinB =  Cos (A-B) – Cos (A+B)  

To transform sum or difference into product 

Let A+B = C and A-B = D,  then A= C+D/2 ,  B = C-D/2 
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Replacing these values in 1, 2, 3 and 4 above 

Sin C + Sin D = 2 Sin (
kV�

� ) Cos (
kJ�

� ) 

Sin C – Sin D = 2 Cos (
kV�

� ) Sin (
kJ�

� ) 

Cos C + Cos D = 2 Cos (
kV�

� ) Cos (
kJ�

� ) 

Cos C – Cos D = 2 Sin (
kV�

� ) Sin (
�Jk

� ) 

 

4. Graph of trigonometry ratio: 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Examples: 

Q1) Prove that,  
YZ[ CQVoGVYZ[ CQJoG

�JYZ[ CQJoGYZ[ CQVoG = tan2A 

Solution: Let A+B = C and A-B = D 

                 Left side 
YZ[ kVYZ[ �

�JYZ[ kYZ[ �  =  tan(C+D) = tan (A+B +A -B) = tan2A 

 

 

Q2)  If A+B+C = π  and cos A = cos B.cosC, Prove that 

         tanA = tanB+tanC 

Solution:  Right side =  tan B + tanC =
\_[o
^l\o + 

\_[k
^l\k  =  

\_[o^l\kV\_[k^l\o
^l\o^l\k   = 

\_[ CoVkG
^l\Q   =  

\_[ C�JoG
^l\Q   = 

tanA 

Formulae on multiple angles :  
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Question 1  sin (A + B) = sin A cos B + cos A sin B  

Taking B = A, we get 

  sin 2A = 2 sin A cos A 

   = 2 
\_[ Q
^l\ Q cos2A 

   = 
�YZ[ Q
\]^UQ    = = 

�YZ[ Q
�VYZ[UQ 

    

Question 2 cos (A + B) = cos A cos B - sin A sin B  

taking B = A, we get  

cos 2A = cos2A - sin2A 

 

 

= cos2A-(1- cos2A)     = (1- sin2A) - sin2A 

=   2 cos2A-1      =   1- 2sin2A 

   = cos2Aq1 − \_[UQ
^l\UQr 

   =  
�JYZ[U Q
�VYZ[UQ 

 

Question 3  tan 2A = 
\_[� Q
^l\� Q =  

�YZ[ Q
�JYZ[UQ 

 

Formulae on submultiple angles:  

Again considering 2A = θ, we get the following formulae for submultiple angles  

sin θ  = 2 sin θ

� cos θ� 

 = 
�YZ[ θU

�VYZ[Uθ
U
 

cos θ  =  cos� θ

� − sin� θ

� 

 = 2 cos� θ

� − 1 

 = 1−2 sin� θ

�  

 = 
�JYZ[Uθ

U
�VYZ[Uθ

U
 

tan θ   = 
�YZ[ θU

�VYZ[Uθ
U
 



Module-7: Trigonometry 

 

10 

 

Inverse Trigonometric Functions 

 

The equation sin θ = x, where θ is an angle whose sine measure is x, can be expressed as 

θ = sin-1x. Therefore sin-1x is an angle where sin θ is the number. Both the relations are identical. 

If one is given, the other one follows.  

The general value of sin-1x is a multiple valued function as it gives an infinite number of 

values as  

sin θ = x = sin α  (- 1 ≤ x ≤ 1) 

or, θ = nπ + (-1)nα,   n =0, ±1, ±2 …;  

or, sin-1x  = nπ + (-1)nα. 

Similarly the general value of cos-1x and tan-1x can be written as  

cos-1x =  2 nπ ± cos-1x:  

tan-1x =   nπ + tan -1x;   

The smallest numerical value, either positive or negative obtained by putting n=0 is 

called principal value. The principal value of sinJ� �
� is  

π

X. For the case of two equal numerical 

value, one positive and one negative, it is customary to take the positive one as the principal 

value. For this reason the principal value of  cosJ� �
� is 

π

� though qcos C− π

�  Gr =  �
�. 

one can easily prove  

sin-1x  + cos-1x = 
π

� ;  

tan-1x  + cot-1x = 
π

� ;  

cosec-1x  + sec-1x = 
π

� ;  

The following formulae important for inverse circular functions. 

sin-1x  ± sin-1y = sin-1txv1 − y� ± y√1 − x�y 

cos-1x  ± cos-1y = cos-1txy ± vC1 − x�GC1 − y�G y 

tan-1x  ± tan-1y = tan -1z S ± R
� ∓ SR| 
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ASSIGNMENT 

Q1) Express in terms of radians(i) 75° and (ii) 225°?   [ANS:  5/12 π and 5/4 π] 

Q2) Reduce to degrees (i) -5π/6 (ii) 1.1radian?  [ANS: -150° and 63°] 

Q3) The angles of the triangle are as 1:3:5; find them in radian?  [ANS: 
�
} , �

� , ;�
} ] 

Q4) The angles of a triangle are in AP. The greatest angle is three times the least. Find them in (i) degrees 

and (ii) radians? [ANS: (i) 30°, 60°, 90°  (ii) �X , �
� , �

� ] 

Q5) A train is travelling on a circular path of radius 
�
� ��. @ 33Km/hr. Through what angle in degrees 

has it turned in 15 seconds?  [Ans: 11° 48’ 45’’] 

Q6) If (1 – sinA)(1-sinB)(1-sinC) = (1+sinA)(1+sinB)(1+sinC) then prove that the value of each = ±cosAcosBcosC. 

Q7) If xsin3
Ɵ  + ycos3

Ɵ = sinƟcosƟ   and xsinƟ – ycosƟ = 0,  prove that x2 + y2 = 1. 

Q8) (a) if sin α + cos α =1, prove that sin α - cos α = ±1 

        (b) If acosA – bsinA = C then prove that 

                 asinA+ bcosA = ± √(a2 + b2 – c2) 

Q9) If u = secA +tanA, prove that tanA =
�UJ�

��
 and sinA  =

�UJ�

�UV�
 

Q10) If tanA = 
�

�V�
  and tanB = 

�

��V�
,  prove that A+B = 

�

�
 

Q11) If A+B =45°, prove that (1+tanA)(1+tanB)  =2 

Q12) Prove that tan3A – tan2A – tanA = tan3A.tan2A.tanA 

Q13) Prove that 
\_[QV\_[�QV\_[;QV\_[>Q

^l\QV^l\�QV^l\;QV^l\>Q
 = tan4A 

Q14) If 
\_[ CƟV �G
^l\ CƟJ�)  = 

�J�

�V� , prove that  tan(
�
� −  Ɵ)tan(

�

�
−  �)  = m 

Q16) Prove that,  

1. 2 tan-1�
�  + tan-1�

>  = 
�
� 

2. tan-1x + tan-1 �S
�J TU  =  tan-1�TJTU

�J �TU, where x2 < 
�
� 

3. tan [
�
�sin-1 �S

�V TU + 
�
�cos-1�J TU

�V TU]  = 
�T

�J TU 

Q17) Prove that, 

 cos-1 ��`ƟV��`�
�V ^l\Ɵ^l\�  = 2 tan-1[���

Ɵ

�
���

�

�
] 

              

Reference Books: 

1. Plane Trigonometry, by S.L. Loney Part 1 

2. Modern Approach to Intermediate Trigonometry, by Das Gupta and Prasad. 
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Module-8 

Probability 

Lectures required -02 

Probability theory deals with the rules governing the chances of occurrence of 

phenomena, which are random in nature. To introduce probability, certain basic terms are 

needed, we first discuss those terms. 

Random experiment:  

A random experiment is an experiment which can be repeated under identical 

conditions, the set of all possible outcomes is known but before any particular performance of 

the experiment, we cannot predict which outcome will occur. For example, tossing of a coin, 

rolling of a die etc.  Any particular performance of a random experiment is called a trial. 

Sample space:  

The set S of all possible outcomes of a random experiment is called the sample space 

associated with that random experiment.  For example, in tossing of a coin, � = ��, �� where H 

and T resp. denote getting a head and tail.  In rolling of a die, � = ��	, �
, ��, ��, �, ��� where 

�� denotes the outcome in which � appears at the uppermost face, � =  1, 2, 3, 4, 5, 6 . 

Event:  

An event in a random experiment is defined as any subset � of the sample space S. 

Singleton subsets are called elementary events, ∅ is called the impossible event and S is called 

the certain event, e.g., in rolling of a die ��	, ��, �  � is an event which is precisely ‘getting an 

odd number’.  

 If for any two events A and B,  � ∈ � ∪ �  we say that at least one of the events A or B 

occurs.  If  � ∈ � ∩ �, then we say that both A and B have occurred.  If � ∉ �, then we say that 

the complementary event �′ has occurred. 

Favourable outcomes to an event:  

An outcome is said to be favourable to an event A if it entails the happening of that 

event. The outcomes favourable to an event A are precisely the outcomes which belong to A. 

Equally likely outcomes:  

Two outcomes are said to be equally likely if there is no reason to expect any one of 

them more than the other.  For example, if a coin in unbiased, then getting a head or tail will be 

equally likely but if the coin is biased then getting a head or tail will not be equally likely. 
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Mutually exclusive events:  

Two events A and B are said to be mutually exclusive if � ∩ � = ∅, i.e, there is no 

outcome favourable to both the events simultaneously.  

Classical definition of probability:  

If in a random experiment, the sample space consists of a finite number n of equally 

likely outcomes and m of them are favourable to an event A, then probability of an event A, 

denoted by !(�), is defined as 
$
%  

It is easy to see that 

I. 0 ≤ !(�) ≤ 1 

II. !(∅) = 0, !(�) = 1 

III. !(�() = 1 − !(�) 

Example 1: An urn contains 8 white balls and 3 red balls.  If two balls are drawn at random, find 

the probability that (i), both are white, (ii) both are red, (iii) one is white and one is red. 

Solution. These are 11*+mutually exclusive, equally likely and exhaustive ways to draw two 

balls out of 11 balls. 

(i) The no. of ways in which two while balls can be drawn from 8 while balls, is 8*+.   

Hence the required probability  is  ./+
		/+

 =  
.
 

(ii) The probability of getting 2 red balls =
 �/+
		/+

= �
 

(iii) The probability of getting one white and one red ball= 
.×�
		/+

= 
�
 

 The classical definition of probability has some defects:  

(i) It involves the term “equally likely” outcomes.  It cannot be applied if the outcomes are 

not equally likely. 

(ii) It is assumed that the number of possible outcomes is finite.  If the number of possible 

outcomes is infinite, the classical definition is not applicable. 

To overcome these shortcomings, the following definition was introduced. 

Statistical (or Empirical or Frequency) definition of probability: 
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Let a random experiment � be repeated N times under uniform conditions in which an 

event A occurs 1 (�) times, then 1 (�) is called the absolute frequency of A.  The ratio 
2 (3)

2  is 

called the relative frequency or the frequency ratio.  The probability of the event A, denoted by 

! (�),  is defined as lim%→7
2 (3)

2  , assuming that this limit is finite. 

  Later on, another approach to introduce probability was developed which is called the 

axiomatic development of the probability. In this approach, probability is defined as a function 

‘P’ which associates a real number P (A) to each event A, which satisfies the following three 

axioms: 

(i) !(�) ≥ 0, for each A 
(ii) !(�) = 1 
(iii)If �	, �
, ��, … are a countable number of events such that  

 �� ∩ �I = ∅ for � ≠ K, then !(⋃ ��7�M	 ) = ∑ !(��7�M	 ). 
 Now we mention two basic laws of probability which are stated in the form of two theorems as 

follows: 

Additive Law of probability (Theorem of total probability): 

For any two events A and B,  

 !(� ∪ �) = !(�) + !(�) − !(� ∩ �) 

In particular if � and � are mutually exclusive then !(� ∪ �) =  !(�) + !(�), since in this case 

� ∪ � = ∅ =>  !(� ∩ �) = 0 

If there are N mutually exclusive events  A	, A
, A�, … … … … … … AR then  

!(�	 ∪  �
 … … … … … … . .∪ �%) = !(�	) + !(�
) + ⋯ + !(�%) ,              

Next we define conditional probability. 

Definition: 

   The probability of occurrence of an event B on the hypothesis that the event A has already 

occurred, is called the conditional probability of �, given �, denoted by !(�|�), is defined as 

follows: 

!(�|�) = [(3∪\)
[(\)                       provided !(�)  ≠ 0 

Similarly, !(�|�) = !(�∩�)
!(�) ,          provided !(�)  ≠ 0  
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Thus if !(�) ≠ 0, !(�) ≠ 0 then 

!(� ∩ �) =  !(�). !((�|�)) = !(�). !](�|�)^ 

Definition: 

 Two events A and B are said to be independent if !(� ∩ �) = !(�). !(�) 

For any two independent events A and B, the following statements are equivalent: 

(i) !(� ∩ �) =  !(�). !(�) 

(ii) !(�|�)   =  !(�) if !(�) > 0   

(iii) !(�|�) =  !(�) if !(�) > 0 

Example 2: An urn contains 10 white and 8 black balls.  Two balls are drawn at random.  Find 

the probability that they are of the same colour. 

Solution: The total no. of ways of drawing two balls is18*+ .  The balls drawn will be of the same 

colour if either both are while or both are black. 

  The required probability = 
10`2
18`2

+ 8`2
18`2

= �a
.
	�  

    =    
b�

	� 

Example 3. A can solve 75% of the problems of a book and B can solve 70%. What is the 

probability that either A or B can solve a problem chosen at random from the book? 

Solution. The required probability 

                       =!(�) + !(�) − !(� ∩ �) 

                      = !(�) + !(�) − !(�). !(�) 

                   = �� + b
	c − �

�  . b
	c = �b

�c  
Example 4. A bag contains 4 red balls and 3 black balls.  Two drawings of two balls are made.  

Find the chance that the first drawing gives 2 red balls and the second drawing gives two blue 

balls: 

(i) If the balls are returned to the bag after the first draw, 

(ii) If the balls are not returned. 

Solution. (i) The total no. of ways in which two balls are drawn out of 7 balls, is 7*+. The      

total no. of ways of drawing 2 red balls out of 4, is 4*+. Hence in the first draw the probability 
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of drawing two red balls is 
4`2
7`2

 . In the second draw, the probability of drawing 2 blue balls 

is �/+
b/+

 . The required probability is  

  
�/+
b/+

× �/+
b/+

 = 


b × 	

b = 

�e 

 (ii) In this case the probability of drawing 2 red balls in the first draw is 
�/+
b/+

 in the       

second draw, the probability of drawing 2 blue balls is 3`25`2
.  

Hence the required probability 4`27`2
× 3`25`2

 = 


b × �

	c = �
� 

 
In the following theorem we state Bayes’ formula. 

 

Theorem: If  �	, �
, ��, … … … … … … �% are given set of mutually exclusive and   

exhaustive events such that 

       A=⋃ ��%�M	  and �� ∩ �I = ∅ for � ≠ K, then for any event A, 

(i)   P(A) = ∑ !(��%�M	 ). !(�|��) 

 

(ii) Bayes’ Formula: P(�f|�) = g(3h) g]�fi�^
g(j) , provided  !(�) ≠ 0. 

 

                                                     =  P(�f) P(�f|�)
∑ !(��%�M	 ). !((�|��) 

 

lmnopqr. s   The contents of three boxes are as follows: 

 

            Box 1: 1 white and 2 black balls 

  Box 2:  2 white and 1 black balls 

  Box 3:  2 white and 2 black balls 

One of these boxes are selected at random and one ball is drawn at random from it.  

What is the probability that the third box was chosen? 
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 Solution: Let �� denote the event that the ball is drawn from the �th  box, �=1, 2, 3. Then the 

events �	, �
, �� are mutually exclusive and exhaustive and  

                         P(�	) = P(�
) = P(��) = 	
� 

 Let A denote the event of drawing a white ball then  

P(�|�	) = 	
� , P(�|�
) = 


�,   P(�|��) = 	

   

Using Bayes(formula, we get 

P(��|�) = [(3v).[]�i��^
∑ [(3wvwxy ).[]�i��^ = 	/�  ×	/


y
v×y

vay
v×y

vay
v×y

+
   

               = 
	/�  ×	/

y
v(y

va+
vay

+)= 	� 

 

==================================================================== 
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                       Random Variables and Probability Distributions  

 

Random Variable:  

A real valued function X defined on a sample space is called a random variable. The 

range of the function X is called the spectrum of the random variable. The random variable 

X is called discrete or continuous according as the spectrum is discrete or continuous. 

 

Discrete Probability Distribution:  

Let x be a discrete random variable and suppose its possible values are  {	,   {
,
{�, … . . , {% … … , then the function | defined as follows: 

                                       |({) = !({ = {f), when { = {f 

                             = 0          ~| { ≠ {f . 
is called the probability function or the probability mass function of x.  The 

probability function always satisfies: 

(i) |({) ≥ 0 for each { 

(ii) ∑ |({f7�M	 ) = 1 

Mean and variance of a discrete probability distribution are defined as follows. 

                               Mean (x) ={̅  =∑ {f|({f7fM	 ) 

                               Var (x) = �
 = ∑ ({f − { �7fM	 )2 |({f) 

                                  = ∑ {f
 |({f) − { �7fM	 2 

Positive square root of the variance is called the standard deviation of {. 
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lmnopqr�. Find the mean and variance of a random variable X where X denotes the number 

appeared at the uppermost face in a throw of an unbiased die. 

Solution.   

       X: 1 2 3 4 5 6  

   P(X): 
	
�       

	
�         

	
�         	�        

	
�          

	
�   

          Mean(X):  ∑ �!(���M	 ) = 1 × 	
� + 2 × 	

� + 3 × 	
� + 4 × 	

� + 5 × 	
� + 6 × 	

� 

                        =  1
6   (1+2+3+4+5+6) 

                        = 

	
�  = b

�   

          Var(�)= ∑ (� − � ���M	 )2 !(�) = ∑ �
!(���M	 ) − ��� 

                     = 
	
� �1
 + 2
 + 3
 + 4
 + 5
 + 6
� − �e

e  

               = 	b
	.   

Distribution function:  

  The distribution function (also called cumulative distribution function) ‘F’ of a random 

variable � is a function of real variable { defined as follows: 

                                        �({) = !(−∞ < � ≤ {) 

 The distribution function �({) satisfies the following properties: 

(i)    �({) is non − decreasing, �. �, for { ≤ �, �({) ≤ �(�) 

(ii)   �(−∞) = 0,    �(∞) = 1 

(iii)   F is continuous from the right, i.e. , lim�→ca  �({ + ℎ) = �({) for each {. 

         For a discrete probability distribution  �({) = ∑ |({f �h�� ) 
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Example 2. Suppose an unbiased coin is tossed two times so that the sample space is � =
���, ��, ��, ���.  Let X represent the number of heads obtained. Then for each sample point, 

we associate a number X as follows: 

  Sample point:  HH  HT           TH            TT 

                    X:                2   1  1  0 

  Then X is a discrete random variable with the probabilities given by: 

                   !(� = 0) = !(��) = !(�). !(�) = 	

  . 	


 = 	
�  

                  !(� = 1) = !(�� ∪ ��) = !(��) + !(��) = 	
� + 	

� = 	

  

               !(� = 2) = !(��) = !(�). !(�) = 	
� 

   The corresponding cumulative distribution function is gives as follows: 

            �({) = 0,                               −∞ < { < 0 

                      = 
	 
�   ,                              0 ≤ { < 1 

                     = 
	 
� + 	


 = �
�  ,                 1 ≤ { < 2 

                     = 1   ,                2≤ { < ∞ 

  Now we consider probability distribution of a continuous random variable. 

 If X is a continuous random variable, it can assume values on a continuous scale.   

  In this case, the probability that X takes a value on the interval � ≤ { ≤ � is defined as ∶ 

                                     !(� ≤ { ≤ �) =� |({)�{�
�  

where | is an integrable function defined for all values of the random variable with which we are 

concerned, satisfying the following conditions: 
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(1) |({) ≥ 0 for all { within the domain of |. 
(2) � |({)�{ 7

�7 =1 

     Here | is called the probability density function of �. 
     The cumulative distribution function F of a continuous random variable �, is given by: 

          �({) = � |(�)�� �
�7  

       It follows that  

          !(� ≤ { ≤ �) = �(−∞ < � ≤ �) − �(−∞ < � ≤ �) 

         = �(�) − |(�) = � |({)�{
�

�
 

      According to the fundamental theorem of integral calculus: 

                            ��({)
�{ = |({) 

      where the derivative exists. 
In continuous probability distribution mean and variance are defined as follows: 

                           Mean ({) = � { |({)�{ 7
�7 = {̅ 

Var ({) = �  
7

�7
({ − { �)
|({)�{ = �  

7

�7
{
|({)�{ − {̅
 

lmnopqr �: Find the constant � such that the following function becomes a probability 

density function: 

|({) = 1/�  ,                         � ≤ { ≤ � 

                                                            = 0  otherwise.        
Determine the mean, variance of the distribution and the cumulative distribution function. 

Solution: For |({) to be a probability density function: 
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(i) |({) ≥0, for all { and (ii) � |({)�{ 7
�7 = 1 

which gives � 	
f �{ = 1 �

�      =>  � = (� − �) 

Mean ({) = � { |({)�{ = 7
�7 � �

(���) �{ = 	

 �

�
]�+��+^

(���)  = 	
  (� + �) 

Var ({) = �  
7

�7
({ − { � )
|({)�{ = � {


(� − �) �{ − 1
4

�

�
(� + �)
 

 

    =  	�
(�v��v)

(���) − 	
� (� + �)
 

                 = 	� (� − �). (�+a��a�+)
(���) − 	

� (� + �)
 

    = 	� (�
 + �� + �
) – 	�  (�
 + �
 + 2��) 

    =  �+a�+
	
 − �� (	


 − 	
�) 

    = �+a�+
	
 − ��

� = �+a�+�
��
	
  

    = 	
 	
 (� − �)
 

 

Cumulative distribution function: 

�({) = � |({)�{ �
�7 = 0,              �|= { ≤ � 

    =� |({)�{ �
�7 + � |({)�{ = �

�
���
���  if � < { < � 

    =� |({)�{ �
�7 + � |({)�{ + �

� � |({)�{ = 1  if �
�  { ≥ � 

Binomial Probability Distribution:  

Suppose a trial is repeated � times.  Let us call the occurrence of an event a ‘success’ and its 

non-occurrence’, a ‘failure’ we assume that ‘�’ is the probability of a success and ‘¡’ is the 

probability of a failure. So � + ¡ = 1. There are two assumptions: (i) all the trials are 

independent and (ii) The probability p of a success remains the same in each trial. Let x denote 

the number of successes obtained in a series of n trials.  Then the probability of getting { = £ 

successes is given by 
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 !({ = £) = �¤¥ �¥  ¡%�¥ ,           £ = 0, 1, 2, … … … … … . �                            (1) 

 We have      ∑ !({ = £)%¥Mc = ∑ �¤¥  �¥  ¡%�¥ = 1%¥Mc  

Hence (i) defines a discrete probability distribution, called as a binomial probability distribution. 

Mean and variance of this distribution are given by: 

Mean ({) = � � and variance ({) = � � ¡. 
Example 3: 

The incidence of occupational disease in an industry is such that the workers have a 20% 

chance of suffering from it.  What is the probability that out of six workers, 4 or more will catch 

the disease? 

Solution.  

Here � = 6, � = 0.2, ¡ = 0.8. 
 The required probability = 6¤�(0.2)
(0.8)
 + 6¤(0.2)(0.8) + (0.8)� 

Example 4. 

Suppose the probability of a new born baby being a boy, is 0.51. In a family of 8 

children, calculate the probability that there are 4 or 5 boys. 

Solution.  

Here � = 8,               � = 0.51,                  ¡ = 0.49 

The required probability is 8¤�(0.51)�  (0.49)� + 8¤(0.51) (0.49)� 
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                                     ASSIGNMENT 

 

1. If � and � are two independent events, show that (i) � and �′ are independent, (ii) �′ and �′are 

independent. (Here �(, �′ denote respectively the complementary events of � and �). 

2. When two perfect dice are thrown, find the probability that the sum of the numbers obtained is 6 

and 7.                                                                                                                                 (Ans. 
		
��) 

3. � and � alternately throw a pair of dice, �, starting the game.  � wins if he throws six before � 

throws 7 and � wins if he throw 7 before � throws 6.  What is the probability of �’s winning?  

                                                                                                                                                               (Ans. �c
�	)                                                             

4. There are three persons aged 50 years, 60 years and 70 years respectively.  The probability to 

live 10 years more is 
�
 for a 50 years old, 

	

 for a 60 years old and  

	
   for a 70 years old person. 

Find the probability that at least two of them will survive 10 years more.                         (Ans. 	
)                           

5. Two urns contain respectively 2 white and 1 black ball, and 1 white and 5 black balls.  One ball 

is transferred from the first urn to the second urn, and then a ball is drawn from the second urn.  

What is the probability that the ball drawn is white?        .                                                 (Ans. 

	)    

6. In a factory manufacturing bulbs, machines 1, 2, 3 manufacture respectively 20, 45, and 35% of 

the total output, of this 3, 5 and 4% respectively are defective. A bulb is drawn at random from 

the total output and found to be defective.  Find the probability that it was manufactured by 

machine number 1.              (Ans.0.14) 

7. If 10 % bolts produced by a machine are defective, determine the probability that out of 10 bolts 

chosen at random, (i) one, (ii) none, (iii) at most two bolts will be defective.   

                                                                              (Ans. (i) 0.3874, (ii) 0.3487, (iii) 0.9298) 

8. Compute the mean, median and made for the following frequency distribution. 

Table: Frequency distribution of I.Q. for 309 six-years-old children. 

 

I.Q. 160-169 150-159 140-149 130-139 120-129 110-119 100-109 

frequency 2 3 7 19 37 79 69 
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                                                                                                               Ans.108.48, 108.41, 111.42 

9. For a set of 250 observations on a certain variable {, the mean and s. d. are respectively 65.7 

and 4.4. However, on scrutining the data it is found that two observations, which should be 

correctly read as 71 and 83, had been wrongly recorded as 91 and 80. Obtain the correct 

value of mean and s. d.                                                                          (Ans.  {̅= 65.6,  � = 4.2 

 

 

 

References: 

(i) Mathematical Statistics, J. N. Kapur & H. C. Saxena. 

(ii) Probability and Statistics for Engineers, Irwin Miller & John E. Freund. 

(iii) Elements of Probability and Statistics, A. P. Baisnab & M. Jas. 

(iv)  Statistics, Schaum’s Outlines, M. R. Spiegel & L. J. Stephens. 

(v) Probability and Statistics, Schaum’s Outlines, M. R. Spiegel, J. J. Schiller, R. A. 

Srinivasan. 

       

                            

                                                                                                                                                                                                   

I.Q 90-99 80-89 70-79 60-69 50-59 40-49 Total 

frequency 65 17 5 3 2 1 309 
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Module-9 Statistics 

Measures of Central Tendency 

The primary purpose of statistical methods is to summarize the information contained in any set of 

collected data.  The purpose is served by classifying the data in form of a frequency distribution and 

using various graphs, viz., line diagrams, bar diagrams, pictorial diagrams, representation of 

percentages, statistical maps. When the data related to a variable, the process of summarization can be 

taken a long step further by using certain descriptive measures.   The aim is to focus on certain features 

of the data which will describe the general nature of the data.  The two most important features are 

Central tendency and Dispersion. 

Central Tendency: 

  Let us consider the following table. 

Table 1: Yield per plant for 12 tomato plants of a particular verifies: 

Plant No. Yield (gm.) Plant No. Yield (gm.) 

1. 1,216 7. 1,202 

2. 1,374 8. 1,372 

3. 1,167 9. 1,278 

4. 1,232 10. 1,141 

5. 1,407 11. 1,221 

6. 1,453 12. 1,329 

 

From Table 1, it is clearly evident that the figures seem to cluster around some point between 1,200 gm. 

and 1,300 gm.  However, we need a single value, the central value, to represent the whole set of figures.  

Such a representative or typical value of a variable is called the measure of central tendency or an 

average. 

Three commonly used measures of central tendency are  

I. Arithmetic mean 

II. Median 

III. Mode 

Arithmetic Mean: 

Let us denote the variable by �, and the corresponding values of the variable � by  �� , ��, … … . �� . 
For example, let � represents the height of 	 students and the corresponding heights are represented by 

�� , ��, … … . ��. 
Then the arithmetic mean (
. �) of � is given by, 
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                                        �̅  �
� ∑ ������                                                                              (1.1) 

Example 1.  For the data given in Table 1.  
. �  is … ..    

 1,216 � 1,374 � ⋯ � 1,329 
12  

      = 
��,���

��  

= 1,282.67 gm. 

Example 2.  

Let us consider the following table 

Table 2. Frequency distribution of number of peas per pod for 198 pods.   

No. of Peas 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

 

Total 

Frequency ���  

4 

33 

76 

50 

26 

8 

1 

 

                   198 =∑ ��!��"  

   

In the above table, the value 1 occurs 4 times, value 2 occurs 33 times, and so on. 

Therefore, if in the above example � represents the no. of peas per pod and the corresponding value of �, 
i.e., ��  (#=1, 2,  …. . …198) represents the no. of peas in it 	 pod, then… 

$ �� 
��%

���
11 & 4 � 2 & 33 � 3 & 76 � 4 & 50 � 5 & 26 � 6 & 8 � 7 & 1 

                   = 683. 

Hence, 
. � of � is given by…. 

�̅  11 & 4 � 2 & 33 � 3 & 76 � 4 & 50 � 5 & 26 � 6 & 8 � 7 & 1
198  

=  *%�
�%   =20.697 
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Therefore, if the numbers occur +_1, +_2, … … … … . . +� times, respectively (i.e., occur with 

frequencies+�, +�, … … … … . +� the arithmetic mean is given by 

 �̅   ∑ -. /.01 2.
 ∑ 2./.01       �

3 ∑ ������ +�                                                                              (1.2)    

Where N=   ∑ +�����    is the total frequency. 

When we have a frequency table which represents the frequencies in the different classes, then also we 

will use the formula (1.2) for calculating the arithmetic mean.  However, in this case xi will represent the 

mid value of width class interval.  But in this case (1.2) will give only an approximate value of the mean.  

The error of approximation will be negligible provided the range of x is very large compared to the 

width of the clan-intervals. 

Example 3. 

(a.) Find the arithmetic mean of the following frequency distribution 

  

��  : 1 2 3 4 5 6 7 

+�  : 5 9 12 17 14 10 6 

(b.) Calculate the arithmetic mean of the marks from the following table: 

 

Marks: 0-10              10-20           20-30                30-40                     40-50                 50-60 

No. of 

students. 
12                  18                27                    20                             17                       6 

 

Solution: 

(A)                 4�                            ��                                            4���      

.          1   5              5     

           2   9   18    

           3   12   36 

           4   17   68 

           5   14   70 

           6   10   60 

           7     6   42 

          Total   73   299 
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 � 5  ∑ -.2.
 ∑ 2.

    = ���
6�  = 4.0959             

(b) : 

Marks        Mid Points    No. of Students  4��� 

              4�                        ��      

0-10    5   12   60  

10-20    15   18   270 

20-30    25   27   675 

30-40    35   20   700 

40-50    45   17   765 

50-60    55   6   330 

       100   2800 

Arithmetic mean (A.M) = 
∑ -.2.
 ∑ 2.      

                          

  = 
�%77
�77   = 28. 

 
Average marks of the students are 28. 

 

It may be noted here that if the values of 4�’9 (and) or   ��′; are large, the calculation of mean by formula 

(1.2) is quite time-consuming and tedious. 

 

 Let <�     4�   –  
, #  1, 2, … … … . 	 

+�  <�    $ +� �4� > 
  +�  �� > 
+� , #  1, 2, … . 	 

 
�
3 ∑ +� ?�  �

3 ∑ ������ +� > 
         ... @  ∑ +#
	#1        

 

                                 =        �̅ > 
.                                                                
 

                                                                                                                     (1.3) 

 

 

where A is any arbitrary point. 

�̅  A � 1
 @  $ +�

�

���
?�     
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 Let us verify frequency distribution. 

Let ?�= 
-.BC

D   ,      #  1,2, … … … … … 	          

 A is an arbitrary point 

E is the common magnitude of class interval  

Now  E ?#  �# > 
 

� ∑ E ?��   ��� +�    ∑ ���   ��� +� > 
 ∑ +��   ���  

� 
D
3  ∑  ?��   ��� +�  � 5 > 
           

 

 

                 (1.4) 

 

 

Example 4. 

Calculate the simple mean/arithmetic mean/ mean for the following frequency distribution. 

 

Class interval:  0-8     8-16             16-24             24-32               32-40                     40-48 

 

Frequency: 8        7                16                   24      15   7 

 

Solution: 

  Class interval           Mid Value�4�        Frequency ���        �<�  4�BF
G                ��<� 

 0-8   4   8      -3  -24 

 8-16   12   7      -2  -14 

16-24   20   16      -1  -16 

24-32   28(=A)   24       0    0 

32-40   36   15       1   15 

40-48   44   7       2  14 

Total               77(=N)     -25 
  

�̅  A � E
 @  $ ?�

�

���
+�      
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Let us consider A=28 & h=8 

 
�̅  A � D

 3  ∑ +� ?�   28 � %
66  �>25   

   =25.404 

The Weighted Arithmetic Mean: 

In calculating arithmetic mean we assume that all the items in the distribution have equal importance.  

But in practice this may not be so. If same items in a distribution are more important than others, then 

this point must be considered in calculating the average.  In such cases, proper weights must be given to 

various items.  The weights attached to each item being proportional to the importance of the item in the 

distribution. 

For example, let H� be the weight attached to the item  

��, #= 1, 2, . . . .…………	 then we define: 

Weighted arithmetic mean (or weighted mean) 

  =∑ H����� ��   /  ∑ H�����                                                                                      (1.5) 

 

Example 5: 

If a final examination in a course is weighted 3 times as much as a quiz and a student has a final 

examination grade of 85 and quiz grades of and 90, then the mean grade is. 

       � 5  �&67J�&�7J�&%� 
�J�J�  =415/5=83. 

 

Median: 

Median of a distribution is the value of the variable which divides the entire set of values into two equal 

parts.  The median is thus a positional average. 

 In case of ungrouped data, if the number of observations is odd then median is the middle value 

after the values have been arranged in ascending or descending order of magnitude.  In case of even 

number of observations, there are two middle terms and median is obtained by taking the arithmetic 

mean of the middle terms. 
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For example, the median of the values 25, 20, 15, 10, 5, 21, 7, i.e. 5, 7, 10, 15, 20, 21, 25 is 15. 

And the median of 8, 16, 12, 1, 2, 9, 15, 30, 25, 4 i.e. 1, 2, 4, 8, 9, 12, 15, 16, 25, 30 is 

= 
�
� �9 � 12  10.5 

Remark: In case of even number of observation, in fact any value lying between the two middle values 

can be taken as median but conventionally we take it to be the mean of the middle term. 

In case of discrete frequency distribution median is obtained by considering the cumulative frequencies. 

The steps for calculating median are given below: 

I. Find 
�
� @, where @  ∑ +�����  

II. see the (less then) cumulative frequency(c.f.) just greater than 
�
� @. 

III. The corresponding value of � is median. 

Example 6. 

 Obtain the median for the following frequency distribution: 

�� : 1 2 3 4 5 6 7 8 9 

+�  : 8 10 11 16 20 25 15 9 6 

Solution:                4�                              ��                                 O. �. 
             1           8   8 

  2   10   18  

  3   11   29 

  4   16   45 

  5   20   65 

  6   25   90 

  7   15   105 

  8   9   114 

  9   6   120 (=N) 

              ∴    
�
� @  ��7

�  60 

    ∴ The cumulative frequency just greater then @/2 is 65 and the corresponding value of ��  is 5. 
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∴ Median is 5. 

Median for continuous frequency distribution: 

In case of continuous frequency distribution, the class corresponding to the (less than) cumulative 

frequency just greater than 
�
� @ is called the median class and the value of median is obtained by the 

following formula. 

 Median = Q+D
2  �3

� > R                                                                                   (1.6) 

 

Where,  
Q  is the lower limit of the median class. 

+   is the frequency of the median class. 
E   is the length of the median class. 
R   is the c. f. of the class preceding the median class. 
 

Example. 7 

 Find the median wage of the following distribution  

Wages (in Rs.):  2000-3000 3000-4000 4000-5000 5000-6000 6000-7000 

No. of workers:          3               5          20         10         5   

Solution: 

cdef;��g h;.    ij. j� kjlmfl;   O. � 

2000-3000    3    3 

3000-4000    5    8 

4000-5000    20    28 

5000-6000    10    38 

6000-7000    5    43 

 

N=43,     => 
3
�  21.5   
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Cumulative frequency just greater than 21.5 is 28 and the corresponding class is 4000-5000. 

Thus the median class is 4000-5000. 

These median wages is Rs 4,675 

 

Mode: 

Made is the value which occurs most frequently in a set of observations.  In other words, made is the 

value of the variable which is predominant in the series.  For example, in the following frequency 

distribution 

� : 1 2 3 4 5 6 7 8  
+ :  4 9 16 25 22 15 7 3 

Value of � corresponding to the maximum frequency, n#o, 25 are 4. Hence, mode is 4. 
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Mode for continuous frequency distribution: 
In case of continuous frequency distribution, made is given by the formula: 

Mode  Q � D�21B2p 
�21B2p B�2qB21       

     = Q � D�21B2p 
�21B2pB2q                                        (1.7) 

Where,   Q  is lower limit of the modal class. 

    h is length/magnitude of the modal class. 

    +� is  frequency of the class preceding the modal class. 

    +�  is Frequency of the class succeeding the modal class. 

In modal class is the class with maximum frequency. 

Example 8. 

Find the mode for the following distribution  

Class-interval: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 

Frequency:    5     8     7    12    28     20     10     10  

 

Solution: Maximum frequency is 28 

         ∴ The modal class is 40-50 

 ∴Mode = 10 � 10�28>12 
2&28>12>20  = 40+6.666=46.67 

 

DISPERSION  

Average or measures of central tendency give us an idea of the concentration of the observations about 

the central part of the distribution. 

Let us consider the following three set of data 

I. � :  7, 8, 9, 10, 11 =>  ∑ ��  45 & �̅  9 
II. � : 3, 6, 9, 12, 15  => ∑ ��  45 & �̅  9 

III. � :  1, 5, 9, 13, 17  => ∑ ��  45 & �̅  9 
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In all the above cases we have 5 observations with mean 9. If we have given that the mean of 5 

observations is 9 we cannot form an idea as to whether it is the average of 1st set of data or 3rd set of data 

or some other set of data.  Whose sum is 45. 

Thus we see that the measures of central tendency are inadequate to give us a complete idea of the 

distribution.  They must be supported and supplemented by some other measures.             One such 

measure is dispersion. 

 Literal meaning of dispersion is “scatteredness” Dispersion gives us an idea about the 

homogeneity or heterogeneity of the distribution. 

Measures of Dispersion: 

Various measures of dispersion are as follows: 

I. Range. 
II. Mean deviation. 

III. Standard deviation. 
 Range: 

The simplest measure of the dispersion of a variable is its range, which is defined as the difference 

between the highest (maximum) and the lowest (minimum) Values of the observation/variable. 

Let us consider an example here. Suppose two students, A and B of a college received the following 

marks in eight monthly examinations in a particular subject: 

 Marks obtained     Marks obtained 

         by A                 by B 

  63       61 

  47       54 

  56       56 

  44       57 

  66       60 

  65       59 

  80       55 

  43       62 

In this example, average score of both the student A & B is same, i. e., 58.  In this example, the range of 

the marks obtained by A is 80-43=37 and that of B is 62-54=8. 
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 Mean deviation: 

Let �C be the chosen average value of the variable x, then �� > �C is the deviation of the #tD given value 

of � from the average. Clearly the higher the deviations  

�� > �C, �� > �C,   …………..�� > �C 

In magnitude, the higher is the dispersion of x.  One may therefore, consider some way of combining the 

deviations to get a measure of dispersion. It is headily seen that the simple arithmetic mean of the 

deviations, viz. 
�
� ∑ ��� > �C�  , cannot serve this purpose, as the sum of the deviation and proportionally 

the arithmetic mean may be quite small even when the individual deviations are large, positive and 

negative deviations almost cancelling each other.  In fact, if �C  is considered to the arithmetic mean of x, 

then the sum of the deviation vanishes, whatever the deviations are individually.  This difficulty may be 

overcome by considering, their absolute values instead of the deviations in which the magnitude of the 

deviations (and not their sign) will be considered.  The arithmetic mean of the absolute deviations of 

�� from �C is the required measure of dispersion and is referred to as the mean deviation of � about �C, 

denoted by �uC and given by- 

�uC= 
�
�  ∑ +�|�� > �C|����                                                                                                            (2.1) 

It can be shown that �uC is least when measure about median.  Let us consider the same example as 

discussed above. 

Marks obtained  4�
�" > 4B�"    Marks obtained  4�

�w > 4B�w  
By F�4"                                                                  by F�4�w   

63          5     61     3 

47                         -11     54   -4 

56                   -2     56   -2 

44                        -14     57   -1 

66                    8     60    2 

65                   7      59    1 

80                  22                                                55              -3  

 43                 -15     62    4 

Let  

4B�"  = 4B�w  = � 5= 58 =  �C (Arithmetic Mean) 

∴ ∑  x��
�� > �Cx%��� =5+11+2+14+8+7+22+15=84 
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∴ 1
8  ∑  |�# > �
|8#1 =

%y
%  10.5 

∑  x��
�� > �Cx%��� =3+4+2+1+2+1+3+4=20 

∴ 
�
% ∑  x��

�� > �Cx%��� =
�7
%  2.5 

∴ Mean deviation of the marks obtained by the students A and B about the arithmetic mean 58 are 10.5 

and 2.5, respectively. 

If (�� ,  +�),  #=1, 2, ………………	 be the frequency distribution of a variable �, the mean deviation of � 

about the average �C (may be mean, median or mode) is given by… 

�uC= 
�
3  ∑ +�|�� > �C|����           ; ∑ +�  @����                                                                                   (2.2) 

 Example 9. 

Calculate the mean deviation from mean (A.M) for the following data: 

        Marks:  0-10 10-20 20-30 30-40 40-50 50-60 60-70 

              No. of Students:    6   5   8   15   7   6   3 

 Marks Mid Points No. of students <�=
4�BF

G  <���   |4� > 45| 
     (4�)   (��)                |4� > zz. {|  

     

      0-10      5   6       -3     -18     28.4 

     10-20      15   5       -2     -10       18.4 

     20-30      25   8       -1     --8      8.4 

     30-40        35(=A)  15         0       0         1.6 

     40-50       45   7         1       7       11.6 

     50-60       55   6         2       12       21.6 

     60-70                65                         3                             3                      9       31.6 

              50 (=N)          8 

 @  $ +�  50
�

���
 

|}~ 
  35 & E  10 
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. �.=�̅  
 � D
�  ∑ +�?�6���  35 � �7

�7 �>8  

=35-1.6 = 33.4 = 45 

�u-̅  1
@ $ +�|�� > �̅|

6

���
 

= 
�

�7 �6 & 28.4 � 5 & 18.4 � 8 & 8.4 � 15 & 1.6 � 7 & 11.6 � 6 & 21.6 � 3 & 31.6� 

=    
���.w

��  

=13.184 
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Standard deviation and Root mean square deviation: 

Standard deviation, usually denoted by the Greek letter small sigma (�), is the positive square root of the 

arithmetic mean of the squares of the deviations of the given values from their arithmetic mean. For the 

frequency distribution ��⃓+�  �#  1, 2, … … … … … . 	  

For the arithmetic mean �̅ of distribution  

�  ��
�  ∑ ��� > �̅ ����  2                                                                                                              (2.3) 

For the frequency distribution �4� , ��  , i =1, 2, … … … … … . . , � 

s. d. of the variable x is given by 

�  ��
3  ∑ +���� > �̅ ����  2   , @= ∑ +�                                                                                             �2.4 ����     

The square of the standard deviation (s. d.) is called the variance and is given by   

    σ2=  
�
�  ∑ ��� > �̅ ���� 2                                                                                                              (2.5)   

Or,   �2=  
�
3  ∑ ��� > �̅ ����  2                                                                       (2.6)       

Root mean square deviation, denoted �� “9” is given by:   

s ��
�  ∑ +���� > 
̅ ����  2 ,       N=  ∑ +�����                                                                      (2.7) 

or,  9  ��
�  ∑ ��� > 
̅ ����  2 ,                                                                    (2.8) 

where A is an arbitrary number s2 is called the mean square deviation. 

Relation between  � and s: 

By definition 

 s2= �
3  ∑ +���� > 
 ���� 2 

   = �
 3  ∑ +���� > � 5 � �̅ > 
 ���� 2 

  = 
�
 3  ∑ +����� > � 5  ���� 2+ (�̅ > 
 2+2 ��̅ > 
)��� > �̅ � 

 = �
 3  ∑ +����� ��� > � 5 2+ +�(�̅ > 
 2 +2 ��̅ > 
  �

3  ∑ +�  ��� > �̅ ����  
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 = �
 3  ∑ +����� ��� > � 5 2+ +�(�̅ > 
 2 +0   ∴  ∑ +�  ��� > �̅ ���� =0 

∴ s2 = σ2+?� , Where ?=�̅ > 
. 

∴ s2≥σ2 

 

s2 will be least when ?  0, i.e. � 5  
, hence, we can conclude that mean square deviation and 

consequently root mean square deviation is least when the deviation are taken about A= �̅ , i.e., standard 

deviation is the least value of root mean square deviation. 

Result1. 

  

�-�  
�
�  ∑ ��� > �̅ ���� 2       =     

�
�  ∑ ���� > 2���̅ � �̅ � ����    

                                    

=     
�
�  ∑ ��� > 2�̅ � � �̅ �����  

                      

                                                                                                        (2.9) 

 

Result.2 

�-�  =  
�
3  ∑  +���� > �̅����  2   = 

�
3  ∑ +�  ���� > 2���̅ � �̅ � ����  

= �
3  ∑ +�  ��� > 2�̅ ����

�
3  ∑ +�  �� � +�  �5  � ����  

 = �
3  ∑ +�  ��� > 2�̅ � � �̅ �����  

 �
3  ∑ +�  ��� > �̅ �����                                                                                                     (2.10) 

 

Variance of the combined series: 

Let us suppose that we have two series of data of sizes �� and ��, with mean ����� and  ������, and standard 

deviations σ�and σ�, respectively.  Then the standard deviation σ of the combined series of data of 

size �� � ��, is given by 

 

σ
2=  

�
�1�/q

�	��σ�� � d�� � � 	��σ�� � d�� ��                                                 (2.11) 

where,  d�  ����� > �̅,   d�  ����� > �̅, �	? �̅   �1-1����J�q-q����
�1�/q

, #9 ~E} �}�	 �+ ~E} R���#	}? 9}�#}9. 
Proof: Let ��� ; #   1, 2, … … … … . , 	� and ��� ;  �  1, 2, … … … … 	� 

be two series of data, then 	�    

�-�   =  "g  ∑ 4�w > 45g��"  2    
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�����  �
�1

∑ ����1���                 and                             σ��  �
�1

∑ ���� > ����� �1���      
�����  �

�q
∑ ����q���                                               σ��  �

�q
∑ ���� > ����� �q��� 2 

Then the mean �̅ of the combined series is given by  

�̅= �
�1�/q

�∑ ����1���  + ∑ ����q��� ) = 
�1-1����J�q -q����

�1�/q
, 

 

The variance σ2 of the combined series of data is given by 

σ
2   = �

�1�/q
�∑ ����B�1��� �̅) 2+ ∑ �����q��� > �̅) 2] 

Now  
∑ ����B�1��� �̅) 2=∑ ����B�1��� ����� � ����� > �̅) 2 

=∑ ����B�1��� �̅) 2+	������� > �̅ 2+2(����� > �̅)∑ ����B�1��� �����) 

=	�σ�� � 	������� > �̅ 2+0                 : ∑ ����B�1��� �����) =0 

=	�σ�� � 	�d�2,      Where d�  ����� > �̅ 

Similarly, we get 

∑ �����q��� > �̅) 2 =  	�σ22 � 	�d2,2 
 , where d�  ����� > �̅ 

Hence, σ2=  
�

�1�/q
�	��σ�� � d�� � � 	��σ�� � d�� �� 

Variance and consequently standard deviation is independent of change of origin   

   Let ?�  �� > 
,  
 #9 �	 ���#~��� n�Q }  
1
	 $ +�?�

�

���
 1

	 $ +���� > 
 
�

���
 1

	 $ +��� > 

�

���
 

� ?̅  �̅ > 
 

∴ ?� > ?̅  ��� > 
 > ��̅ > 
  �� > �̅ 

σ-�  �
3 ∑ +���� ���� > �̅) 2 =   �

3 ∑ +��?� ���� > ?̅) 2 

¡4w  ¡<w                                                                                                (2.12) 

Or, σ-�  �
� ∑ +���� >���� �̅) 2 =   �� ∑ �?����� > ?̅) 2=σ¢�    
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Variance is independent of change of origin. 

Let d£   
�¤¥B¦    

§      =>   x£  A � h d£      

∴   x�     A � §
©   ∑ f£ª£��  d£  A � h d� 

∴   x£ > x� = h (d£ > d�)   

∴  σ-�  �
� ∑ +���� >���� �̅) 2 = §q

© ∑ �?����� > ?̅) 2= h� σ«�    

 or       

                                                                                      

                                                                              (2.13) 

=> Variance is independent of change of change of origin but not of scale. 

Example 10:  Calculate the mean and standard deviation for the following table giving the age 

distribution of 542 members. 

Age (in years):  20-30 30-40 40-50 50-60 60-70 70-80 80-90 

No. of members:    3   61   132   153   140    51    2  

Age   Mid   No. of                          
Group  Values   Members  <�   

4�BF 
G               ��<�        ��<�2 

  �4� )      (��) 
 

20-30  25      3    -3     -9               27 

30-40  35      61    -2  -122  244 

40-50  45     132    -1  -132  132 

50-60  55(=A)     153    0  0  0 

60-70  65      140    1  140  140 

70-80  75      51    2  102  204 

80-90  85      2    3  6  18 

Total     542    0  -15  765  

  

σ¤�   h� σ«�   
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   �̅     
 � D
3  ∑ +�?�� = 

��J�7&�B�� 
�y�  55 > 0.28 

=54.72 (years).  ≅ 55 

∴ σ-�   E� σ¢�  = E� �
3 ∑ +�?�� > ��

3 +�?�� � ® 

=1006*�
�y� > �B��

�y� � ®= 141.07. 

∴     Standard deviation (σ-  = √141.07   years = 11.80 years      

Example 11.   

Calculate the s. d. of the marks obtained by two students A and B of a college in eight monthly 

examinations in a particular subject. 

Marks obtained by A:  63 47 56 44 66 65 80 43 

Marks obtained by B:  61 54 56 57 60 59 55 62 

Solution: Let us consider series I (��� ) as marks obtained by A and series II (��� ) as the marks 

obtained by B. 

 

4�"         <�
�"  4�

�" > 45  �<�") 2  4�
�w 

                  <�
�w  4�

�w > 45 �<�
�w 

) 2  

63           5   25  61   3     9 

47        -11   121  54   -4     16 

56        -2   4  56   -2      4 

44         -14  196  57   -1      1 

66          8   64  60   2      4 

65          7   49  59   1      1 

80          22  484  55   -3      9 

43         -15  225  62   4     16 

Total           0   1168  464   0      6                                 

   ∴  �̅�  58  �̅�  �̅       

   ∴ Arithmetic mean of the marks obtained by both the students A and B are same, i.e., 58. 
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σ-�1 �     σ¢�1 �  1
	 $�?�

��  �
�

> �1
	 $ ?�

��   �
�

 

=
�
% & 1168 > °�

% & 0±  146 

= σ-�1  √146 =12.08 

σ-�q �     σ¢�q �  1
	 $�?�

��  �
�

> �1
	 $ ?�

��   �
�

 

=
�
% & 60 > °�

% & 0±  7.5 

∴ σ�  2.739 

Hence, it is observed that though �̅��  58  �̅�� , but  σ-�1 � >  σ-�q � . 

� Marks obtained by the student B is consistent and remain near about 58 throughout, whereas A 

received as high score as so and as low score as 43. 

� Thus arithmetic mean of the marks obtained by A and B gives an overall idea about the nature of 

the marks obtained by B is all eight examination where as it fails to give an idea about the nature 

of the marks obtained by A as ³. u. of the marks obtained by B is very- very less in compare to 

that of A.  Hence, 
. �. can be a good approximation of the marks obtained by B whereas it will 

not be a good approximation for the less of marks obtained by A.    
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PREFACE

Globalization of the world economy and higher education are driving profound changes in
cngincering education system. Worldwide adaptation of Outcome Based Education framework
and enhanced focus on higher order learning and professional skills necessitates paradigm shift
in traditional practices ofcurriculum design, education delivery and assessment. AICTE has also
taken various quality initiatives for strengthening the technical education system in lndia. These
initiatives are essential for promoting quality education in our institutions in the country so that
our students passing out from these institutions may match the pace with global standards.

A quality initiative by AICTE is 'Reyision of Curriculum'. Recently, AIC'I'E has released an
outcome based Model Curriculum for various Undergraduate degree courses in Engineering &
Technology which are available on AlCl'E website. A thrce-week mandatory induction program
is developed as a part of the model curriculum for the first year UG Engineering students which
helps students ,oining the first year of the college from diverse backgrounds to get adjusted in
the new environment ofthe institution.

Education is primarily conceived by students as one simple remembering facts by rote.
However, Science education also requires clear understanding ofscience concepts and a proper
logical thinking or a constructive thinking by students. We all know that the students seeking
admission in an undergraduate degree engineering program have passed their 10+2 in science
but it was felt that a student joining an engineering program after 10+2 require rein[orccment
of fundamental science concepts i.e. basic science courses in physics, Chemistry and
Mathematics. 'l'o support the students, gain better understanding, AICTE decided to initiate thc
task of development of bridge courses in Physics, Chemistry and Mathematics and it was
entrusted to IIT-BHU. These bridge courses aim to accelerate the students, knowledge in these
subjects acquired at 10+2 level; and also bridge the gap between the school science syllabus and
the level needed to understand their applications to cngineering concepts, Therefore, it was
decided that after completion of the 3-week mandatory induction programme introduced for
the first year UG engineering students, bridge course in basic physics, Chemistry and
Mathematics may be taken up by universities/institutions for the students for the remaining
part of thc semester. The concerned LJniversity/institution has a flexibility to adopt thesc
modules on bridge courses by adiusting teaching hours accordingly.

'I'hc lecture based modules in Physics, Chemistry and N4athematics have been dcveloped by a
team of respective Course Coordinators from Indian Institute of l'echnology, Banaras IIindu
University. AICTE approved institutions may utilize these modules ,Lecture 

Based Modules for
Bridge Courses - Physics, Chemistry and Mathemqtics,fot Leaching students to he]p bridge the gap
oflhcir studies ol 10 i 2 and UG level.

(Prof. Anil
Chairman, AICTE

I . rD _;

budhc)
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Preface 
 

The genesis of this module lies in the Induction Program first conceived and started by 
IIT(BHU) on 2016 on mass scale for about 1000 students. The fact is that the students are over-
burdened and stressed out due to a hectic high school life. To refresh their creative mind, they were 
exposed to month long diverse credit courses like Physical Education, Human Values and Creative 
Practices, as well as several non-credit informal activities. In a welcome step the AICTE has 
proposed to extend this program to the Engineering Colleges affiliated to them. 

 Infact, purpose of this module is to bridge the gap between what the students need to know 
before they can start taking the advanced courses in the college level and what they are actually 
aware of from the intermediate level.  Consequently, after the completion of the 3-weeks induction 
program, it is proposed that (besides other subjects) bridge courses in basic Physics, Chemistry and 
Mathematics should be taught to these students for the rest of the semester. The bridge courses will 
cover typical weaknesses of students in science at the 10+2 level.  

 The modules in Physics are prepared keeping in mind that an hour of discussion will bring 
all the students in the same stage such that they can cope up with the courses in their college level, 
that requires the concepts of different topics in Physics. The modules are made as interactive 
sessions between the students and the instructors. Furthermore, we have discussed those topics 
which harder to understand. At the end of the discussion teacher may also take a small test to 
understand how much the students followed the class.  

 We are very much grateful to all the faculty members (Prof. B. N. Dwivedi, Prof. O.N. 
Singh, Prof. D. Giri, Prof. P. Singh, Prof. S. Chatterjee, Prof. R. Prasad, Dr. (Mrs.) A. Mohan, Dr. 
P. C. Pandey, Dr. (Mrs.) S. Upadhyay, Dr. A. K. Srivastava, Dr. S. K. Mishra, Dr. A. S. Parmar, 
Dr. S. Tripathi, Dr. S. Patil, Dr. (Mrs.) S. Mishra, Dr. P. Dutta, Dr. S. K. Singh and Dr. (Mrs.) N. 
Agnihotri) in the Department of Physics who devoted their valuable time to prepare the module   
 This is to mention that that modules are prepared for the students with an objective to create 
interest among them in the subject. Many materials from the Internet have been adopted to make 
this lecture more illustrative and elaborative. The materials from the Internet have been utilized 
solely for educational purpose. 
 
 
 
                                                                                                               Department of Physics 
                                                                                                                  IIT(BHU), Varanasi 

 



Content 
 
         Module              Lecture Required 

1. Mechanics            02 
 

2. Mechanical Properties of Solids and Fluids             03            
 

3. Waves and Oscillations         03        
 

4. Electricity and Magnetism         03 
 

5. Electromagnetic Signal          02 
 

6. Optics            02 
 

7. Semiconductor Electronics         03 
 

8. Modern Physics           02   
 

9. Atomic and Nuclear Physics        02 
 
 

 
 
 
 
 
 
 
 
 
 
 



Syllabus 
 

1. Classical Mechanics: Centre of Mass, Motion of Centre of mass, Pure Translational and 
Rotational motion, Torque and angular momentum, Principle of moments (Moment of 
Inertia), Radius of Gyration, Generalized Motion, Kinematics of rotational motion about a 
fixed axis.  
 2. Mechanical Properties of Solids and Fluids: Elastic behaviors of solids, Hooke’s Law, 
Young’s Modulus, Shear Modulus, Bulk Modulus, Applications of Elastic behaviors of 
materials, Compressibility, Viscosity, Relative density, Pascal’s Law, Streamline Flow, 
Bernoulli’s Principle, Surface Tension, Drops and Bubbles 

 
3. Waves and Oscillations: Rectilinear motion, Oscillations or Vibrations, Simple Harmonic 

Motion, Damped Harmonic motion: Real oscillatory system, Forced or Driven oscillation, 
TYPES OF WAVES, Superposition of Waves, Reflection and Refraction, Standing Waves 
and Normal Modes, Beats, Resonance, Doppler's Effect  

4. Electricity and Magnetism: Physical concepts of gradient, divergence, and curl; Laplacian 
operator, Concept of electricity and magnetism, Coulomb’s law, Electrostatics, 
Magnetostatics, The Lorentz force, Maxwell's equations 

 
5. Electromagnetic Signal: Introduction to Maxwell's equations, The dynamical magnetic field, 

The dynamical electric field, Electromagnetic Waves 
 

6. Wave Optics: Interference of light, Photons, Young's Double Slit Experiment, Huygens's 
Principle, Diffraction, Diffraction Grating, Polarization 

 
7. Semiconductor Electronics: Classification of metals, conductors and semiconductors, Fermi 

Level, Intrinsic Semiconductor, Extrinsic Semiconductor, p-n junction, Semiconductor 
Diode, Half-Wave Rectifier, Full-Wave Rectifier, Zener diode, Photodiode, Light emitting 
diode, Junction Transistor 

 
8. Modern Physics: Wave nature of light, Particle nature of light: the photon, De Broglie 

Hypothesis, Experimental confirmation of de Broglie hypothesis (Davisson and Germer’s 
Experiment)  

 
9. Atomic and Nuclear Physics: Matters, Atoms, Atomic Theory: Atomic Theory by John 

Dolton, Atomic Theory by J. J Thompson, Atomic Theory by Ernest Rutherford, Atomic 
Theory by James Chadwick, Discovery of the Neutron, Bohr’s Postulates, Proton, Neutron, 
Electron, Limitations of Bohr's Theory  

 
 



Module – I 
Classical Mechanics 

(Rotational Motion) 
  Lectures: 02 

 Objective: In these lectures we will discuss the rotational motion of extended bodies (bodies of 
finite size made of many particles). We will also discuss the concept of motion of centre of mass 
for extended bodies. 
 Prerequisites: To understand the concept described in these lectures, students should know about 
the motion of single particles. Conservation laws of motion of single particle and concept of vector 
and scalar product. The topic can be started by asking questions like 
 
(a) What are the Newton’s laws of motion? 
(b) What is the difference between rectilinear and rotational motion? 
(c) Is the velocity of a particle under uniform rotational motion constant? 
(d) What happens when we slide a block down an inclined plane. 
(e) What is the difference when we slide a roll along the same inclined plane. 
(f) The above two motions are same or different. 
(g) How to describe the rotation of ceiling fan. 
 
We see mainly three types of motion: Pure translational, Pure rotational and combination of 
translational and rotational. To start the discussion, we first need to know about the centre of mass. 
 
Centre of Mass:  
Motion of an extended body is described by the motion of its centre of mass. Although, no material 
body is perfectly rigid, many extended bodies can be considered to be a rigid body to solve most of 
the problems related to motion of extended bodies. A rigid body is one whose geometric shape and 
size remains unchanged under the action of any external force. Centre of mass of non-homogeneous 
bodies can be calculated by 
 

= ∑  
 

where R =Xi+Yj+Zk is the position vector of centre of mass and M is the total mass of the body 
and summation is over all the particles in the body for example if body consist of five particles than 
i varies from 1 to 5. For homogeneous bodies (bodies having a continuous distribution of mass), the 
summation in the formula of centre of mass can be replaced by integration. Hence, for non-
homogeneous body’s centre of mass is not necessary to coincide with the geometrical centre of the 
body. But for homogeneous body’s centre of mass is the same as the geometrical centre of the body. 
 



Motion of Centre of mass: 
The motion of a rigid body, is the motion of the centre of mass. Centre of mass of a system of 
particles move as if all the mass is concentrated to centre of mass and all the forces are applied to 
that. This is a consequence of Newton's third law of motion. Hence the total linear momentum of 
the system of particles is the product of the total mass of the system and the velocity of the centre 
of mass. And Newton's second law is applied in the same way as for a single particle to the centre 
of mass. 
Pure Translational and Rotational motion:  
We characterize the motion of a body as pure translational if all the parts of the body have the same 
translational velocity. Similarly, we will call motion is pure rotational if all the parts will have a 
same angular velocity. 
Question 1: What is the angular velocity. Is it a scalar or vector (like translational velocity). If it is a vector, what is its direction. 
Question 2: What are suitable coordinate systems to describe transitional and angular velocities. 
The angular velocity is always defined with respect to a fixed axis of rotation. The relation between translational and angular velocity is defined by a vector product 

= ×  
where, v is translational velocity, ω is the angular velocity and r is the position vector. Hence, 
direction of v is perpendicular to angular velocity and position vector. Going back to Newton's first 
law, which says that in the absence of any external force particle is either at rest or moves with 
constant velocity. A similar kind of statement can be made for rotational motion also. Since angular 
velocity is analogous to translational velocity. Therefore, the rate of change of angular velocity is 
similar to the rate of change of translational velocity. Rate of change of angular velocity is called 
as angular acceleration. 
Torque and angular momentum: 
We know that a force is needed to have a translational motion of a body. We also need to apply a 
force to have rotational motion. Than question arise that what kind of force or moment of force is required to have rotational motion? Can we apply force to any point and about any axis? 
Since the concept of rotational motion is defined with respect to a fixed axis. 
 

 
 
 



 
 

 
 
 
 
 
Torque acting on a body is perpendicular to the plane containing position r and force F and its 
direction is given by the right handed screw rule. (Source NCERT) 
The above moment of force or also called as Torque (τ) is a vector product of force and position 
vector 

= ×  
Hence the torque will be zero, either if force is zero, is passing through the origin or if direction of position of force applied and direction of force applied is same. 
An example can be given by rotating a door attached from the wall from a fixed axis. 
Just like torque in rotational motion is analogue of the force of translational, angular momentum (l) 
has analogue of linear momentum (p). Therefore, for a particle of mass m and linear momentum p 
at a position vector r relative to the origin O, angular momentum l of the particle with respect to the 
origin is defined as 

= ×  
Angular momentum l is again a vector product of two vector r and p. It will be zero, if either r or 
p is zero or they are in the same direction. Similarly, equation =  of translational motion is 
analogous to equation =  of rotational motion. 
Above equations and concepts can be extended to a system of many particles: 
Total angular momentum (L) of a rigid body made up of n number of particles is the vector sum of 
the angular momentum of all the particles in the body 



= + + ⋯      + =  

Where li is the angular momentum of the ith particle and defined as  
= ×  

Hence the rate of change of total momentum L 

=  
where      = ∑ ×  
internal torque, which is a vector product of position and internal force is zero, because of Newton's 
third law of action and reaction and force between two particles lie along the line joining them. 
Hence similar to translational equilibrium condition in which total force on the body is zero; 

+ + ⋯ … … + = = 0 

We can define rotational equilibrium as total torque acting on a body is zero;   

+ + ⋯ … … + = = 0 
 

Principle of moments (Moment of Inertia): 
Angular momentum and torque are also called as moment of linear momentum and force. Hence, 
they are defined with respect to an axis. Imagine rotating a cylinder about two different axes, one 
passing through the long axis of the cylinder and the other perpendicular to that. We need to apply 
different force for the two types of rotations. Hence, the force applied for rotational motion of rigid 
bodies very much depends on the axis of rotation. So far we have learnt about analogous of different 
quantities in rotational motion with translational motion. Then a question arises what is the analogue 
of mass of translational motion in rotational motion? 

 
 



 
 
 
 
 

 
 
 
Let us calculate the kinetic energy of a rotating body made of many particles. Kinetic energy of its 
ith particle 

= 1
2 = 1

2  
Hence total kinetic energy, K 

= = 1
2  

= 1
2  

where  

=  

Where I- is called the moment of inertia and it is a characteristic of rigid body and axis through 
which it is rotated. Hence, the moment of inertia of a rigid body depends on the axis of rotation. 
Question: About which axis would a uniform cube have its minimum moment of inertia? 
Two theorems: Theorem of perpendicular and parallel axes. 



The two theorems and details can be obtained from standard text books. They are useful to calculate the moment of inertia of different bodies. 
Radius of Gyration 
As discussed above moment of inertia of a rigid body of mass M rotating about an axis passing through the body and perpendicular to its horizontal plane is 

=  

If whole mass ‘M’ of the body is at a radial distance ‘K’ from the axis of rotation and its moment of inertia remains the same about that axis of rotation then ‘K’ is called radius of body as shown in below figure 
 
 
 
 
 
 

The moment of inertia of the body is then given by 
=  
= /  

Table: Analogy between translational motion and rotational motion 
Linear motion Rotational motion 

Mass (M) Moment of Inertia (I) 
Translational displacement (s) Angular displacement (ɵ) 
Translational velocity (v) Angular velocity (ɷ) 
Translational acceleration (a) Angular acceleration (α) 
Force (F) =Ma Torque (τ) = I α 
Linear momentum (p) =Mv Angular momentum (L)=I ɷ 
Translational kinetic energy (E)= ½ Mv2 Angular kinetic energy (ER)= ½ Iɷ2 

 



Generalised Motion: 
With pure translational motion of rigid body, each part of the body moves with same linear velocity, 
motion of the centre of mass is enough to explain. But in more general situations, complete motion 
of the system of particles is described: (i) motion of the centre of mass and (ii) motion of the body 
about the centre of mass. Example is the motion of a roll sliding along an inclined plane. Although 
the centre of mass is having translational motion, but each part of the body is having rotation about 
the fixed axis passing through the centre of mass. 
Kinematics of rotational motion about a fixed axis: 
Kinematics of rotational motion is similar to translational motion. Analogue to translational motion, 
rotational motion about a fixed axis, conserve the angular momentum in the absence of external 
torque. An example can be taken from the rotatory motion on a merry go round. 
Rolling motion: Rolling motion is a combination of both translational and rotational motion. Let 
us consider the rolling motion (without slipping) of a disc on a level surface as shown in below 
figure. At any instant the point of contact Po of the disc with the surface is at rest. The centre of 
mass of the disc moves with velocity, vcm. The disc rotates with angular velocity, ɷ about its axis 
which passes through C ; vcm = R ɷ where R is the radius of the disc. 

 
 
 
 
 

The total Kinetic energy (K) of rolling motion is the sum of kinetic energy of translational motion 
of centre of mass and kinetic energy of rotational motion: 

= 1
2 + 1

2  
where ɷ is the angular velocity of rotation and I is the moment of inertia about the axis of rotation. 
For example, if we consider rolling motion of a flat disc. Then I is the moment of inertia about an 
axis passing through the centre and perpendicular to the plane of the disc. Hence, for disc of radius 
R and mass M, moment of inertia I: 



I = MR /2 
Conclusions: The discussion should end with giving some homework exercises; 
(a) Three different kinds of motion. 
(b) Calculating centre of mass of systems of few particles. 
(c) Direction of the torque acting with a given force and axis of force applied. 
(d) Some examples of the application of conservation of linear and angular momentum. (e) Moment of inertia of different bodies about different axes. 
 
Few Questions: 
 1. A rigid body consisting of N point masses  is rotating about an axis passing through the 

origin with an angular velocity ω. Obtain relations connecting the angular momentum of the 
rigid body with angular velocity. 

2. If a rigid body, with on point fixed, rotates with an angular velocity ω has an angular 
momentum L. Show that the kinetic energy is ½ L.ω. 

3. A rigid body s rotating about an axis through the origin. Obtain relations between the 
components of total angular momentum and angular velocity. 

4. Discuss three different kinds of motion.  
5. Calculating centre of mass of few systems of particles.  
6. Direction of torque acting with a given force and axis of force applied.  
7. Some examples of application of conservation of linear and angular momentum. 
 
References 
1. Classical Mechanics:  H. Goldstein 
2. Introduction Classical Mechanics: David Morin 
 
 

 
 
 
 
 
 
 
 
 
 



Module – II 
Mechanical Properties of Solids and Fluids 

 
Lectures: 03 

 Objective: 
In this module we will discuss the mechanical properties of solids and fluids. The students will learn 
different mechanical properties and their uses. 
 

Pretest Questions: 
1. In how many states matters exist? 
2. What are the differences between solids, liquids and gases? 
3. What do you mean by mechanical properties? 
4. What are the utility to measure the mechanical properties? 
5. Which is more elastic- steel or diamond? 
6. Explain why the temperature of a wire under tension will change if it snaps suddenly? 
7. Springs are usually made of steel but not of copper. Why? 
8. On the basis of moduli of elasticity, distinguish between solid, liquid and gaseous substances. 
9. In the case of an elastic body which one is more fundamental –stress or strain? 
10. ”Within elastic limit the poison’s ratio depends only on the nature of the material but not on 

the stress applied”-explain. 
11. A steel wire with a greater diameter can withstand a greater load. Why? 
12. Can a steel wire be elongated to twice its initial length by hanging a load from its end? 
 
1. Mechanical Properties of Solids 
 In the general sense, a rigid body is defined as a hard solid object with a definite shape and size. 

But, from the practical point of view, it is found that rigid bodies can be stretched, compressed 
and bent when a sufficiently large external force is applied on it. For example, a rigid steel bar 
can be deformed on the application of suitable force. This means that solid bodies are not 
perfectly rigid.  
 

 Elasticity The property of a body, by which the body opposes any change in its shape and size when the 
deforming forces are applied and recovers its original state as soon as deforming force is 
removed, is known as elasticity and the deformation caused is known as elastic deformation. 
 

 Plasticity The property by the virtue of which bodies do not recover its original state as soon as deforming 
force is removed, is known as plasticity and the deformation caused is known as plastic 
deformation. 

  



ELASTIC BEHAVIOUR OF SOLIDS 
  Each atom or molecule in a solid is surrounded by atoms or molecules and are bonded together 

by interatomic or intermolecular forces due to which they stay in a stable equilibrium position. 
  Atoms or molecules are displaced from their equilibrium positions on the application of 
deforming/applied forces.  

  On the removal of deforming/applied force interatomic forces drive the atoms or molecules 
back to their original positions and hence it recovers its original state (i.e.  Shape and size). 
This mechanism is very well visualized by a model of spring-ball system shown in the Fig. 1.1 
(Source NCERT book). 

 If we displace the black ball from its equilibrium position, the restoring force in the spring ball 
system tries to bring the ball back to its original position. Thus elastic behavior of solid can be 
visualized via from the microscopic level. 
 
 
 

 
 
 
 
 
 

Fig. 1.1 Spring-ball model (Source: NCERT book). 
 
STRESS AND STRAIN 
  When we apply a deforming force on the body, a restoring force is developed in the body which 

is equal in magnitude but opposite in direction to the applied deforming force. This restoring 
force per unit area is known as stress which is given by 

                                                     Magnitude of the stress = F/A          (1.1) 
  The SI unit of stress is Nm–2 or Pascal (Pa).  

 
There are three ways {longitudinal (a), shear (b & c) and hydraulic stress (d)} in which a solid may 
change its dimensions when an external force acts on it. These are shown in Fig. 1.2(a, b, c & d) 
(Source NCERT book). 



 
 
 
 
 

 
 
 
 
Fig. 1.2 (a) A cylindrical body under tensile stress elongates by ΔL (b) Shearing stress on a cylinder 
deforming it by an angle θ (c) A body subjected to shearing stress (d) A solid body under a stress normal to 
the surface at every point (hydraulic stress). The volumetric strain is ΔV/V, but there is no change in shape 
(Source: NCERT book). 
 
In Fig.1.2 (a), a cylinder is stretched by two equal forces applied normal to its cross-sectional area. 
The restoring force per unit area in this case is called tensile stress. If the cylinder is compressed 
under the action of applied forces, the restoring force per unit area is known as compressive stress. 
Tensile or compressive stress is also known as longitudinal or normal stress.  
 The normal tensile or compressive stress is expressed as 
 

 sectional area (A)

 sectional area (A)

tensiletensile

compressive
compressive
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Cross

F
Cross





                                       (1.2) 

 
In both the cases, there is a change in the length of the cylinder. The change in the length ΔL to the 
original length L of the body (cylinder in this case) is known as longitudinal strain or normal 
strain ε.  
                                              Longitudinal strain, ε = ΔL / L                                            (1.3) 

  On the application of applied tangential force, there is a relative displacement Δx between 
opposite faces of the cylinder as shown in the Fig. 1.2(b). The shear stress (τ) acting on the 
body is defined as 

tangentialF
A                                                          (1.4) 

  Shearing strain Δx / L = tan θ               (1.5)  
 



 where θ is the angular displacement of the cylinder from the vertical (original position of the 
cylinder). Usually θ is very small i.e. θ ≤ 10°, tan θ is nearly equal to angle θ (See Fig. 2(b & 
c)). 

                                                         Thus, shearing strain = tan θ ≈ θ.          (1.6) 
  A solid body when placed in the fluid under high pressure is compressed uniformly on all sides 
as the force applied by the fluid acts in perpendicular direction on all the points on the surface 
which decreases its volume without any change of its geometrical shape. This develops internal 
restoring forces that are equal and opposite to the forces applied by the fluid and is known as 
hydraulic stress. 

 The hydraulic/volume strain and is defined as the ratio of change in volume (ΔV) of the body to 
the original volume (V).  

                                                   Volume strain= ΔV/V                                                                 (1.7) 
 
HOOKE’S LAW 
  Hooke, in 1679, showed experimentally that for small deformations stress and strain are 

proportional to each other.  
                                                         Stress   Strain 

                                                               Stress = E x strain           (1.8) 
 
where E is the proportionality constant and is known as ‘modulus of elasticity’.  
 
STRESS-STRAIN CURVE Typical stress strain curve for a metal is shown in Fig. 1.3. This graph is plotted between the stress 
(which is equal in magnitude to the applied force per unit area) and the strain produced. 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

Fig. 1.3 A typical stress-strain curve for a metal (Source: NCERT book). 



 The curve is linear in the region between O to A (Hooke’s law is obeyed in this region and 
body behaves as elastic). The relationship between stress and strain in this initial region is not 
only linear but also proportional. Beyond point A, the proportionality between stress and strain 
no longer exists; hence the stress at A is called the proportional limit. 
  With an increase in stress beyond the proportional limit, the strain begins to increase more 
rapidly for each increment in stress. Consequently, the stress-strain curve has a smaller and 
smaller slope, until, at point B, the curve becomes horizontal. 
  Point B is the yield point (also known as elastic limit) and the corresponding stress is yield 
strength (σy) of the material. 
  Above point B the strain increases rapidly even for a small change in the stress (The portion 
between B and D). In this region the body does not regain its original dimension and when the 
stress is made zero, the strain is not zero. Thus the material is said to have a permanent set 
and the deformation is said to be plastic deformation (See Fig. 1.3). 
  After the point D, additional strain is produced even by a small applied force and fracture occurs 
at point E (See Fig. 1.3). 
  The ratio of stress and strain, in the proportional region within the elastic limit of the stress-
strain curve (region OA in Fig. 1.3) is called modulus of elasticity and is characteristic of the 
material.  
  It is of great importance to know the elastic limit for applications so that we can avoid the 
region of plastic deformation which may create problems in designing devices. 

 
Young’s Modulus   The ratio of tensile (or compressive) stress (σ) to the longitudinal strain (ε) is defined as 

Young’s modulus and is denoted by the symbol Y.  
           Y = σ/ε                     (1.9) 
 
           Y = (F/A)/(L/L) = (FL) /(A L)       (1.10) 
  Dimension of Young’s modulus is same as that of stress i.e., Nm–2 or Pascal (Pa) as strain is 

dimensionless quantity. 
 
 
 
 
 
 
 
 



Table 1.1: Young’s moduli, elastic limit and tensile strengths of some materials (Source: NCERT book). 
  
 

 
 
 
 
 
 
 
 
 
 

 It is evident from the data of materials given in the Table 1.1 that for metals Young’s moduli 
are large, therefore, they require a large force to produce small change in length. 

 Question 1: Why steel is more elastic than copper, brass and aluminium? 
 Solution 
 Elasticity of a material is also viewed as the resistance offered by the material against the 
deformation. Higher the resistance offered by the materials against the deformation for a given 
applied load, higher will be the elasticity of a material. Experimentally, it has been found that to 
increase the length of a thin steel wire of 0.1 cm2 cross-sectional area by 0.1%, a force of 2000 N is 
required. The force required producing the same strain in aluminum, brass and copper wires with 
same cross-sectional area are 690 N, 900 N and 1100 N respectively. It indicates that steel offers 
higher resistance as compared to aluminum, brass and copper for the same amount of strain, hence 
steel is more elastic than copper, brass and aluminum.  Due to the same reason steel is preferred in 
structural designs.  
 
1.7 SHEAR MODULUS  The ratio of shear stress to shear strain is called the shear modulus of the material (G). It is also 

called the modulus of rigidity. 
G = shearing stress (τ)/shearing strain 

G = (F/A)/(x/L) 
                                                                   = (FL)/(Ax)                                                  (1.12) 

    Using Eq. (1.5) 
         G = (F/A)/ 
             = F/(A)          (1.13)  The shearing stress τ can also be expressed as 
          τ = G                                 (1.14) 
  



SI unit of shear modulus is Nm–2 or Pa. The shear moduli of a few common materials are given in 
Table 1.2.  

 Table 1.2: Shear moduli (G) of some common materials (Source: NCERT book). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
It is evident from the Table 1.1 and 1.2 that shear modulus (or modulus of rigidity) is in general less 
than Young’s modulus (from Table 1.1 and 1.2).  
  
Bulk Modulus 
  The ratio of hydraulic stress to the corresponding hydraulic strain is called bulk modulus(B).  

B = – p/(V/V)                      (1.15) 
  Negative sign indicates that with an increase in pressure, a decrease in volume occurs.  

  SI unit of bulk modulus is the same as that of pressure i.e., Nm–2 or Pa.  
  The reciprocal of the bulk modulus is called compressibility (k). It is defined as the fractional 

change in volume per unit increase in pressure. 
 
           k = (1/B) = – (1/p). (V/V)                 (1.16) 
  

 
 
 
 



Table 1.3: The bulk moduli of a few common materials (Source: NCERT book)  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
 Question 2: It can be seen from the data given in Table 1.3 that the bulk moduli for solids are much 
larger than for liquids, which are again much larger than the bulk modulus for gases (air)?  
 
Solution The bulk modulus of a material is inversely proportional to the compressibility. Since the 
interatomic bonds between the neighboring atoms in solid are strongest as compared to the liquid 
and gases, the solids are least compressible. The interatomic bond in the gases are weakest, therefore 
they are the most compressible substance. Gases are about a million times more compressible than 
solids. Hence, the bulk modulus of solids is much larger than liquids and gases.  
  

 
 
 
 
 
 



Table 1.4: Summary of stress, strain and various elastic moduli (Source: NCERT book) 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1.9  APPLICATIONS OF ELASTIC BEHAVIOUR OF MATERIALS 
 The elastic behavior of materials plays an important role in designing a building, the structural 
design of the columns, beams and supports. One needs to have the knowledge of the elastic 
behaviour of materials, so that we do not exceed the limit which can bring trouble.  
 Question 3: Have you ever thought why the beams used in construction of bridges, as supports etc. 
have a cross-section of the type I?  
Solutions 
 When a beam bends the top of the beam is in compression and the bottom is in tension.  

 These forces are greatest at the very top and very bottom. So to make the stiffest beam with the least 
amount of material you would want the material to be only at the top and bottom sides. However 
you still need to connect them together or they would just be two separate plates and would not be 



stiff at all. So you put a web in the middle to connect them and make them work together. The 
resulting shape is the traditional "I-beam" or wide flange beam. 
 
 
 
 
 
 
 
 
 
 
 
 N.A is a neutral surface 
area, where the stresses are 

zero. 
 
Some solved examples: 
 Question 1: Cranes used for lifting and moving heavy loads from one place to another have a thick 
metal rope to which the load is attached. The rope is pulled up using pulleys and motors. Suppose 
we want to make a crane, which has a lifting capacity of 40 tonnes or metric tons (1 metric ton = 
1000 kg). How thick should the steel rope be? 
 
Solutions We obviously want that the load does not deform the rope permanently. Therefore, the extension 
should not exceed the elastic limit. From Table 1.1, we find that mild steel has yield strength (Sy) of about 300x106 N m–2. Thus, the area of cross-section (A) of the rope should at least be  

 
A ≥ W/Sy = Mg/Sy                     (1.17) 

    = (4x104kg x10ms-2)/(300x106N m-2) 
    = 13.3 x10-4 m2 

 corresponding to a radius of about 2.06 cm for a rope of circular cross-section. A single wire of this 
radius would practically be a rigid rod. So the ropes are always made of a number of thin wires 
braided together, like in pigtails, for ease in manufacture, flexibility and strength. 
 Question 2: Steel rod of length 2.0 m and radius 15 mm has been stretched along its length by a 
force of 200 kN. Calculate (a) stress, (b) elongation and (c) strain on the rod. The Young’s modulus 
of steel is 2.0 x 1011 Nm-2. 
 Solution  (a) Stress = F/A = 200 x 103 N/3.14 x (15 x 10-3m)2=2.83 x 108 N m-2. 
(b) Y = stress/strain= (F/A)/l/L 
Now l (elongation) = (F/A) (L/Y) = [(200x103N)x2m] / [3.14x(15x10-3)2x2x1011 ] 
 2.83mm. 
(c) Strain = l/L = 2.83/2x103 = 1.415. 
 



Question 3: A steel wire of length 6 m and cross-section 5.0 x 10-5 m2 stretches by same amount as 
a copper wire of length 4 m and cross-section 6.0 x 10-5 m2 under a given load. What is the ratio of 
the Young’s modulus modulus of steel to that of the copper? 
 
Solution 
 Y = stress/strain= (Mg/A)/l/L = Mg L/Al 
Now let Ys and Yc be the Young’s moduli, Ls and Lc the original length’s and As and Ac the cross-
sectional area of the steel and copper wires respectively. Since, the load Mg and the stretching l 
are same for the two wires respectively. Since, the load Mg and the stretching l are same for two 
wires, we have from the above equation 
 
Ys/Yc=Ls/As x Ac/Lc = 6 m x (6.0 x 10-5m2) / (5.0 x 10-5 m2) x 4 m = 1.8. 
 Question 4: Given data: 
Initial volume = 200.5 litre, Increase in pressure p = 200.0 atm ( 1 atm = 1.013 x 105 Pa), final 
volume = 200.0 litre. Compare the bulk modulus of water with that of air (at constant temperature). 
Explain in simple terms why the ratio is so large. 
 Solution  
B = volume stress/volume strain = - change in pressure/volume strain = -p/v/V 
Here, for water: 
p = 200.0 atm = 200.0 x (1.013 x 105 Pa) = 2.026 x 107 Pa,  V = 200.5 litre 
and V = 200.0 litre – 200.5 litre = -0.5 litre. 
Bwater = -2.026 x 107 Pa/-0.5 litre / 200.5 litre = 8.12 x 109 Pa. 
The bulk modulus of air at STP is 1.0 x 10-4 Pa. 
Bwater/Bair= 8.12 x 109/1.0 x 10-4=8.12 x 1013. 
 Question 5: Calculate the pressure required to stop the increase in volume of a copper block when 
it is heated from 600C to  900C. Coefficient of linear expansion of copper is  = 8.0 x 10-6 per0C 
and bulk modulus of elasticity is 1.3 x 1011 Nm-2. 
 Solution: Here, we require coefficient of volume expansion of copper () = 3  (Coefficient of 
linear expansion of copper.  
Now, increase in volume is related to starting volume with coefficient of linear expansion by the 
relation by relation V = V x  x ( t = t2 – t1) 
Volume strain is given by V/V =  x (t2 – t1) Bulk modulus is  
B = - change in pressure(p)/volume strain = p/((t2 – t1) 
Which gives p = - B  ((t2 – t1) On substituting the given values, we have  
P = -(1.3 x 1011) x3x 8.0 x 10-6 (90-60) 
p = 9.36 x 107 N m-2. 
 Question 6: A piece of copper having rectangular cross-section of 13 mm x 18 mm is pulled in 
tension with 675000 N force, producing only elastic deformation. Calculate the resulting strain.  
Modulus of rigidity of copper = 4.20 x 1010Pa. 
  



Solution: The modulus of rigidity of the material of the body is given by = shearing stress/ shearing strain = (F/A)/, where F is the tangential force applied and A the area 
of cross section of body. Thus shearing strain  = F/A 
On substituting the values we get the shearing strain  = 675000 N/(2.34 x 10-4m2)(4.20 x 1010N/m2)  = 0.06868 radians  = 3.930 

 
2. MECHANICAL PROPERTIES OF FLUIDS 
 
What is Fluid? 
Answers  
Specifically, a fluid is defined as a substance that deforms continuously when acted on by a shearing 
stress of any magnitude. A shearing stress (force per unit area) is created whenever a tangential 
force acts on a surface as shown in Fig.1. 
 
   
 
 
 
 
 
 
 
  

 Figure1: Action of shearing force on the surface of liquid 
Reference: Munson B.R “Fundamental of Fluid Mechanics” 7th edition, John Wiley & Sons, 2013. 

 Any shear stress applied to a fluid, no matter how small, will result in motion of that fluid. The fluid 
moves and deforms continuously as long as the shear stress is applied.  
Given the definition of a fluid above, there are two classes of fluids, liquids and gases. 
 How are fluids different from solids?  
We have a general, vague idea of the difference. A solid is “hard” and not easily deformed, whereas 
a fluid is “soft” and is easily deformed. Although quite descriptive, these casual observations of the 
differences between solids and fluids are not very satisfactory from a scientific or engineering point 
of view. A closer look at the molecular structure of materials reveals that matter that we commonly 
think of as a solid (steel, concrete, etc.) has densely spaced molecules with large intermolecular 
cohesive forces that allow the solid to maintain its shape, and to not be easily deformed. However, 
for matter that we normally think of as a liquid (water, oil, etc.), the molecules are spaced farther 
apart, the intermolecular forces are smaller than for solids, and the molecules have more freedom 
of movement. Thus, liquids can be easily deformed (but not easily compressed) and can be poured 
into containers or forced through a tube. Gases (air, oxygen, etc.) have even greater molecular 
spacing and freedom of motion with negligible cohesive intermolecular forces, and as a 



consequence are easily deformed (and compressed) and will completely fill the volume of any 
container in which they are placed. Both liquids and gases are fluids. . 
 Based on the above discussions, a solid can resist a shear stress by a static deformation; a fluid 
cannot. Any shear stress applied to a fluid, no matter how small, will result in motion of that fluid. 
The fluid moves and deforms continuously as long as the shear stress is applied. 

 Zero compressibility: An ideal liquid is incompressible, that is on pressing the liquid there is no 
change in its volume (or density). Most of the liquids may be considered approximately 
incompressible because on pressing them the change in their volume is negligible. 
 Fluids offer very little resistance to shear stress; hence there are enormous changes in shape of fluids 
on application of very small shear stress. A small shearing stress can cause change in shape of fluid 
many times more than that of a solid. 
 Zero viscosity: An ideal liquid is non-viscous, that is when there is relative motion between 
different layers of the liquid then there is no tangential frictional force in between the layers. In 
practice there is some viscosity in all liquids (and gases). It is less in gases and larger in liquids. 
Fluids in common life  
 PRESSURE Question: Why a sharp needle when pressed against our skin pierces it and our skin, remains intact 
when a blunt object (say the back of a spoon) is pressed against it with the same force? 
 
Solution Actually the area on which the force acts on skin is the major reason for piercing. Smaller the area 
on which the force acts, greater is the impact. This concept is known as pressure. 

  If F is the magnitude the normal force on the area A then the pressure P is defined as the normal 
force acting per unit area. 

                                                                P = F/A           (1.1)  Pressure is the force acting normal to the area under consideration and is a scalar quantity.  
The SI unit of pressure is Nm–2 or pascal (Pa). Another common unit of pressure in which it is 
usually expressed is atmosphere (atm), i.e. the pressure exerted by the atmosphere at sea level (1 
atm = 1.013 × 105 Pa). 
 From equation (1.1), we can see that pressure is inversely proportional to the area. Smaller the area, 
higher will be the pressure acting on the surface for the same applied force. A sharp needle possesses 
smaller contact area as compared to the any blunt object; therefore, it pierces more in our skin, when 
applied with the same force.    

  RELATIVE DENSITY 
  The density of water at 4oC (277 K) is 1.0 × 103 kg m–3. The relative density of a substance is 
the ratio of its density to the density of water at 4oC.  
 

                               0
Density of a substanceRelative density = Density of water (at 4 )C                                               (1.2) 

 



 Relative density is a dimensionless positive scalar quantity. For example, the relative density 
of mercury is 13.6. Its density is 13.6 × 103 kg m–3.  

 The densities of some common fluids are displayed in Table 1.1. 
        Table 1.  Densities of some common fluids at STP (STP means standard temperature (00C) and 1 atm 

pressure (Source: NCERT Book).  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Pascal’s Law Pascal’s law states that the pressure in a fluid at rest is the same at all points if they are at the same 
height. 
   Variation of Pressure with Depth 
  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2:  Fluid under gravity. The effect of gravity is illustrated through pressure on a vertical cylindrical 
column (Source: NCERT Book). 
 



                                                              P2 -P1 = ρgh              (1.3) 
 
Pressure difference depends between the two points in a fluid depends on the following factors: 

1. Vertical distance h between the points (1 and 2). 
2. Density of the fluid ρ. 
3. Acceleration due to gravity g.  

 
If we want to find the pressure at a depth (h) from the surface of the water 
 
                                                            P = Pa(atmospheric pressure) + ρgh          (1.4) 
 
The pressure P, at any depth h vertically below the surface of a liquid at atmospheric pressure is 
greater than atmospheric pressure by an amount ρgh. The excess of pressure, P-Pa, at depth h is is 
known as gauge pressure at that point. 
 Q4) Consider three vessels A, B and C as shown in Fig.3 of different shapes. What is the pressure 
at the bottom of A, B and C? 
 
 
 
 
 
 
 
 
 
 
 
  
 Figure 3: Illustration of hydrostatic paradox. The three vessels A, B and C contain different amounts of 
liquids, all up to the same height will have same pressure at the base (Source: NCERT Book). 
 Solution: 
 We can see from the expression P = Pa (atmospheric pressure) + ρgh, that the area is not coming 
into consideration which implies that the cross sectional or base area is not important factor in tuning 
the pressure in this case. Secondly, height of the liquid column is deciding factor at the bottom 
where the other things are same. Thus the pressure at the base is same in all the three vessels A, B 
and C.    
 Hydraulic Machines 
 Pascal’s law for transmission of fluid states that whenever we apply a pressure on any part of a fluid 
contained in a vessel, it is transmitted undiminished and equally in all directions.  
  e.g. Hydraulic lift and hydraulic brakes. 
By changing the force at A1 and hence the pressure P = F1/A1, the platform of the other cylinder 
with area A2 can be moved up or down with a larger force F2 = PA2 =F1A2/A1. Thus, we find that 



the applied force has been increased by a factor of A2/A1 which is called the mechanical advantage 
of the device (See Fig. 4) 
 

 
 
 
 
 
 
 
 
 
 
  Figure 4: Schematic diagram illustrating the principle behind the hydraulic lift, a device used to lift heavy 
loads (Source: NCERT Book). 
 
STREAMLINE FLOW  If the velocity of each particle passing through a point remains constant with time, the flow of 

the fluid is said to be steady at that point.   When the particular particle moves from one point to another it can change as its velocity, but 
every other particle which passes the second point behaves exactly in the same way as the 
previous particle which has just passed that same point.   The paths of the particles do not cross each other.  The path taken by a fluid particle under a steady flow is a streamline.  
Property of streamline flow  Two streamlines do not cross each other. If the map of flow is stationary in time, it is known to 
be steady. 

 
 
  
 
 
 
 
 
 
 
 Figure 5:  The meaning of streamlines. (a) A typical trajectory of a fluid particle. (b) A region of streamline 
flow (Source: NCERT Book). 
  Steady flow is achieved at low flow speeds.  Beyond a limiting value, called critical speed, this flow loses steadiness and becomes turbulent.  
 
 



BERNOULLI’S PRINCIPLE 
 It states that when an incompressible and non-viscous liquid flows in a streamlined motion from 
one point to another, then at every point of its path total energy per unit volume (kinetic energy + 
gravitational potential energy) summed up to pressure remains a constant. 
 
                                                     P+1/2ρ v2+ ρgh = constant                                                      (1.5) 
  
APPLICATIONS  
When the air flows with high speed through the nozzle of the carburetor of an automobile, the 
pressure is lowered at the narrow neck and the petrol (gasoline) is sucked up in the chamber as per 
Bernoulli’s theorem to provide the correct mixture of air to fuel necessary for combustion (See Fig. 
6). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 6: The spray gun. Piston forces air at high speeds causing a lowering of pressure at the neck of the 
container (Source: NCERT Book). 
 Bunsen burner, atomisers and sprayers used for perfumes or to spray insecticides are few examples 
which work on the same principle 
 VISCOSITY 
  Practically most of the fluids in general are not ideal and offer some resistance to motion 

between the layers of liquid. This resistance to the motion of fluid between the layers is like an 
internal friction analogous to friction when a solid move on a surface. This phenomenon is 
called viscosity.      

  Question: Why when a fluid flows in a pipe or a tube, then velocity of the liquid layer along the 
axis of the tube is maximum and decreases gradually as we move towards the walls where it 
becomes zero.  
  
 



Solution:  
This is due to the internal forces offered by layers of the fluid and the fluid and solid at the end of 
the pipe. Figure 7 shows a velocity profile of a fluid flow in a pipe. It clearly indicates that flow 
velocity is maximum at the centerline and minimum at the pipe walls. 
 
 
 
 
 
  

 
 
 
 Figure 7: Velocity profile of a fluid through a pipe. 

Reference: Munson B.R “Fundamental of Fluid Mechanics” 7th edition, John Wiley & Sons, 2013. 
  In general thin liquids like water, alcohol etc. are less viscous as they offer less resistance 

between the layers than the thick liquids like coal tar, blood, glycerin etc.   The viscosity of liquids decreases with temperature while it increases in the case of gases. 
 
SURFACE TENSION 
  Surface tension is defined as force per unit length or surface energy per unit area acting on the 

interface between the liquid and the bounding surface.  Surface tension arises due to excess potential energy of the molecules on the surface ( i.e. 
interface of two substances) as they are not surrounded on all sides by molecules in comparison 
to the molecules in the interior where the intermolecular distances are such that it is attracted to 
all the surrounding molecules resulting in a negative potential energy.  Surface energy is present at the interface separating two substances of which at least one of the 
substance is a fluid.  

 
REYNOLDS NUMBER 
  When the fluid flows at larger rate, the flow becomes turbulent (velocity of the fluids at any 

point in space varies rapidly and randomly with time) and no longer remains laminar (the 
velocities at different points in the fluid may have different magnitudes but their directions are 
parallel).   Osborne Reynolds defined a dimensionless number, whose value gives us an idea whether the 
flow would be turbulent or stream line. This number is called the Reynolds number expressed 
as  

Re = ρvd/             (1.6) 
Here ρ is the density of the fluid flowing with a speed v, d stands for the dimension of the pipe, and 
h is the viscosity of the fluid.   Re is a dimensionless number.  Re < 1000 fluid flow is streamline or laminar. 



 Re > 2000 fluid flow is turbulent.   1000 < Re < 2000 fluid flow becomes unsteady. 
Re can also be expressed as Re = ρv2/v/d = ρAv2 /Av/d            (1.7) 

                                            = inertial force/force of viscosity.  Thus Re represents the ratio of inertial force (force due to inertia) to viscous force.  
 Angle of Contact  
Contact angle θ appears when a liquid interface intersects with a solid surface, as in Figure 8. The 
surface of liquid in contact with another medium is in general curved at the plane of contact. 
 
 
 
 
 
 
 
 
 

 
 
 
 Figure 8: Contact-angle effects at liquid-gas-solid interface 

Reference: White F.M. “Fluid Mechanics”, 4th edition, Mc Graw Hill, 2004.  
If the contact angle is less than 90°, the liquid is said to wet the solid; if θ> 90°, the liquid is termed 
nonwetting. For example, water wets soap but does not wet wax. Water is extremely wetting to a 
clean glass surface, with  θ  = 0°. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 9: Different shapes of water drops with interfacial tensions (a) on a lotus leaf (b) on a clean plastic 
plate (Source: NCERT Book). 



  You can get the idea whether a liquid will spread on the surface of a solid or it will form droplets 
on it by looking θ. For example, by observing θ you can tell that the water forms droplets on 
leaf of lotus as shown in Fig. 9 (a) while spreads over a clean plastic plate as shown in Fig. 
9(b). 

 Let us consider three interfacial tensions denoted by Sla, Ssa & Ssl respectively at the three interfaces, 
liquid-air, solid-air and solid-liquid shown in Fig. 9 (a) and (b). Surface forces between the three 
interfaces must be in equilibrium and so from the Fig. 9(b) we have 

 
Sla cos  + Ssl = Ssa              (1.8) 

  The angle of contact will be obtuse if Ssl > Sla which is the case for water-leaf interface while it 
is acute if Ssl < Sla and is the case for water-plastic interface.  When  an obtuse angle then molecules of the liquid is are attracted strongly to each other and 
weakly to those of solid. It costs a lot of energy to create a liquid-solid surface, and so the liquid 
does not wet the solid e.g. water on a waxy or oily surface.  When  is an acute angle then molecules of the liquid are strongly attracted to those of the solid 
e.g. water spreads on glass or on plastic.  

 APPLICATIONS 
  Soaps, detergents and dying substances are wetting agents as they make the angle of contact 

become small, so that when they are added they may penetrate well and work effectively.  Water proofing agents on the other hand are added in the materials so that a large angle of 
contact forms between the water and fibres. 

 
Drops and Bubbles 
  Free liquid drops and bubbles are spherical is a result of surface tension if the effects of gravity 

can be neglected.  
 E.g. high-speed spray or jet gives drops, soap bubbles blown by children’s.  
 Why are drops and bubbles spherical? What keeps soap bubbles stable?  Liquid air interface has energy, and we know that for a given volume minimum energy is the 
one with the least surface area. The sphere has this property. 

       Check which one has least surface area with same volume? Sphere or a Cube?   If gravity and other forces (e.g. air resistance) can be neglected, liquid drops would be spherical.  Due to surface tension pressure inside (Pi) a spherical drop Fig. 10(a) is more than the pressure 
outside (Po).   Consider a spherical drop of radius r is in equilibrium and its radius is increased by r. Then 
the extra surface energy is 

                                      [4π(r + r)2-4πr2]Sla = 8πrrSla           (1.9)  
 

The energy cost of increment in surface area is balanced by the gain in energy via expansion due to 
the pressure difference (Pi – Po) between the two sides of the bubble i.e. inside and outside. The 
work done is given by  
                                                   W = (Pi – Po) 4πr2r                     (1.10) 



So from equation 1.9 and 1.10 we have, 
 
                                                   (Pi – Po) = (2 Sla/r)          (1.11) 
  In general, for a liquid-gas interface, the convex side (Inside the drop, a cavity in a fluid or a 

bubble) has a higher pressure than the concave side. For example, an air bubble in a liquid 
would have higher pressure inside it than outside. See Fig 10 (b). 

  
 
 
 
 
                         
 
 Figure 10: Drop, cavity and bubble of radius r (Source: NCERT Book). 
 A bubble Fig 10 (c) differs from a drop and a cavity; as in this case it has two interfaces and so the 
overall surface area multiplies by 2. 
                                                       So for a bubble (Pi – Po) = (4 Sla/ r)                   (1.12) 
 This is the reason we have to blow hard to form a bubble to create little extra air pressure inside. 
 Capillary Rise 
 In spite of gravity the water level modifies rises (or falls) up in a narrow tube due to the pressure 
difference across a curved liquid-air interface.  
 
 
 
 
 
 
 
 
 
 
 Figure 11: Capillary rise, (a) Schematic picture of a narrow tube immersed water. (b) Enlarged picture near 
interface (Source: NCERT Book). 
  The contact angle between water and glass is acute which gives a concave surface of water in 

the capillary.   There is a pressure difference between the two sides of the top concave surface of water at the 
meniscus (air-water interface).  

This is given by 2S/r = 2S/(asec) (here r and a are radius of meniscus and capillary respectively 
                                 = (2S/a) cos )                      (1.13) 



From the figure 11 it is clear that the pressure just below the plane surface of water outside the tube 
is also P (at point A) but below the meniscus inside the tube (at point B) is P-2S/r. Since we know 
that the pressure at all points in the same level of water must be same so the points A and B just 
below the surface of water should be at same pressure. In order to make up the deficiency of 
pressure, 2S/r below the meniscus, water from outside capillary begins to flow into the capillary 
and stops at certain height h when it becomes equal to 2S/r. This gives 
 
                                        h ρ g = (2S cos  )/a                                (1.14) 
                                              h =  (2S cos  )/a ρ g 
Thus we see that the capillary rise is due to surface tension and is larger, for a smaller radius of 
capillary (a). 
 Question 1: A hydraulic automobile lift is designed to life cars with a maximum mass of 6,000 kg. 
The area of cross-section of the piston carrying the load is 500 cm2. What maximum pressure would 
the smaller piston have to bear? Take g = 9.8 m/s2. 
 Solutions: Maximum mass applied on the bigger piston having larger area ( i.e. 500 cm2) is 6,000 kg. Then the 
pressure on this piston is 

                    P = F/A = (6,000 x 9.8) N / 500 x 10-4m2 = 11.76 x 105 N m-2. 
Now from Pascal’s law pressure is transmitted unchanged through the liquid of the hydraulic to the 
piston of smaller cross section, hence the smaller piston would bear a pressure of 11.76 x 105 N m-2. 
 Question 2: Find at a depth of 2,000 m in an ocean (a) absolute pressure, (b) gauge pressure, (c) 
force acting on on a window of area 600 cm2 of a submarine whose interior is maintained at sea-
level atmospheric pressure. Given: atmospheric pressure = 1.01 x 105 Pa, density of sea water = 
1.03 x 103 kg m-3 and g=10m/s2. 
 
Solutions:  (a) Absolute pressure at a depth h is 

 Ph = P + h ρ g 
          = (1.01 x 105 N m-2) + {2000 x (1.03 x 103 kg m-3) x 10 N kg-1} 
           = {(1.01 x 105) + (2.06 x 107)} N m-2 
          = {(1.01 x 105) + (206 x 105)} N m-2 
           = 207.01 x 105 Pa ≈ 207.01 atm. 
 
(b) The gauge pressure is  

Ph – P = h ρ g = 206 x 105 Pa = 206 atm. 
 

(c) The pressure outside the submarine is P + h ρ g and that inside is P 9 given). Hence net pressure 
acting on the window is gauge pressure i.e. h ρ g (206 x 105 N m-2). The area of the window is 
600cm2 = 0.06 m2. Hence the force acting on the window is 
  

F= pressure x area = (206 x 105 N m-2) x 0.06 m2 
           = 12.36 x 105 N. 
 



Question 3: A soap film is on a rectangular wire ring of size 6 cm x 6 cm. If the size of the film is 
changed to 6 cm x 8 cm, then calculate the work done in this process. The surface tension of soap 
solution is 3.0 x 10-2 N m-1. 
 Solutions: Initial surface-area of the of the film = 36 cm2 
          Final surface-area of the film = 48 cm2 

Increase in surface-area =  (48 x 10-4) – (36 x 10-4) = 12 x 10-4 m2 
The film has two surfaces. Hence net increase in surface-area of the film is   A = 2 x 12 x 10-4 m2 

Now, work done = surface tension x increase in area 
    = 3.0 x 10-2 N m-1 x 24 x 10-4 m2 
    = 7.2 x 10-5 J 

 Question 4: The surface tension of a soap solution is 0.030 N m-1. How much work is required to 
force a bubble of 2.0 cm radius from this solution? 
 
Solutions  Work done in blowing a bubble is stored in the form of energy in the surface of the bubble (inside 
and outside). The area of the 2 surfaces is  

A = 2 x 4 π r2 = 8 π r2, here r is radius of the bubble. 
r = 2.0 cm = 2.0 x 10-2 m 
A = 8 x 3.14 x (2.0 x 10-2)2 = 10.048 x 10-3 m2 

Now, work done = energy of the extended area = surface tension x area  
        = 0.030 N m-1x 10.048 x 10-3 m2 
                              = 30.144 x 10-5 J. 
 Question 5: A drop of mercury has a radius of 4.00 mm at room temperature. The surface tension 
of mercury at that temperature is 4.65 x 10-1 N m-1. Find excess pressure inside the drop and the 
total pressure inside the drop. The atmospheric pressure is 1.01 x 105 Nm-2 (or Pa). 
 Solutions.  
Excess pressure inside the drop is given by  

p = 2T/R= 2(4.65 x 10-1)/(4.00 x 10-3) = 232.5  Pa 
Atmospheric pressure P = 1.01 x 105 Pa.  
Total pressure inside the drop = P+ p = (1.01 x 105) Pa + (0.002325 x 105) Pa 

       = 1.012325 x 105 Pa. 
 Question 6: (i)What is the excess pressure inside a soap bubble of radius 5.00 mm at room 
temperature (200C)? The surface tension of soap solution at 200C is 2.50 x 10-2 Nm-1, (ii) If an air 
bubble of the same radius were formed at a depth of 40.0 cm inside a vessel containing soap solution 
of relative density 1.20, then what would be the pressure inside the air bubble?  
 Solutions (i) Excess pressure inside a soap bubble  

P = 4T/R = 4( 2.50 x 10-2 N m-1)/(5.00x 10-3m)= 20.0 Nm-2 = 20.0 Pa. 
(ii) For an air bubble of same radius inside the soap solution, the excess pressure inside the bubble 
is  

P= 2T/R = 10.0 Pa. 



If P be the atmospheric pressure, then the pressure outside the air bubble at a depth h in a soap 
solution of density (ρ = 1.20 x 103) kg m-3 is 

       P’  = P + h ρ g 
   = (1.01 x 105) Pa + (40.0 x 10-2m)(1.20 x 103 kgm-3)(9.8 N kg-1) 
   = (1.01 x 105) Pa + (0.047 x 105) Pa 
   = 1.057 x 105 Pa 
Total pressure inside the soap bubble is 
   = P’ + p 
   = (1.057 x 105) Pa + 10.0 Pa. 
   = 1.057 x 105 Pa 
   ≈ 1.06 x 105 Pa 
 Question 7: Mercury has an angle of contact equal to 1400 with glass. A narrow tube of glass of 
radius 2.0 mm is dipped in a trough of mercury. By what amount does the mercury dip down in the 
tube relative to the liquid surface outside? Surface tension of mercury at the temperature of the 
experiment is 0.465 N m-1. Density of mercury = 13.6 x 103 kgm-3. 
 Solutions Height of liquid column of surface tension T and density ρ in a glass capillary tube of radius r is 
given by 

h = 2T cos / r ρ g , where  is the angle of contact of liquid-glass.   
Substituting the values we get  
   h = {2 x 0.465 x (- 0. 766)}/{(2.0 x 10-3) x (13.6 x 103) x 9.8} 
         = -2.67 x 10-3 m = -2.67 mm 
The negative sign indicates that the mercury is depressed in the glass capillary tube. 
 Question 8: Water flows steadily through a horizontal pipe of varying diameter. The pressure of 
water is 2.0 cm of mercury column at a point where velocity of flow is 0.50 m s-1. Find the pressure 
at another point where the velocity of flow is 0.75 m s-1. The densities of mercury and water are 
13.6 x 103 and 103 kgm-3 respectively. Take g = 9.8 N kg-1. 
 
Solutions  Using Bernoulli’s theorem: P1+1/2ρ v12+ ρgh1= P2+1/2ρ v22+ ρgh2 for a horizontal flow of water, 
we have  

P1+1/2ρ v12 = P2+1/2ρ v22. 
Here P1 = 2.0 cm of Hg = 0.02 m of Hg = 0.02 x (13.6 x 103) x 9.8 N m-2, v1 = 0.50 m s-1, v2 = 0.75 
m s-1 and ρ = 103 kg m-3. 

Now, P2 = P1 – ½ ρ (v22 - v12) 
       = 0.02 x (13.6 x 103) x 9.8 – ½ x 103 x [(0.75)2-(0.50)2] 
        = 2.509 x 103 N m-2 
 Question 9: The piston and nozzle of syringe have diameters 10mm and 4mm respectively. The 
syringe filled with water is held horizontally at a height of 2 m above the ground. The piston is 
pushed with a constant speed of 0.25 m s-1. Find the horizontal range of water jet (coming out of 
the nozzle) on the ground. Take g = 10 m s-2. 
 Solutions  Let v be the horizontal with which water comes out of the nozzle. From equation of continuity (Av 
= constant), we have 



π ( 5 x 10-3 m)2 x 0.25 m s-1 = π ( 2 x 10-3 m)2 x v 
Solving, we get  v = 1.56 m s-1 
Water coming out of nozzle will follow a projectile path. If t be the time taken coming out of the 
nozzle to hit the ground, we have 

       x = vt                   (i) 
 
and y = ½ g t 2                 (ii) 

where x is the horizontal range covered and y is the vertical height of the nozzle above the ground. 
From eq. (ii) we have  
   t = (2 y / g)1/2  
   t = 0.63 s 
From eq. (i), the horizontal range is  

x = 1.56 m s-1 x 0.63 s = 0.99 m 
 
Question 10: An oil drop falls through air with a terminal velocity of 5 x 10-4 m s-1. (a) Calculate 
the radius of drop. (b) What will be the terminal velocity of a drop of half of this radius? Given 
viscosity of air = 1.8 x 10-5 N s m-2, density of oil = 900 kg m-3. Neglect density of air compared to 
that of oil. Take g = 9.8 N kg-1. 
 Solutions (a) When an oil drop (radius r, density ρ) falls through air (density σ, viscosity ) the terminal 

velocity attained by the drop is   
    v = 2/9 r2 (ρ – σ) g/                  (i) 
Ignoring σ compared to ρ and soling for r, we have 
    r = (9v/2ρg) ½ 
On substituting values we have  
    r = 2.14 x 10-6 m. 
 (b) As is clear from equation. 9(i), v  r2, therefore the terminal velocity of drop of half the above 

radius will be one-fourth the above velocity, that is, 
 (5 x 10-4 m s-1)/4 = 1.25 x 10-4 m s-1. 
 
Post Module questions: 
1. On application of a pressure of 21kg/cm2, the volume of 1 lit. of an oil decreases by 

840mm3.Calculate the bulk modulus and compressibility of the oil. 
 

2. If the tension in a wire increases gradually to 6kg, the elongation of the wire becomes 1.13 mm. 
Calculate the work done. 

 
3. A 3kg mass is hanging from one end of a vertical wire of length of 2 m and of diameter 0.5 

mm. Due to this mass, elongation produced in the wire is 2.38mm Find the Young’s modulus 
of copper. 

 
4. Six external forces, each of magnitude F, are applied on all the faces of a unit cube. Considering 

its elastic modulus, calculate the longitudinal strain and the volume strain on the unit cube. 



 
5. A steel bar of breadth and depth both 1 cm, is supported on two knife edges 1 m apart. A load 

of 1.5 kg at the center of the bar depresses that point by 2.51 mm. What will be the Young’s 
modulus of steel? 

 
6. Two bodies M and N of equal mass are hung separately from two light weight springs. Force 

constants of the springs are k1 and k2.The bodies are set to vibrate so that their maximum 
velocities are equal. Find the ratio of the amplitudes of vibration of the two bodies. 

 
7. The poisson’s ratio of a wire is σ. Show that if e is the longitudinal strain due to an applied 

force, the volume strain will be e.(1-2σ). 
 

8. Young’s moduli of two rods of equal length and equal cross section are y1 and y2.These rods 
are joined end to end forming a composite rod system. Prove that equivalent Young’s modulus 
of the composite system of rods =2(y1.y2)/(y1+y2). 
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Module - III 
Oscillations and Waves 

 
Lectures: 03 

 

Pre Test Questions 
1. (a) What is a periodic Phenomenon? Give few examples. 
     (b) Define Oscillation. What is the difference between mechanical and non-mechanical  

Oscillation? 
(c) What is Phase? Define phase constant. 
 

2. Define angular frequency and how it is related with time period. Give the relation. Give a 
physical relation showing the relation between them. 
 

3. What is Simple Harmonic Motion? What is a simple pendulum? How can you relate the motion 
of a simple pendulum to Simple Harmonic Motion? Write the differential equation linking 
acceleration to displacement. 

 
4. What are Waves? What is a pulse? What are the different types on waves? 

 
5. What are Standing Waves? How do you define harmonics of standing waves? 

 
6.  What is Doppler’s Effect? 

 
7. Define Resonance. What do mean by Beats? 

 
8. What is meant by Damping? Distinguish between under damping and over damping. 

 
9. Distinguish between rarefaction and compression, and crest and trough.  

 
10. How does a wave pulse interact for the following cases: 

i) When it encounters a fixed boundary? 
ii) When it encounters a free boundary? 

 
 
 



Types of Motion: We very often come across the following types of motions 
1. Rectilinear motion: Motion of a particle in a straight line 

 
Examples: Motion of ball in straight line, a body that falls freely in vertical direction under the 
influence of gravity etc. 
 

Periodic Motion 
A motion that repeats itself at regular intervals of time is called periodic motion. 

 
 
 
 
 
 

 
                  
 

          Swinging Pendulum and clock 
In both the cases, the motions repeat after certain interval of time. Such a motion that repeats after 
certain interval of time is known as periodic motion. The body is displaced from a fixed point and 
it is given a small displacement, a force comes into action that tries to bring it to its equilibrium 
point, giving rise to oscillation or vibration.   
Every oscillatory motion is a periodic, but every periodic motion need not be oscillatory. 

 

 

 



Oscillations 
• Oscillatory motion is a to and fro motion about a mean position and periodic motion repeats 

at regular intervals of time.  
• All oscillatory motions are periodic but all periodic motions are not oscillatory. 

Oscillations or Vibrations 
There is no significant difference between oscillations and vibrations.  

• Low frequency periodic motions are called as oscillation (like the oscillation of a branch of 
a tree), 

• High frequency Periodic motions are called as vibration (like the vibration of a string of a 
musical instrument).  

Periodic Motions which can be represented by Sinusoidal waveform (Sine or Cosine wave) are 
known as harmonic motion 
 

Simple Harmonic Motion 
• Simple Harmonic Motion (SHM) is a specialized form of periodic motion 
• Periodic vibration around an equilibrium position 
• Restoring force must be  

• proportional to displacement from equilibrium 
• in the direction of equilibrium 

There are two types of SHM that will be discussed. 
• Mass-Spring System 
• Pendulum 

 
• Simple harmonic motion (SHM) is a special kind of periodic motion occurs in mechanical 

system where net force acting on an object is proportional to the displacement of the object 
from its equilibrium position and the force is always directed towards the equilibrium 
position. 

• In order for mechanical oscillation to occur, a system must posses two 
quantities: elasticity and inertia.  



• When the system is displaced from its equilibrium position, the elasticity provides 
a restoring force such that the system tries to return to equilibrium.  

• The inertia property causes the system to overshoot equilibrium. This constant play 
between the elastic and inertia properties is what allows oscillatory motion to occur. 

The natural frequency of the oscillation is related to the elastic and inertia properties  
 
 
 
An oscillating system is a mass connected to a rigid 
foundation with a spring. 
 
Example: Spring mass system 

• An oscillating system is a mass connected to a rigid foundation with a spring.  
• The spring constant k provides the elastic restoring force, and the inertia of the 

mass m provides the overshoot. 
By applying Newton's second law F=ma to the mass, one can obtain the equation of motion for the 
system: 
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where xm is the amplitude of the oscillation, and φ is the phase 
constant of the oscillation. 
 
   
 

 

 



 Waves with different amplitudes            Waves with different phase 
 
 
 
 

Waves with different time period 
 
 
 

 
 
 

The period of the oscillatory motion is defined as the time 
required for the system to start one position, complete a 
cycle of motion and return to the starting position. 
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Energy in Simple Harmonic Motion 
 
Kinetic energy (K) of the particle executing SHM 
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Total energy, E, of the system is, 
 

2
2
1 kAKUE   

Throughout oscillation, KE continually being transformed into PE and vice versa, but TOTAL 
ENERGY remains constant 
 
As the system oscillates, the total mechanical energy in the system trades back and forth between 
potential and kinetic energies. 

 
 
 
 
 
 

The total energy in the system, however, remains constant, and depends only on the spring constant 
and the maximum displacement (or mass and maximum velocity vm=ωxm) 
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Simple Harmonic Motion and Uniform Circular Motion 
 

Displacement of oscillating object = projection on x-axis 
of object undergoing circular motion 
   
 x(t) = Acos  
For rotational motion with angular frequency , 
displacement at time t: 
x(t) = Acos (t + ) 
= angular displacement at t=0 (phase constant) 
A = amplitude of oscillation (= radius of circle) 
 
 

 
Velocity and Acceleration in Simple Harmonic Motion 
 
Simple harmonic motion is the projection of uniform circular motion on a diameter of the circle in 
which the latter motion takes place. 

 

 



 
Displacement 
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Circular Motion 
 

• Uniform Circular motion projected in one dimension is SHM 
 

 
 
 

The ball mounted on the turntable moves in uniform 
circular motion, and its shadow, projected on a moving 

strip of film, executes simple harmonic motion. 
 

 
 

 
Simple Pendulum 
 
A pendulum consists of an object hanging from the end of a string or rigid rod pivoted about the 
point. The object is displaced (a small displacement; about 5-10⁰) to one side and allowed to 
oscillate. If the object has negligible size and the string or rod is massless, then the pendulum is 
called a simple pendulum. 

 

 



 
Restoring force 
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Damped Harmonic motion: Real oscillatory system 
 
Have you ever thought why a simple pendulum or spring mass system comes to rest when they are 
kept in oscillatory motion. Ideally, the oscillatory motion should continue forever.  
 
It is because of the resistance created by air, i.e. air works as damping medium which always 
apposes the motion or in other words we can say that the damping force is always in opposite 
direction to the restoring force.  
 
In general, it is found that the damping force is proportional to the velocity of the oscillatory body. 
 
Damped Oscillations 
 
For damped oscillations, simplest case is when the 
damping force is proportional to the velocity of the 
oscillating object 
 
Equation of motion: 
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Forced or Driven oscillation 
 
• The natural frequency is the frequency at which it 

will oscillate if there is no driving and damping 
forces. 

 

 

 



 
What is a wave? 
 
A disturbance or variation that transfers energy progressively from point to point in a medium and 
that may take the form of an elastic deformation or of a variation of pressure, electric potential, 
temperature or more. 
 
The Human Wave 
The human wave is the disturbance (people jumping up 
and sitting back down), and it travels around the stadium. 
However, none of the individual people in the stadium 
are carried around with the wave as it travels - they all 
remain at their seats. 
 
 
 
Waves in Everyday Life: Examples 
  

• Disturbance produced in pond by throwing a stone creates ripples which move outward. 
• Sound: Type of wave that moves through matter and then vibrates our eardrums so we can 

hear.  
• Visible Light: Kind of wave that is made up of photons.  
• Radio and TV Signals etc. 

 
TYPES OF WAVES 

(a)  Mechanical waves 
• Requires medium for propagation 
• Governed by Newton’s laws 
• Example: Water waves, sound waves, seismic waves, etc.  

(b)  Electromagnetic waves 
• Do not require any medium for their propagation 
• Example: Visible and ultraviolet light, Radio waves, Microwaves, X-rays etc. 

(c)  Matter waves 
 wave associated with the motion of a particle of atomic or subatomic size (electrons, 

protons, neutrons, other fundamental particles, and even atoms and molecules) 
 
Waves differ from one another in the manner the particles of medium oscillate (or vibrate) with 
reference to the direction of propagation. 
 
 

 



Transverse Wave 
 
A wave in which the particles of the medium vibrate at right angles to the direction of propagation 
of wave, is called a transverse wave. 
 
 
 
 
 
 
 
Longitudinal waves 
 
A wave in which the particles of the medium vibrate in the same direction in which wave is 
propagating, is called a longitudinal wave. 
 
 
 
 
 
 
Wave Parameters 
 

• The amplitude A, is half the height difference between a peak and a trough. 
• The wavelength λ, is the distance between successive peaks (or troughs). 
• The period T, is the time between successive peaks (or troughs). 
• The wave speed c, is the speed at which peaks (or troughs) move. 
• The frequency ν, (Greek letter "nu") measures the number of peaks (or troughs) that pass 

per second. 
 
A wave is a disturbance that travels from one location to another, and is described by a wave 
function that is a function of both space and time. If the wave function was sine function then the 
wave would be expressed by 
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The negative sign is used for a wave traveling in the positive x direction and the positive sign is 
used for a wave traveling in the negative x direction. 
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Wave Speed 
 

• The speed of a wave depends on the medium through which the wave moves. 
• The speed, wavelength, and frequency are related. 

 
λνTk  v  

 
 Speed of a Transverse Wave on Stretched String 
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Where μ is linear mass density of a string, is the mass m of the string divided by its length l. 
 

 Speed of a Longitudinal Wave Speed of Sound 
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where B is bulk modulus and ρ is density of the medium. 
 

 Speed of a longitudinal wave in an ideal gas 
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where Y is the Young’s modulus of the material of the bar. 
 

 Speed of a longitudinal wave in an ideal gas 
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where P is the Pressure of the ideal gas. Above eqn. is known as Newton relation. 
 
 
 



Laplace correction 
 
For adiabatic processes the ideal gas satisfies the relation, 
 

constantPV  
where γ is the ratio of two specific heats, γ =Cp/Cv 


Pv

 
This modification of Newton’s formula is referred to as the Laplace correction. 
 
Waves meet matter 

• Waves do not travel through the same medium. 
• Waves can be reflected, refracted or absorbed. 
• Sound wave traveling though a long corridor is reflected back as echo. 
• The speed of waves depend on the elastic properties of the medium through which it 

travels. 
• When a wave encounters different medium where the wave speed is different, the wave 

will change directions.   
• Sound wave travelling through different medium undergoes change in speed. 
• Refraction enables sound to travel faster along the ground at night than during the say. 
• When waves approach a shore with a gradual depth profile, e.g. a beach, most of the wave 

energy is absorbed by the breaking of waves. 
• When waves approach a hard vertical surface, e.g. a concrete wall or a dock, most of the 

energy is converted into waves moving in the opposite direction, a reflection. Of course 
the reflected waves are superimposed onto the original waves, 

 
Superposition of Waves 
 
The principle of superposition may be applied to waves whenever two (or more) waves travelling 
through the same medium at the same time. The waves pass through each other without being 
disturbed. The net displacement of the medium at any point in space or time, is simply the sum of 
the individual wave displacements 
 



 
 
 
 
 
 
 
 
 
 
y (x, t) = y1(x, t) + y2(x, t) 
 
Reflection of Waves 

• When a wave encounters a boundary, it will reflect back. 
The way in which it reflects will vary depending on whether it encounters a fixed or free 
boundary. 
 
Fixed Boundary 
 
A fixed boundary is when a wave encounters a fixed surface.  This would occur for a rope 
attached to a wall. 
 
Free Boundary 
 
A free boundary occurs when, for example, a rope is attached to a post and is free to move up and 
down at the end. 
 
Reflection and Refraction 
 

• Reflection 
• Waves bounce back off of a surface that they encounter. 
• A travelling wave, at a rigid boundary or a 

closed end, is reflected with a phase reversal 
but the reflection at an open boundary takes 
place without any phase change.  

• Refraction 
Waves bend and pass through a surface that they encounter. 

 
 

 



Standing Waves and Normal Modes 
 

• Standing wave oscillates with time but appears to be  fixed in its location 
wave pattern that results when two waves of the same frequency, wavelength, and amplitude travel 
in opposite directions and interfere 
 
Node 
A point in a standing wave that always undergoes 
complete destructive interference and therefore is 
stationary 
 
Antinode 
A point in a standing wave, halfway between two nodes, 
at which the largest amplitude occurs 
 
 
For Nodes 
kx=nπ where n= 0,1,2,3,… 
distance of λ/2 or half a wavelength separates two consecutive nodes.  
For Antinodes 
kx=(n+1/2) π where n= 0,1,2,3,… 
distance of λ/2 or half a wavelength separates two consecutive antinodes.  

•    For a stretched string of length L, fixed at both ends, the two ends of the string have to 
be nodes 

λ = 2L/n, for n = 1, 2, 3, … etc 
The corresponding frequencies can be represented as  
ν = n v/2L, for n = 1, 2, 3, … etc.  

•    For a system closed at one end, with the other end being free the closed end will be node 
while open end will be antinode 

λ = 2L/(n+1/2), for n = 1, 2, 3, … etc 
The corresponding frequencies can be represented as  
ν = (n+1/2) v/2L, for n = 1, 2, 3, … etc. 
 
The oscillation mode with that lowest frequency is called the fundamental mode or the first 
harmonic The second harmonic is the oscillation mode with n = 2. The third harmonic corresponds 
to n = 3 and so on. The collection of all possible modes is called the harmonic series and n is called 
the harmonic number. 
 

 



 
 
 
 
 
 
 
Beats 
 
The phenomenon of regular rise and fall in the intensity of sound, when two waves of nearly equal 
frequencies travelling along the same line and in the same direction superimpose each other is 
called beats. 
 
One rise and one fall in the intensity of sound 
constitutes one beat and the number of beats per 
second is called beat frequency. It is given as: 
 νb = (ν1 – ν2) where ν1 and ν2 are the frequencies of the two 
interfering waves; ν1 being greater than ν2 
 
 
 
Resonance 
 
Resonance occurs in an oscillating system when the driving frequency happens to equal the natural 
frequency. For this special case the amplitude of the motion becomes a maximum. 
 
An example is trying to push someone on a swing so that the swing gets higher and higher. If the 
frequency of the push equals the natural frequency of the swing, the motion gets bigger and bigger. 
 
Doppler's Effect 
 
The phenomena of apparent change in frequency of source due to a relative motion between the 
source and observer is called Doppler's effect. 
 

• When the source and observer are moving toward each other, the frequency heard by the 
observer is higher than the frequency of the source. 

• When the source and observer are moving away from each other, the frequency heard by 
the observer is lower than the frequency of the source. 

 
 

 

 



Moving Observer and Moving Source 
 

• Moving Source  
  change in   ν 

• Moving Observer 
     change in relative velocity  ν 

• Moving Source and Observer 
     change in  and relative velocity  ν 
 
Source moving; Observer Stationary  
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Post Test Questions 
1. An object undergoing simple harmonic motion about x = 0 has a displacement of 3 cm and a 

velocity of 0 at t = 0. The period of oscillation is 2 seconds. Find: (i) the phase constant (ii) 
the amplitude of the oscillation (iii) the acceleration at t = 1 second. 
 2. A 150-gram toy is in simple harmonic motion on the end of a horizontal spring with force 
constant 300 N m −1 . When the toy is 1.2 cm from its equilibrium position, it is observed to 
have a speed of 30 cm s −1 . Find: (i) the total energy of the toy at any point in its motion (ii) 
the amplitude of its motion (iii) the maximum speed of the toy (iv) the maximum force on the 
toy. 

 3. A string on a guitar has a linear mass density of 3 g m−1 and is 63 cm long. It is tuned to have 
a fundamental frequency of 196 Hz. 

(a) What is the tension in the tuned string?  
(b) Calculate the wavelengths of the first three harmonics. Sketch the transverse 
displacement of the string as a function of x for each of these harmonics. 
 



4. A block of mass 200 g is attached to a horizontal spring with k = 0.85 N m −1 . When in 
motion, the system is damped by a force that is linear in velocity, with γ = 0.2 kg s −1 . 

(a) Write the differential equation of motion for the system.  
(b) Show that the system is underdamped. Calculate the oscillation period and compare it 
to the natural period. 
(c) How long does it take for the oscillating block to lose 99.9% of its total mechanical 
energy? How many cycles does this correspond to? By what factor does the amplitude 
decrease during this time? 
 5. Two aeroplanes A and B are approaching each other and their velocities are 108 km/h and 

144 km/h respectively. The frequency of a note emitted by A as heard by the passengers in B 
is 1170 Hz. Calculate the frequency of the note heard by the passengers in A. Velocity of 
sound = 350 m s–1. 
 6. A car is travelling along a road. A stationary policeman observes that the frequency ratio of 
the siren of the car is 5/4 as it passes. What is the speed of the car? [Velocity of sound in air = 
333 m s–1] 

 7. A source of sound frequency 256Hz is moving rapidly towards a wall with a velocity of 5m/s.   
How many beats per second will be heard if sound travels at a speed of 330m/s ? 

 8. A wire of length 140 cm and mass 0.52×10- kg is stretched by means of a load of 16 kg. 
Calculate the frequency of the fundamental node 

 9. For the following decibel levels, determine the corresponding sound intensity levels in W/m2. 
a. 50 dBel 
b. 90 dBel 
c. 110 dBel 

 10. A 1.65-meter length string is forced to vibrate in its fifth harmonic. Determine the locations 
of the nodal positions. Express the locations as a distance measured from one of the ends of 
the string. 

 11. A steel piano wire is pulled to a tension of 448 N and has a mass density of 0.00621 kg/m. 
The string is 61.8 cm long and vibrates at its fundamental frequency. 
a. Determine the speed at which vibrations travel through the wire. 
b. Determine the wavelength of the standing wave pattern for the fundamental frequency. 
c. Determine the frequency of its vibrations. 
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Module – IV 
Electricity, Magnetism, and Maxwell's Equations 

 
Lectures: 03 

Prerequisite Questions  
 
To understand the electromagnetics and Maxwell's equations, we need to have the basic knowledge 
of certain aspects of physics (e.g., electricity, magnetism) and mathematics (e.g., vector calculus).  
We put forward some prerequisite questions as follows: 
 
(i) What are the concepts of total and partial differentiation? How you will relate them. 
 
(ii) What are the various vector operations? Explain the operation of scalar-vector, and vector-vector 
multiplication. Illustrate their geometrical representation. 
 
(iii) What will be the result when in the scalar-vector and vector-vector multiplication you will 
replace one vector by . 
 
(iv) What is an electrostatic field? Describe it by taking suitable examples.  How does it vary with 
the distance from the source charge? How do you describe its behavior? What do you require to 
explain its behaviour at r=0?  
 
(v) Can you explain the existence of magnetic charges? If not, why? If yes, how? 
 
(vi) How the moving charges or flowing current generate the magnetic field?  Does it follow the 
charge conservation? 
 
(vii) What is the generic difference between induced electric field in Faraday’s experiment, and the 
same in the electrostatic field?  
 
(viii)  What is the physics wise concept of the displace current? 
 
 
 
 
 
 
 
 



 
Basic Concept of Vector Calculus 
 

Physical concepts of gradient, divergence, and curl 
 
After introducing scalar and vector fields, physical concepts of gradient, divergence and curl 
are presented in an illustrative manner to enable beginners better understand the physical 
meaning of Maxwell’s equations.  Laplacian operator is also briefly discussed. 

 
1.1. Scalar and vector fields 

 
A field is a function that describes a physical quantity at all points in space. A field which is 
characterized at each point in space by a single number is a scalar field, for example, temperature 
T(x,y,z,t) in Kelvin, density ρ(x,y,z,t) in kg m-3; pressure P(x,y,z,t) in N m-2, etc. If these fields vary 
with time, they are static scalar fields. But if they do vary with time, they are time-varying scalar 
fields. 
 
A vector field is a vector-valued function that is associated with a vector at each point in its domain. 
For example, the flow velocity (m s-1) in a fluid can be represented by a field of flow at each and 
every point in space.  A velocity vector v(x,y,z,t) describes the velocity of the fluid at a point, i.e., 
v(x,y,z,t). If the flow is steady, then velocity vector v does not depend on time but only on space. 
Another example of a vector field is the gradient, V(x,y,z), of a scalar-valued function V(x,y,z). 
The electric field E (x,y,z,t), measured in N C-1 or V m-1, and the magnetic field B(x,y,z,t), measured 
in tesla,  are also the vector fields.  
 

1.2. Electric and magnetic fields 
 
Electric field and magnetic field are defined in terms of the forces experienced by an electrical 
charge. For instance, if we bring a charge q in an electric field E, the charge experiences a force qE. 
We also know that a charge moving with velocity v in a magnetic field B experiences a magnetic 
force q(vB). This means that there is still something there (i.e., a field) even if we remove the 
charge. 
 

If a charge is located at the point (x, y, z) at the time t, it experiences the force F = q(E + v  B). 
We can associate E and B vectors with every point (x,y,z) in space. The electric and magnetic fields 
are, then, viewed as vector functions in terms of x, y, z and t. Since E or B can be specified at every 
point in space, we call it 'an electromagnetic field’.  Electromagnetic (EM) fields are produced by 
charges. The relationships between the values of the fields at one point and the values at a nearby 
point can be fully described in the form of differential equations. Therefore, the knowledge of vector 
calculus is mandatory on understanding the electromagnetic theory. 

 
 
 



1.3. The concept of gradient 
 
While climbing a hill, we experience a direction of steepest ascent at right angles to the contour 
lines of constant gravitational potential. If we climb at an angle  to this direction, we climb more 
slowly by a factor cos. Likewise, we can describe a scalar function of position V(x,y,z) by surfaces 
of constant V. At a point P, there is a direction in which V increases most rapidly as indicated in 
Figure 1.1. This direction is perpendicular to the surface of constant V through P. A vector with 
magnitude equal to the rate of increase of V in this direction is known as the gradient of  V (or V). 
The component of the vector, i.e., V in any direction gives the rate of increase of V in that direction. 
This is because, at an angle  to the direction of V, the distance traversed for a given small 
increment of V is increased in the ratio 1 : cos  as shown in Figure 1.1, so that the rate of increase 
of V in this direction is cos  times less than in the direction of V. Using cartesian coordinates 
(x,y,z), the rates of increase of V in the directions of coordinate axes are V/x, V/y, V/z . 
These are, therefore, the cartesian components of the vector, i.e.,   
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Let us illustrate the concept of gradient by considering an example of an electrostatic field. The 
work done in carrying a unit test charge from one point x to another point x + x, is the potential 
difference between the two points, i.e., 
  x x

V    z)y,V(x,  z)y,x, V(x     W 
 . 

But the work done against the field for the same path is  
  x E    d    W x   E . 
Comparison of these equations shows that  
  x

V E x 
 . 

Similarly, 
  y

V E y 
  , and z

V E z 
 . 

or  E = - V. 

Grad V 

V+dV 
V 

d  cos/d Figure 1.1.  Concept of  
                      gradient. 
 



The electric field is given in magnitude and direction by the negative gradient of the electric 
potential, and the lines of electric force intersect the equipotential surfaces at right angles. 
 
Problem. Show that V is a vector perpendicular to the surface V(x,y,z) = constant. 
Let r = ix + jy + kz be the position vector of any point P(x,y,z) on the surface. Then dr = idx + jdy 
+ kdz lies in the tangent plane to the surface at P. 
But  0  dz z

V dy  y
V dx  x

V    dV 



  

or  









z
Vk    y

V j  x
V i .  (idx + jdy + kdz) = 0, 

i.e., V.dr = 0 ,  so that V is perpendicular to dr and therefore to the surface. 
 
Problem. Show that the maximum rate of change of V takes place in the direction of V. 
Let V(x,y,z) and V(x+x, y+y, z+z) be the potential at two neighbouring points P(x,y,z) and 
Q(x+x, y+y, z+z) and d  is the distance between these points. Now 
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Note that 
 d

dV  d
dV r  is the projection of V in the direction 

d
dr . This projection will be a 

maximum when V and 
d

dr  have the same direction. Then the maximum value of 
d

dV  takes place 
in the direction of V and its magnitude is |V|. 
 

1.4. The concept of divergence 
 
The divergence of a vector field D at a point P is a measure of how much the field diverges or 
converges from that point. Figures 1.3 a,b,c show that the divergence of a vector field at a point P 
has (a) positive divergence because the vector field diverges or spreads out (source), (b) negative 
divergence because the vector field converges (sink), and (c) zero divergence because the vector 
field neither diverges nor converges (no source, no sink).  Let us now deal with it in some detail. 
 
 
 
 



  
  
  
 

 
 

Figure 1.3. Illustration of the divergence of a vector field at P:  
(a) positive divergence, (b) negative divergence, and (c) zero divergence. 

 
Let us consider a rectangular element of volume of dimensions (x,y,z) with one corner located 
at the point (x,y,z) as shown in Figure 1.4. Let (Dx,Dy,Dz) be the components of the vector D. The 
x-component of the flux of the vector D through a face of area y z of the volume element is Dx y z. The excess of this flux at the x+x face over that of the x-face will be  
  x

D dzy x     z)y  (D xx xx 


 . 
 
 
 
 
 
 
 
 
 
 
 
The same argument applies to the other two pairs of faces of the volume element. The total flux of 
D out of the volume element is, therefore, given by 
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This means that the outward flux from the surface of a volume element is equal to the divergence 
of the vector multiplied by the volume of the element. We now see the physical meaning of the 
divergence of a vector. It is outflow or inflow of the vector per unit volume. 

y 

x 

z 

y 

z 
x 

 

P P P 

Figure 1.4. Calculation of flux 
          out of a volume element. 



Divergence of D is connected to the flux of D out of a volume element. For any finite volume, 
therefore, the total flux from a volume is the sum of the fluxes out of each part. Thus, we can 
integrate the divergence over the entire volume, i.e., 

dV     d
vs

DsD    
where s is any closed surface and V is the volume inside it. This theorem is named after Gauss, and 
is known as Gauss’ theorem or divergence theorem which connects the surface integral to the 
volume integral.  
 
Relation between the Partial Differentiation and Total Differentiation: Partial differentiation is 
used for the multi-variant fields, e.g., f(x,y,z). It includes that how the field varies w.r.t. a particular 
variable while others are treated as a constant. An example is given as follows: 
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The first equation is true only in the limit that x, y, and z tend to zero. 
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Similarly, we can evaluate the other terms and sum them up to get 

 0    zyx
1  z  y  x 2222

2
2

2
2

2 













  

The equation 2V = 0 is known as Laplace equation and V = 1/r is a solution of this equation. 
 
 
 



1.5. The concept of curl 
 
The curl of a vector field D at a point P is viewed as a measure of the circulation or how much the 
field curls around that point. For example, Figure 1.5a shows that the curl of a vector field around 
P is directed out of the page, while Figure 1.5b shows a vector field with zero curl. We will now 
deal with it in some detail. 
 
         
 
 

 Figure 1.5. (a) curl at P points out of the page; (b) curl at P is zero. 
 

 
 
Let us find out the circulation of a vector field D. We break our loop into a large number of small 
loops so that each small loop becomes approximately a square. We can find out the circulations 
around all of the little squares. Then we take their sum to get the circulation around the loop. Let us 
now consider that the little square lies in the xy-plane as shown in Figure 1.5.  
 
 
 
 
 
 
 
 
Starting at the point (x, y), we go around in the direction shown by the arrows as shown in Fig. 1.6. 
The whole line integral will then become  

y. (4)D x  (3)D y  (2)D x  )1(D  d yxyx  D  
Now xDx  )3(D x  )1( x  will be zero to the first approximation. To be more accurate, however, 
we must consider the rate of change of xD  with respect to y, then we have  
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Figure 1. 5 (c). Some surface 
bounded by the loop is chosen. The 
surface is divided into a large 
number of small loops so that each 
loop becomes approximately a 
square. The circulation around the 
loop is the sum of the circulations 
around the little loops. 

Figure 1.6. Circulation 
around an element square. 
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Similarly, the other two terms in the circulation can obviously be written as 
  yx  D y D y  )D (D y  (4)D  )2(D y

y
y

yyy 


 xxy . 
Thus the circulation around the element square becomes 
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which is a z-component of   D, i.e., normal to the surface element:
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We can, therefore, write the circulation around a differential square as 
sDDD d )  (  ds )  (  d n    . 

We can fill in the loop with any convenient surface and add the circulations around a set of 
infinitesimal squares in this surface, i.e., 

sDD d     d
s

   . 
This is Stokes’ theorem which connects the line integral to the surface integral.  
. 
Problem. If v =   r, show that  = ½ curl v where  is a constant vector. 
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Therefore,   = ½   v = ½ curl v 

 
This problem simply shows that the curl of a vector field exhibits rotational properties of the field. 
If the field is due to a moving fluid, for instance, then a paddle wheel placed at various points in the 
field would tend to rotate in regions where   v is non-zero. However, if   v = 0 in the region, 
there would be no rotation, and the field is then called irrotational. A field which is not irrotational 
is also called a vortex field. 

 
 



1.6. Laplacian operator 
 
Notice (i) the gradient of a scalar field is a vector field, (ii) the divergence of a vector field is a 
scalar field, and (iii) the curl of a vector field is a vector field.  We can construct from the del 
operator a natural differential operator that creates a scalar field from a scalar field. If we apply the 
gradient operator to a scalar field to give a vector field, and then apply the divergence operator to 
this result, we get a scalar field.  This is what we call "div grad" of a scalar field, and is given by 
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We denote this operator by the symbol 2, and call it as the Laplacian operator after Laplace who 
studied physical applications of scalar fields (such as the potential of an inverse-square force law) 
that satisfy the equation 2V = 0, 
i.e.,  . 0    z
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This formula has wide applications in science and technology, e.g., in the context of potential fields 
(such as the electrostatic potential in an electric field, and the velocity potential in a frictionless 
ideal fluid), in Poisson's equation 2V = - /0.  
 
We have considered above the Laplacian of a scalar. Since the Laplacian operator 2 is a scalar 
operator, we can define the Laplacian of a vector. In this context, 2A should not be viewed as the 
gradient of A, which makes no sense. Rather, 2A is defined as the gradient of the divergence of A 
minus the curl of the curl of A, i.e.,  
  2A = (.A) -     A. 
 
Problem. For a vector field A, show that .  A = 0, that is, the divergence of the curl of any 
vector field vanishes. 
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Problem. For a scalar field V, show that    V = 0, that is, the curl of the gradient of any scalar 
field vanishes. 
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Concept of Electricity & Magnetism  
 
This chapter begins with the experimental laws of electricity and magnetism. These laws (e.g., 
Coulomb, Ampère, and Faraday) are described in terms of physical contents and their 
mathematical representations. Taken together, they suggest no new effects beyond the 
original experiments they represent. It is only when the displacement current is added that 
new physics emerges. This physics includes the prediction of the existence of electromagnetic 
waves which follow from Maxwell’s equations and transport energy and momentum through 
empty space by means of electromagnetic fields. 
 

2.1. Coulomb’s law 
 All matter is made up of fundamental particles of which most important are the neutron (mass = 
1.6710-27 kg and charge = zero), the proton (mass = 1.6710-27 kg and charge = 1.60 x 10-19 C), 
and the electron (mass = 9.110-31 kg and charge = - 1.6010-19 C). The ratio of the charge of a 
proton to the charge of an electron is ‘minus one’ to the highest known degree of accuracy. 
 
The French Scientist Coulomb established from his experiments that an electrical charge q1 exerts 
a force on another charge q2 separated by a distance r, which is given by 

    r̂ r
qq 4

1  2
21

0F                          (2.1) 

where 27-
0

c 10  4
1   (by definition) = 9 x 109 (by experiment) N.m2/C2. 

 
This equation shows that the force acts along the line which joins the two charges. For two electrons, 
for instance, we have (-q) (-q) = q2 where q is the charge of an electron, which means that the force 
is positive and acts in the direction of increasing distance r, measured from either of the point 
charges.  This means that it is a repulsive force. Like charges repel, and unlike charges attract (If 
two charges of one coulomb each are separated by a distance 1 mm, the repulsive force between 
them will be enormously high, i.e., 91015 N). If we add more electrons to the original two, we find 
from the experiment that this does not affect the interaction between the original two electrons. We, 
therefore, supplement the Coulomb’s law with the another wonderful fact of nature, that is, the force 
on any charge is the vector sum of the Coulomb forces from each of the other charges. This fact of 
nature is called ‘the principle of superposition’. 
 
Let us now look at what happens from an alternative viewpoint (action through a medium). The 
repulsion (or attraction) of charge q2 reveals that q1 affects its surroundings. In other words, the 
influence of q1 is still there even if q2 were taken away. We can, therefore, think that q1 produces 
something which is called the electric field E in the space around it. When q2 is introduced, the field 
in its vicinity acts on it so that it experiences a force F = q2E. This can be reconciled with the 
Coulomb’s law if 

      r̂ r
q 4
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In this case, we see that an electric field is a representation of the way in which it varies with 
position. Note that the word ‘field’ transfers our attention from the electrical charges to the space 
around them.  

  
The electric field E has direction and magnitude (intensity).  Note, then, that electric field lines 
begin at positive charge (source), and end at negative charge (sink), unlike magnetic field lines 
which neither begin nor end (no source, no sink).  

 
 
The intensity of the field is crudely defined as the number of lines of force passing through a unit 
area at right angles to the direction of the lines. This simply means that the more intense the field, 
the higher the concentration of lines of force to represent it. If we consider an electrical charge q, 
the number of lines of force (hypothetical) it produces per unit area, by definition, will be 

r̂ r
q 4

1  2
0E . So, the intensity varies inversely as the square of the distance. Let us draw an 

imaginary sphere (as shown in Figure 2.2) with surface area S around this charge at a distance r and 
ask how many lines of force pass through it. The answer is 0

2
1

2
10 q/  r4  )(q/r )4/1(  . This is 

independent of distance (Note that the electric flux at radius r per unit area, or electric flux density 
vector or electric displacement vector at radius r is r̂ q 4

1  2rD , so that D = 0 E). So, we see that 
the total number of lines of force is constant from the charge to infinity. Note that this argument 
works only if the force falls off as the inverse square of the distance which is the case here. As 
already noted, we reiterate that the concept of lines of force cannot be used to interpret everything 
that happens in electromagnetism. For this, we must return to the basic equations. However, they 
often provide some insight into what happens at intuitive level. 
 
Problem. Calculate the ratio of the electrical to gravitational forces acting on two particles (say 
electrons).  
The ratio is constant, independent of the relative positions of the particles, and is given by 
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Figure 2.1. The charge q located at the 
origin is surrounded by a concentric 
spherical surface s of radius r.  
 



      = (3.09 x 1022) . (1.35 x 1020) = 4.17 x 1042 .  
The gravitational force (attractive) is weaker than the electrostatic force (attractive or repulsive) by 
an enormous factor of ≈ 1042. 

 
2.2. Electrostatics 

 
We have seen in Section 2.1 that the number of lines of force, say N, leaving an electrical charge is 
given by N = q/0. If we have an array of charges q1, q2 , …, qn, we draw an imaginary closed surface 
around the volume of space they occupy. Recalling the principle of superposition, the net number 
of lines of force passing through the surface is i

n
i0 q 1/  N  . In performing the addition, we count 

field lines going outward through the surface as positive and those going inwards as negative. So, 
if there are equal number of positive and negative charges within the surface, the net number of 
lines of force passing through the surface will be zero. In general, we can write 
   i

n
1  i0s

q)(1/  d  N  
sE.  ,            (2.3) 

where ds is an element of area on the imaginary surface. This is known as Gauss’ law, i.e., electric 
flux out of a closed surface is equal to the charge enclosed. 
In general, the electrical charges are distributed throughout the volume contained by the surface. 
We can describe such a distribution in terms of an electrical charge density per unit volume, . 
When we replace i

n
1i

q  by an integral dV
V
 , Gauss’ law becomes 

   dV)(1/  d
V0s
 sE.              (2.4) 

Using Divergence theorem on the left side of this equation, we have 
dV1  dV

V0V
 .E   . 

The integrals on both sides have to be equal for any arbitrary volume (or differentiating both sides), 
we get  
   0/  .E .              (2.5) 
(Physically it means that, since dV appears on both sides of the equation, the relationship between 

E.  and  must hold for any arbitrary point in space.) 
 
It is an expression of the principle of conservation of charge, and it is true in every electromagnetic 
field at every point of space. 
 
A simple exercise shows that the work done by a test charge around a closed path in an electrostatic 
field is zero. This means that electrostatic field is a conservative field, i.e.,  
   0  d  E.               (2.6) 
Using Stokes’ theorem, we have 

0  d  
s

 sE. . 



Again the integrand has to be identically zero since the integral is zero for any arbitrary surface 
(or upon differentiation), we get  

0     E  .              (2.7) 
Since the curl of gradient of a scalar function vanishes, we can write 

V  E ,              (2.8) 
 
where V is electric scalar potential, and the minus sign implies that E points in the direction of 
decreasing V. 
 

Note that electrostatics is a neat example of a vector field with zero curl ( 0     E ) and a given 
divergence ( 0/  .E ). 
 

2.3. Magnetostatics 
 
We define the magnetic field intensity (or the magnetic induction) B in a similar way as that of 
electric field intensity E. Making use of representation of the magnetic field by lines of force, as in 
the case of the electric field, we can write for the number of lines of force N as: 
   dV   d  N

Vs
.BsB.              (2.9) 

Since isolated magnetic charges do not exist, the number of outgoing lines of force through any 
imaginary surface around any distribution of magnets in space must be balanced by the number of 
incoming lines of force through the surface (i.e., outflow = inflow). This simply means that  
   0  dV    N

V
 .B . 

Again the integrand has to be identically zero since the integral is zero for any arbitrary volume (or 
upon differentiation), we get  
   0   .B .            (2.10) 
As we know that isolated electrical charges exist (positive charge as source, and negative charge as 
sink), but magnetic charges (magnetic monopoles) do not exist. The search for isolated magnetic 
poles has not yet been successful.  
 

 
Figure 2.2 Experiment by Hans Christian Ørsted (1777-1851) 

 



Biot-Savart found from their experiments a relationship between the magnetic field due to current i 
flowing in an element of the wire d , which is known as Biot-Savart law, which is given by 
   )  d(r4

i  d 3
0 rB 

  .           (2.11) 
This equation deals with an inverse square law (like Coulomb’s law). The magnetic field is 
perpendicular to both d  and r. The total field B due to the whole current system can be obtained 
by integrating the contributions from all the elements of the system. 
 
A more fundamental approach to magnetic field uses a law that (like Gauss’ law for electric fields) 
takes advantage of the symmetry present in certain problems to simplify the calculation of B. Let 
us, therefore, consider the magnetic field generated by a current in a long straight wire (see Figures 
2.3a,b). From the symmetry of the problem, B depends on i and r so that (experimentally): 
 

  
 
                             
 
 
 
   B  i 
   B  1/r 
   r

i 2  B 0
  or i   )r2(B 0   

Noting that d  around the path is simply the length of the path, 2r, in the case of a circle, we can 
write     

sJB .d  d.
s0              (2.12) 

Using Stokes’ theorem on the left side of this equation, we get 
sJsB .d  d.

s0s
   

The integrals on the both sides  have to be equal for any arbitrary surface (or differentiating both 
sides), we get  

JB      0             (2.13) 
which is known as Ampère’s  law. 

Direction of magnetic 
field 

i 
i1 i2 

r 

B1 

B2 

F F 

Figure 2.3a. Ampère's experiment 
consisting of a long straight wire 
carrying an electric current  i.   

Figure 2.3b. Two parallel wires carrying 
currents in the same direction attract each other. 
The general rule is that parallel currents attract, 
and antiparallel currents repel. 



Note that magnetostatics is a neat example of a field with zero divergence (∇. = 0) and a given 
curl (∇ × = μ  ). 
If we take divergence of equation (2.13), we get  
  .JB.     )( 0 . 
Since divergence of curl of a vector vanishes, we have 
  0  .  J  , 
which means that the current flows in closed loops. 
 
In electrostatics, we saw that the curl of E is always zero, so we can represent E as the gradient of 
a scalar field or potential V ( = −∇V). In magnetostatics, however, the curl of B is not always 
zero, so it is not possible to represent B as the gradient of a magnetic scalar potential. However, the 
divergence of B is always zero, so we can always represent B as the curl of a vector field, recalling 
the fact that the divergence of curl of a vector is always zero. We can, therefore, write B = curl A. 
The field A is called the magnetic vector potential (we will discuss about it in chapter 3). 
 

2.4. Time varying magnetic field 
 
Faraday’s experiment showed that when the magnetic flux through a conducting circuit changed, a 
current flowed in it. This induced current flows in such a way as to oppose the original change (also 
known as Lenz’s law). The induced current produces its own magnetic field and the direction of 
flow of the current is such that this secondary magnetic field acts in the opposite direction to the 
original magnetic field. The induced current is actually a secondary effect the value of which 
depends on the resistance of the circuit.  
 
 

 
 

The change in magnetic flux generates an emf  in the circuit which then produces the observed 
current. We can write it as 

dN/dt  E             (2.14) 
where the magnetic flux is represented by the number of lines of force N and the minus sign reflects 
the opposition to a change (see Figure 2.4). We can write N as 

 

N 

Figure 2.4  As the flux 
through the wire loop 
increases, current starts 
flowing in the loop. The 
magnetic field produced by 
this current opposes the flux 
changes that produce it. 



   sB.dN 
s

   
or   sB dt  dt

dN 
   

Note that the magnetic field B varies both with position and with time. Therefore, we use the partial 
derivative B/t rather than the total derivative dB/dt. 
 
The emf is the line integral of the electric field. We can, therefore, write equation (2.14) as 
    

 sB d. t  .d E             (2.15) 
Using Stokes’ theorem on the left side of this equation, we rewrite it as 
    

 sBsE dt  .d . 
The integrals on both sides have to be equal for any arbitrary surface (or differentiating both sides), 
we get 
   t  

 BE             (2.16) 
Since 0   .B , and the divergence of a curl vanishes, we can write 
   B =   A , 
where A is known as magnetic vector potential (we will discuss the physical meaning of magnetic 
vector potential A in chapter 3). Substituting this value of B in equation (2.16), we get 
   )(t  AE 

  
or   0  )t  ( 

 AE . 
Compare it with the electrostatic field ( 0   E ), and convince yourself that electromagnetic field 
is given by 
   t   V   

 AE  .           (2.17) 
Note also that time-varying electric field is a non-conservative field. 
 

2.5. Time varying electric field 
 
The net current flowing out of an imaginary closed surface will be given by 
   sJ d.

s
  

If this is positive, then there is a net outflow of current. This means that there must be an 
accompanying reduction of charge within the volume enclosed by the surface. The total charge 



within the volume is dV 
V
 . Therefore, the rate of loss of this charge from the volume is 

 dV t V 


 
  . Since this loss is responsible for the outflow of current, we have 

   dV  t    d.
Vs


 sJ  . 
The minus sign reveals the fact that an outflow of current is equivalent to a decrease in the amount 
of charge within the volume enclosed by the surface. 
 
Using divergence theorem on the left side of this equation, we get  
   dV      .  


VV tJdV  . 

The integrals on both sides have to be equal for any arbitrary volume (or differentiating both sides 
with respect to the volume), we get  
   t    . 

 J  or 0  t  . 
 J  .          

(2.18) 
This is called the continuity equation for electrical charge (or the conservation of charge). 

 
2.6. The Lorentz force 

 
Let us consider that a steady current carrying wire is immersed in a magnetic field B. Experiments 
show that a force dF is exerted by the field on a short length of the wire d , i.e., 

)  i(d  d BF   .           (2.19) 
 
Note that the force is at right angles to the wire and to the magnetic field. Compare it with the Biot-
Savart law (cf., Equation 2.11). 
 
Now, we think of the current in terms of an electric charge q flowing along the wire, we have i = 
dq/dt, and if the charge is moving with velocity v, then d  = v dt. Hence, i d  = (dq/dt) v dt = dq v. 
We can then rewrite equation (2.11) as  
   )   dq(r 4  d 3

0 rvB 
  , 

or, integrating over the charge, 
   )  ( 4  3

0 rvB  r
q


 .           (2.20) 

Similarly, we can rewrite equation (2.19) as dF = dq (v x B),  
or, integrating 

F = q (v x B).            (2.21) 
Now, substituting equation (2.20) into equation (2.21), we get 



)] ( [r 4
q  3

2
0mag rvvF 

 . 
Compare it with the electric force (cf., equation 2.1), i.e.,  
   rF 3

0

2
elect r  4

q   . 
The ratio of magnitudes of the electrical to magnetic forces will be 
   2

22
00

elect
mag

c
v   v  F

F   .          (2.22) 
 
The average speed of electrons in a wire is about 10-4 m/s, so v2/c2 ≈ 10-25. This means that the 
magnetic force is 10-25 weaker than the electrical force between the moving electrons. Number of 
electrons and protons being equal in wires, electrical forces would disappear because of balancing 
out. This balance is much more precise than one part in 1025. Therefore, the small relativistic term 
(magnetic force) is the only term left which becomes the dominant term. It is the near-perfect 
cancellation of electrical effects which allowed relativity effects (i.e., magnetism) to be studied, and 
the correct equations to the order of v2/c2 to be discovered. That is why electromagnetic laws did 
not need any relativistic correction (unlike mechanics), because they were already correct to a 
precision of v2/c2. 
 
In electromagnetic situations, electric and magnetic forces are present simultaneously, and we have 

Ftotal   =  Felect + Fmag  =  q (E + v x B)         (2.23) 
 

This is known as the Lorentz force. It should be noted here that v x B represents a kind of additional 
electric field which acts on any charged body in motion. Let us illustrate this point by looking at the 
Ohm’s law: 
   I = V/R . 
Considering an element of length d  with cross sectional area ds, we can write R in terms of the 
resistivity  of the wire as s/dd   R . If we replace the resistivity of the material by its inverse, 
i.e., the conductivity  1/  , we have  sd

d 1  R 

 . The current flowing through the small element 
of wire is 
   i = J.ds   and  V = E. d . 
Substituting all these in Ohm’s law, we get 
   s

EsJ /dd 1/
.d  d.




 . 
or   J =  E .            (2.24) 
 
Comparing this with equation (2.23) indicates that Ohm’s law needs modification in the presence 
of magnetic field. The modified form of Ohm’s law, therefore, is 
   J =  (E + v  B) .           (2.25) 



Problem. Circulating charges: Suppose a beam of electrons is travelling in a uniform magnetic 
field. The magnetic deflecting force does not change the speed of the particles, and it always acts 
perpendicular to the velocity of the particle.  
 
Since B is perpendicular to v, the magnitude of the magnetic force will be qvB, and Newton’s 
second law with a centripetal acceleration v2/r gives 

qvB = mv2/r,  
or r  = mv/qB = p/qB , 

 
which tells that smaller the speed, smaller will be the radius of charge circulation. 
 
The angular frequency will be ω = v/r = qB/m. Note that this frequency, which is known as cyclotron 
frequency, does not depend on the speed of the particle (if v < c). 
 
Maxwell's Equations 

 
3.1. Maxwell's equations 

 
It is instructive to remind students of the state of the subject of electricity and magnetism at the time 
Maxwell published his first paper on Faraday’s lines of force in 1856. The mathematical work of 
Laplace and Poisson had greatly contributed to the understanding of distribution of charges on 
bodies of different shapes. This led to the study of mechanical forces exerted by charges on the 
bodies and thereby to the formulation of Coulomb’s law. Likewise, in magnetism, Ampère had 
developed his theory by studying the forces between current-carrying conductors. These 
developments viewed the subject from the standpoint of action at a distance (Students today are 
aware of relativity, and they are also aware that action at a distance is not instantaneous. With a 
source coil operating at 10 MHz and placed at a distance of one meter from the detector coil, one 
can demonstrate by observing the change in the phase lag by increasing the distance, thereby 
suggesting that an electromagnetic signal does take finite time to reach the detector.). As a result, 
the space outside an electric charge or magnetic dipole was not supposed to differ from empty space. 
Faraday’s discovery of electromagnetic induction, however, showed that space occupied by the 
magnetic lines of force was not the same as the empty space. A circuit rotated in space through 
which no lines of magnetic force pass will not register an electric current. 
 
Maxwell’s objective obviously was to formulate Faraday’s idea into a mathematical form. It is, 
therefore, important to emphasize that Maxwell had an intuition that action at a distance, as implied 
by Coulomb’s law, for instance, was not true in physics. Having outlined Faraday’s notion of 
magnetic lines of force and their representation by iron filings, he was dissatisfied with the action-
at-a-distance theory of magnetism.  While admitting that such theories are in fact ‘in strict 
accordance’ with the phenomena, he “(could not) help thinking that in every place where we find 
these lines of force, some physical state or action must exist in sufficient energy to produce the 
actual phenomena.”. Action will always depend on what happens in the medium, and from this, 
Maxwell visualized that disturbances in the electromagnetic field could travel with speed of light.  
 
While mathematically formulating the work of Faraday, Maxwell perceived that when a magnetic 
field was wrapped round a current, a current could equally be wrapped round a magnetic field. The 



relation between them was reciprocal in nature, and could be expressed mathematically by the curl 
of a vector (the word curl was first coined by Maxwell himself). When the two fields co-existed in 
space, the reaction between them could be expressed as the curl of a curl of a vector and this he 
simplified down to the well-known wave equations. 
 
Let us now present all the experimental laws of electricity and magnetism that we discussed so far 
(in SI units):  

0/  =   E   Gauss’ law           (2.26) 
 E B  =   t


   Faraday’s law          (2.27) 

B  =  0   No magnetic charges          (2.28) 
JB    =  0    Ampère’s law           (2.29) 

This incomplete form of the equations (2.26 to 2.29) summarizes what was experimentally known 
at the time when Maxwell set them down. Equation (2.26) states that lines of force can be used to 
describe the electric field and that these lines of force always begin on positive charges and end on 
negative charges. Considering the electric field further, equation (2.27) states that there exists an 
electric potential in a static field so that, as long as only static fields are considered, the energy of a 
moving charged particle is conserved. The extra term in equation (2.27) represents the law of 
induction. These differential equations are completely equivalent to the integral form of the laws, 
namely, Coulomb's law, and Faraday's law of induction, as they were then known. Equation (2.28) 
expresses the fact that there are also lines of force for the magnetic field, but these neither begin nor 
end anywhere because there are no free magnetic poles. Finally, equation (2.29) explains that a 
magnetic field is generated near a current, i.e., it is equivalent to the Biot-Savart law. We will now 
examine these equations in some more details. 
 
Now, suppose that we had access to all the knowledge about electromagnetic field that was available 
at the time of Maxwell. And also suppose that we had formed the view that action over a distance 
was not the basis of the phenomenon, but that there should be local laws which must be expressed 
in terms of differential equations rather than as integrals. Then we would have arrived at equations 
(2.26) to (2.29). Note that Maxwell’s first great achievement was to realize that these laws could be 
expressed as a set of partial differential equations. And the second, of course, was to realize that 
these equations were quite inadequate to explain the electromagnetic phenomena.  
 
One of the ways in which we teach our students today is to point out that these equations by 
themselves are not consistent if we assume them to remain valid even in circumstances in which the 
charges and currents change with time. Taking the divergence of equation (2.29) and remembering 
that divergence of curl of a vector vanishes (physically it means that  ∇ ×  follows the lines of 
force for which the divergence is zero), we obtain the condition that ∇. = , which means that all 
electric currents ought to flow in closed loops only. However, we know that ∇. =  should not 
vanish in general because if it did, the charge conservation equation (any flow of electric charge 
must come from some supply), ∇. + = 0 (cf., equation 2.18) implies that   t

 , hence the 
electric charge density at each point in space is unchangeable. This is clearly false, since we cannot 
imagine to have a flow of discrete charged particles without changing the charge distribution with 



time. Thus the Ampère law cannot be a complete statement of the property of ∇ ×  This 
inconsistency is corrected by adding an extra term 0E/t to the current in equation (2.29). This 
would yield the correct equation 

 t  +  =  000 
 EJB  .          (2.30) 

Then from (2.26) and (2.30), we have the continuity equation (2.18). 
The current density  t 0 

 E in free space is Maxwell’s displacement current. Combined with the 
Ampère current density J, it gives the closed flow represented by the expression  t  + 0 

 EJ . 
We do not necessarily regard this argument as a proof because this is probably not the only way of 
reconciling the inconsistent equations. One could have modified the equations in other ways to 
make them consistent. In fact, if we had stuck to the law of action at a distance, then we would just 
have thought, 'the derivation without the new term is not valid when the current is varying.’ 
Therefore, we must modify equation (2.29) in such a case. So this is not meant as a rigorous proof. 
But it is the argument which makes the form of Maxwell's equations most plausible to the beginner. 
There is no evidence in Maxwell's papers that this was the path by which he arrived at his result or 
these arguments played any part in his reasoning. Maxwell arrived at the extra term by using a 
picture which we do not accept today. If we put an electric field on a capacitor in which there is a 
medium of very high dielectric constant, then most of the electric induction D is actually contributed 
by the separation of charges in the dielectric from one side to the other. It is then natural to expect 
that the motion of these charges would be accompanied by a current, i.e., the displacement current. 
But we would not postulate any such motion of charges in the vacuum. However, Maxwell, who in 
fact called D the electric displacement, had just such a picture in mind. 
 
The need to add the 'displacement current' to the Ampère’s law was seen by Maxwell as necessary 
so that the magnetic field should satisfy the laws of vector analysis when   .J ≠ 0. We often give 
the impression that the famous Maxwell equation was deduced from the Ampère law. But this is 
not strictly true. Maxwell gave a brilliant, but intuitive solution from the purely mathematical 
consideration that the divergence of curl of any vector must vanish. There is no physical reason why 
a magnetic field must satisfy the laws of vector analysis. And during Maxwell's lifetime, there was 
no direct empirical evidence that his solution was physically meaningful.  
 
The beginners find it difficult to appreciate the physical meaning of displacement current in free 
space where  and J are zero in which case there is no need to modify the Ampère’s law. It is, 
therefore, important to emphasize that the crucial thing Maxwell did was to introduce the vacuum 
displacement current t0  E  which lead to the wave equation. It is of interest to note that one also 
needs the t B   term in curl t   BE  in order to get the wave equation. From pedagogical 
viewpoint, we would clearly see that one could not form the wave equation in free space without 
the vacuum displacement current. Visualization of ‘vacuum displacement current’, i.e., t0  E , is 
Maxwell’s outstanding discovery.  
Taking the curl of t   =  

BE  , we obtain  



   2
2

00
2

t  =  
 EE  .           (2.31) 

Similarly, taking the curl of  t  =  00 
 EB , we obtain 

              2
2

00
2

t  =  
 BB  .           (2.32) 

 
Equations (2.31) and (2.32) established the possibility of electromagnetic waves in free space. The 
speed of these waves is given by 8

00 103 = 1/ = v   m/s = speed of light, revealing the 
electromagnetic nature of light. Maxwell writes, “We can scarcely avoid the inference that light 
consists in the transverse undulations of the same medium which is the cause of electric and 
magnetic phenomena.” This is one of the great unifications of physics: what a prophetic prediction! 
The moment Maxwell conceived the idea of the displacement current, a new era started in the 
history of mankind.  
 
Some important points:  
 
(i)  It is important to note that only after introducing the extra term 0E/t in Ampère’s law, the 
four equations yield profound consequences and rightly named after Maxwell. The equation 

0/  .E  then expresses the fact that lines of E begin and end only on electric charges though 
under circumstances they may form closed loops. It should be stressed that in order to determine a 
vector uniquely from the given boundary conditions, one must know both its divergence and curl in 
the intervening space (cf., Helmholtz theorem). The equation 0/  .E  is not sufficient in a static 
or non-static case to determine the vector field E uniquely. In static case 0     E , and in a non-
static case, Faraday’s law of induction, t  

 BE , provides the extra equation required. It is to 
be noted that the latter equation is consistent with 0   .B  everywhere, and hence the lines of force 
of B behave like streamlines in an incompressible fluid and do not end. They can only form closed 
loops. 
 
(ii)  Displacement current: In free space, the electric current can only be viewed in the form of a 
displacement current. But in a polarizable medium, both types of currents can coexist. It is important 
to illustrate the significance of the displacement current and associated physical implications. For 
instance, the fact that copper behaves like a good electric conductor for the propagation of 
electromagnetic waves well up to the frequency of the ultraviolet (UV) light, but it behaves like a 
dielectric at higher frequencies, is a penetrating example for the beginners. 
 
For an electromagnetic wave propagating in an electric conductor, the conduction current density 
is Jc =  E0 ej(k.r – ωt)     and the displacement current density is 
 E/t = - ω E0 ej(k.r – ωt) .   Thus the magnitude of the ratio of the displacement to the conduction 
current densities is equal to ω/. Taking  = 0 = 8.854 x 10-12 F/m and  = 5.8 x 107 mho/m for 
copper, this ratio becomes ≈ 10-18 ν where ν is the frequency given by ω = 2πν. Since ν = 1016 s-1 



for the UV, the displacement current in a good electric conductor is small compared to the 
conduction current at frequencies below the UV. The displacement current overtakes the conduction 
current at higher frequencies, e.g., X-ray frequencies. 
 
(iii)  As a third example, it is seen that beginners find it difficult to answer the question: A 50 Hz 
alternating current is flowing in a wire. Is it a displacement current?   
 
The answer is that it is almost entirely the Ampère conduction current but it does contain a very 
small amount of displacement current (At 50 Hz, the ratio of the displacement to conduction current 
densities is equal to ≈ 5x10-17). Similar examples (e.g., At what frequencies the sea water, with  = 
4.3 mho/m and r = 80, will behave like a conductor or dielectric?) of the ratio of J and  E/t 
being frequency- and material-dependent are recommended for the beginners. 
(iv) Why does vacuum behave like a polarizable medium both electrically and magnetically? The 
modern quantum field theories have answered this question satisfactorily. Maxwellian ether has 
transformed into a structured vacuum in the hands of Schrödinger and Feynman. But that is another 
story altogether.  
 

3.2  Summary 
 
All of electromagnetism is contained in a set of four equations known as Maxwell’s equations: 

                               
 

 /  =  E  is true in general, in static (i.e., 0  =  E ) as well as in dynamic (i.e., 
 E B  =   t


 ) fields: Gauss’ law is always valid. Since there are no magnetic charges, 

B  =  0 is always true. Faraday’s law  E B  =   t

  is again true in general. The last 

equation has something new, only the part of this equation (i.e. JB    =   ) holds for steady 
currents, but the correct general equation has a new part, i.e., t

 E , that was discovered by 
Maxwell. We conclude this chapter by reiterating the crucial role of displacement current, t

 E , 
(Maxwell’s real discovery), so that this set of four equations is justly known as Maxwell’s equations. 
 

 /  =  E                        
 E B  =   t


   B  =  0                                                               

t     =  
 EJB  



Appendix: Some Unsolved Problems 
 
(i)  Show and demonstrate physically (i) ∇.(1/r2 ) = 0, (ii) ∇2(1/r) = 0,  

(iii) ∇(r2) = 2r, where r = xi + yj + zk is the position vector. 
 

(ii)  Prove that (i) ∇. ∇ × V = 0 (ii) ∇ × ∇ f = 0; where V and f are respectively vector and scalar 
fields. 

 

(iii)   Prove that ᐁ. (r/r2) = 0. Will it be valid at r=0?  Explain why? 
 

(iv)  A test charge particle is moving from (0,4) to (0,-4) through a part of circle represented by 
x2 + y2 = 16. 
The electric vector field is defined by a function E = x i + (x3 + 3 x y2) j in the space at each 
of its point. 
Calculate the total work-done in this field while test charge is moving on the defined path. 

 

(v)  Find out the total electric flux from a cube 0 < x, y, z ≤ 2 m, containing volume charge 
density ρ = x3 y3 z3 micro Coulomb m−3 and εo =8.86×10−12 C 2 /N.M2. 

 

(vi)  A 3-D slab is defined by (x,y,z) = [(0,0,0), (2m,2m,10m)]. The electric field vectors are 
passing through this slab, and this vector field is defined as E = (x 2 yz) i + (y 2 xz) j + (z 2 
xy) k. Find the total flux enclosed with the slab. 

 

(vii)  A magnetic field vector is defined on a line as follows B = (x 2 +2 y) i+(3 x−y 2) j. The line 
is represented by y=5x+3 from (0,3) to (1,8). Estimate the line integral of this vector field 
over the given line segment. 

 

(viii)  A magnetic field is defined over a rectangular loop-path having the coordinates (x,y)=[(-2,-
1); (+2,+1)]  as B = (x 2 y) i + (y 2 x) j. What will be the curl of this field, and in which 
direction it will work? Estimate 
 its integration and thus magnitude over the enclosed surface.  

 

(ix)  In a cylinder of radius 'a', the current density is given by an expression J = k r cos ɸ over (r, 
ɸ) surface (k is constant). Calculate the total current (I) in the cylinder. Can such cylinder 
produce any magnetostatic field at any given point outside? If yes then how? If no then why? 

 

(x)  Calculate the ratio of conduction current density to displacement current density (i) in a good 
conductor for which the conductivity is 3.8 × 107 S/m and the relative permittivity is 1.0, 
and (ii) a good dielectric for which the conductivity is 1.2 × 10−9 S/m and the relative 
permittivity is 5.0. The frequency of the time-varying field intensity that varies with time is 
100 MHz. 
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Module - V 

Electromagnetic Waves 
 

Lectures: 02 
Introduction:         The module is made as an interactive session between the students and the instructor. There 
are two parts of it, the first part deals with the basic understanding of the Maxwell's equations, 
particularly the dynamical electric and magnetic fields. The second part deals with some concepts 
of the electromagnetic waves. We have kept some of the information to be filled by the students, 
such that they get involved in a bit of self-study and revise their concepts. 
        The instructor starts with asking a few conceptual questions. These questions can be displayed 
in the board or as a power point presentation and the instructor can pick up random students to try 
answering the questions. The discussion then follows based on these questions and the instructor 
explains concepts around them and provides a few facts also about the topic.  
Questions to be asked before starting the module 
      The module for electromagnetic waves is designed with a set of questions in mind. These 
questions are not written as a separate set, but comes within the flow of the class and helps in having 
a proper interaction with the students as the class progresses. Here teachers ask these questions 
and give time to the students to work out the problems. If they are not able to work it out then the 
teachers help them do so. There are a total of such 9 questions in this modules 

 

1 PART – I 
 

1.1 Introduction to Maxwell's equations   
The theory of electrodynamics is a theory where we can find out the electric and magnetic fields in 
presence of charged particles or currents. Using the values of the electric and magnetic fields we 
then can calculate the trajectory of charged particles. The theory was devised over many years, 
initially for stationary charges and currents by Coulomb, Gauss and Ampere and later for moving 
charges and changing currents by Faraday and Maxwell. Let me first put in the board the equations 
of electrodynamics. These were written together by James Clark Maxwell and hence are called 
Maxwell's equations. 
 

. =  , 

. = −  , 



. = 0 , 

. = +  ,                              (1) 
 

You are already familiar with the black parts of the equations from the discussions in other modules. 
These parts let us evaluate the electric and magnetic fields (  and ) given the stationary charges 
and currents. Let us bring our attention to the parts of the equations where we have a time derivative. 
Notice that the time derivatives are written with a nabla sign ( ), this means that the quantities  
and  are functions of time, but they are also functions of space. Here (the part of the equations in 
red color) only the time variations are differentiated over. The second equation is essentially 
Faraday's law, you have already learnt about it. We shall discuss it again. The quantity  is the 
flux of the magnetic field  through an area. For example, if there is an uniform magnetic field  
T (Tesla) along z direction and we want to calculate the flux through a surface of cross-section 5 
square meter in the x-y plane, the value of  will be 5 T m2. The flux of electric field also can be 
calculated in exactly the similar way. 
 

1.2 Walk through a Problem: The dynamical magnetic field  
1This example is quite non trivial and has to do with our ill notion abut non conservative fields. 
Please go through it slowly and step by step. 

Let us consider the following example of a circuit. We have a battery of e.m.f 10 V and two resistances of R1 = 1 kΩ and R2 = 9 kΩ arranged in series as shown in figure (1). We have attached two identical voltmeters one between A and B and other between E and F in the circuit. We shall call the rst one as V1 and the other as V2 from now on. 
 
 Question: What is the magnitude of the current going through the circuit? 

 Wait for the answers from the students. Since this is quite trivial, they will mostly come up 
with right answers. But still explain to the class the answer once. 
  

Total e.m.f. in the circuit is from the battery of V = 10 V and total resistance is R = R1 + R2 = 10 
kΩ: Hence, the current is I = V/R = 1 mA. 

 
 
 
 
 

___________________________________________ 
1This example is borrowed from the lectures of Prof. Walter Lwein, MIT 



 
 
 
 
 
 
 

Figure 1: Circuit diagrams for the problem discussed in text. The left one has a battery and the right one uses a varying magnetic field for the required e.m.f. using a solenoid. For both the circuits the voltages are measured between A and B and C and D terminals using the voltmeters V1 and V2. 
 Question: What would be the readings in the voltmeters V1 and V2? 

 
Again wait for the students to answer this. Check if they notice that they will have same reading 
and emphasize that fact. This is where the next example will not be trivial. You should also ask 
the students to actually calculate the voltage reading expected from the two voltmeters. After 
some discussion, explain the answer step by step as follows. 
 
It is rather obvious that both the voltmeters will read same voltage values, is not it? They are 
apparently connected to the same parts of the circuit, that is, A and C are the same points in the 
circuit, so are B and D. The voltmeter V2 has resistance R2 across the points B and D. The 
current in the circuit is 1 mA, which flows through this resistance. Hence, the voltage drop is 
V2 = 9 V. On the other hand in between A and B there is the battery of 10 V and the resistance 
R1 = 1 kΩ. The voltage drop across R1 is 1 V, hence, V1 = 9 V. They match exactly. 
 If you are wondering what this example has to do with the Maxwell's equations, then here is 
the answer to that. We do not have any magnetic field in our problem (you can even have a 
constant magnetic field and the following discussion will work) and the e.m.f. provided by the 
battery is also constant. The left hand side of the second Maxwell's equation is what gives the 
e.m.f and as there is no changing magnetic field, the right hand side is zero. The close loop 
integral in the left hand side of this equation is to be evaluated along the circuit and the fact that 
it is zero is just the Kerchief's law of voltage. That ensures that the total voltage drops calculated 
by two voltmeters (which are apparently connected between same two points in the circuit) are 
exactly the same. 
 

Let us change the example a little bit. We know, there is a different way of producing e.m.f. in a 
circuit other than using a battery. That is by the application of Faraday's law, which says that a time 
varying magnetic flux creates an e.m.f.. So what we may do is that we remove the battery in the 
circuit and place a solenoid as shown in the right hand side of figure 1. We pass a time varying 
current through the solenoid. It creates a time varying magnetic field (see Ampere's law is in action 



here). This varying magnetic field produces a varying magnetic flux  in the area given by the 
wire loop ABCD, which produces an e.m.f. in the circuit, just as the second Maxwell's equation 
say. At some point, the e.m.f. produced this way matches 10 V. 

 

 Question: What is the magnitude of the current going in the circuit? 
 Wait for the answers from the students. Since this is quite trivial, they will mostly come up 
with right answers. But still explain to the class the answer once. Emphasize that the current is 
not constant but varying, this is the value of the current at a moment when the produced e.m.f 
is 10 V. 
The e.m.f. in the circuit changes with time. When the e.m.f. in the circuit is V = 10 V and total 
resistance is R = R1 + R2 = 10 kΩ: Hence, the current is I = V/R = 1 mA. 
  Question: What would be the reading for the voltmeters V1 and V2? 
 
We expect many students will not be able to answer this properly. Make them use the same 
steps as before to see that the voltmeters now have different readings. Then explain why they 
have different reading. Also show that the total voltage measured by them adds up to 10 V, 
which is what it should be. 
 
For the voltmeter V1, there is the resistance R1 and a current of 1 mA is passing through it. So 
the voltage drop it show is Vleft = 1 V. For the voltmeter V2, the resistance is R2 and a same 
current of 1 mA is passing through it. So the voltage drop it show is V2 = 9 V. Wait a second, 
the voltmeters are still connected through the terminals A, B, C and D. But now they read 
differently! This is because now Kerchief's law of voltage no longer holds, the closed loop 
integral in the left hand side of equation two is no longer zero! This is where you step into the 
dynamics. 
 

1.3 Walk through a Problem: The dynamical electric field  
2Let us first rewrite the fourth Maxwell's equation the following way 

 

. = +  ,                                  (2) 
 

Where =  is called the electric displacement vector and = . The equations we are considering here are the Maxwell's equations in free space, if we have to write equivalent equations 
inside a material medium, the concept of electric displacement vector becomes important. Here, we introduce this to tell you how certain concepts gets its name from this. 
________________________________ 
2 This example is borrowed from NCERT Text book 



To start with, let us again consider a circuit. It has a battery of e.m.f V volt, a resistance of R ohm. We have two circular coper plates P and Q attached in the circuit in a way that their planes stay parallel. Both of these has a cross sectional area A and the distance between the plates d can be adjusted. There is a probe at a distance r from the wire at position R. This probe can measure the magnetic field B at that point. [An example of such a probe is a Hall probe, which measures the magnetic field making use of the Hall effect.] We have kept d to zero initially. See left part of figure 2 for reference. 
 
 
 
 
 
 
 
 
 
Figure 2: Circuit diagrams for the problem discussed in text. The left one has the plates P and Q kept without any distance between them while in the right figure they are kept at a distance d apart. Magnetic field measurements are done using a probe at the position R, a distance r away from the wire. 
 Question: What is the magnitude of the current going in the circuit? 

This is straight forward. Since d = 0 the plates are touching each other. The current t will be 
V/R. 

 Question: What is the magnitude of the magnetic field read by the probe at R? 
 
If the students have understood an earlier module where the Ampere's law is discussed, then they will 
be able to answer this. Still we shall go through this part once more here. 
 
We know how to answer this. There is a constant current in the circuit and no electric field (or at least 
time varying electric field) so we can use Ampere's law. We take a loop around the wire at R with a 
radius r. By symmetry the only component of the magnetic field is along the direction of the loop. This 
allow us to calculate the integral in the left hand side of the third equation easily, it is B2πr, where B is 
the magnitude of the magnetic field. In the first term of the right hand side of equation 2 (the second 
term is zero here as there is no electric field anywhere here that is changing with time), we have the 
total current that passes through an area of which our loop is a boundary. Take this area in any way you 
like, the total current pass through it is I. Hence, clearly 
 



 
2 = ,             .  = 2 .                                (3) 

Let us now move the two plates apart and keep d nonzero. The plates P and Q start to act like 
a parallel plate capacitor. As time progresses, the capacitor charges up. That reduces the current 
in the circuit and eventually the current goes to zero. As the capacitor charges up an electric 
field is developed across the plates. So the first question is following: 
  Question: At a given time if the capacitors have a charge of q, what is the magnitude of the electric field developed across them?  Again we would expect a significant part of the student will answer this. Instructors need to help the students to understand that the plates are charged and they can use Gauss's law (and symmetry in the system) to find the electric field.  To solve this problem you have to make use of the first equation of Maxwell, that is the Gauss's law. I am sure you have already done it in an earlier module. To solve this, we consider a cylinder with its axis perpendicular to one of the plate, say P. Radius of the cylinder is smaller than the radius of the plate (see figure 3).                   Figure 3: Schematic for calculation of the electric field between plates P and Q using Gauss's law. The plate P is charged to q(t) at a given time leaving on it a surface charge of q(t)=A. A gaussian pillbox is considered with area.  If the cross section of the cylinder have an area, then I leave it to you to show that  

( ) = ( )
 .                                                   (4) 

 



See I have written E(t) and q(t), since they both changes with time and above result is valid for 
a given time. A more advanced reader will note that the above expression may not be exactly 
correct (we have to consider retarded fields), but for the present purpose this expression is ne. 
Riding on this expression we can also calculate the total flux of the electric field through an 
area same or bigger than the plates P and Q as 
 

= ( )                                                             (5) 
 How much is the second term of equation 2? 
 ( ) = ( ).                                                     (6) 
 
Here we have used the fact that the time derivative of the charge is a current. But notice carefully, this is not a current owing in the circuit! This is the time change of the charge accumulated in the capacitor. As this current is a direct consequence of the change in the displacement vector, we have called this as iD(t), the displacement current. Let us trace back once and see how much is this current. 

 Question: What is the magnitude of the magnetic field read by the probe at R? 
 
This is where the main concept comes in. Convince the students that what method they may 
adopt to calculate the magnetic field at probe R, the probe will read a value irrespective of how 
we calculate the field there. This means if we get to two different results using two different 
methods, the values we get must be equal.  
 
We see now answering this not as straight forward as before (when d was zero). That is because 
now there is a changing electric field in between the plates P and Q and that also may give rise 
to a contribution. let us work this through slowly. We know how to solve this, we consider a 
loop around the wire at R with a radius of r (just as before). The left hand side of the equation 
2 still reads then B2πr. To calculate the right hand side, we need to attach a surface to this loop. 
Previously whatever we choose this surface as, it will be such that the current carrying wire 
will go through it once (or odd number of times) and the total current that goes through it will 
be I. Now if we choose the surface as in the left hand side of the figure 4, then it is still like 
that. Through this surface there is no electric field and hence there is no contribution from the 
second term in the right hand side. The result for us remains the same, i.e: 
 

( ) = ( )
2 ,                                                     (7) 

 
 

  



 
 
 
 

 

 
 
 
Figure 4: Two ways of calculating the magnetic field at R. We have considered a circular loop around the 
wire with radius r. Line integral of the magnetic field is calculated for this loop. In left figure a surface is 
attached to this loop (the grey circular area), through which a current of i(t) passes. In the right figure the 
surface is different, it encloses the plate P. No current pass through this, but there is a changing  through 
this surface. 
Only is the fact that the current is now changing with time and we need to take the current at the 
exact same time as when we calculate the field. A more advanced reader will note that the above 
expression may not be exactly correct (we have to consider retarded fields), but for the present 
purpose this expression is ne. 
But wait a moment. We might have chosen a surface as in the right hand side of the figure 5. It is 
completely valid to choose such one. Now there is no current through this surface and the first term 
gives zero contribution. But there is a changing electric field and flux. That will contribute through 
the displacement current. Now we can use our result in equation 6 to calculate the magnetic field as 

( ) = ( )
2 .                                                    (8) 

If we do an experiment, the probe at R should read a number for the strength of the magnetic field 
at a given instance of time. It is independent of what surface we choose to calculate! That means, 
whatever we choose 

 
 

 
Figure 5: Schematic of a snapshot of the electric and magnetic field of an electromagnetic wave propagating 
along z direction. The picture is adopted from NCERT book. 



as our surface, we should get the same value for the magnetic field strength! Clearly, if the magnetic 
fields in equation 7 and equation 8 are same then the current through the circuit i(t) must be same 
as the displacement current ( ). Physically this means that the rate of charge accumulation in the 
capacitor must be same as the rate of ow of charge in the circuit. That has to be right? The charges 
that accumulates in the capacitor comes from the circuit only! The charges cannot be created or 
destroyed at any point in space. This is called the principle of local conservation of electric charge. 
The term with the displacement current was added to the Ampere's law by Maxwell. This term, as 
discussed above is the consequence of the conservation of the charge. And consequence of this term 
is the path towards the electromagnetic waves, which we shall discuss next. 
 

2 PART -II 
 

2.1 Electromagnetic Waves  
Question: Here is a question for you straight away. You asked your parents to give you a FM radio 
set, but they denied. You are clever enough to make one yourself! So you start to design the 
electronics. A radio detects the electric field of the electromagnetic waves. In your receiver circuit 
you found you need some inductors and capacitors. Question is, what is the maximum time constant 
your circuit can have to detect the FM signal from the nearby station? What should be the typical 
size of the antenna that you will use? 
We all know the FM stations broadcast at frequencies near to 100 MHz. Your receiver need to be as fast as to detect this signal. Hence, the time constant of the circuit has to be less than 1/100 MHz = 10 -8 sec. The antenna used need to be smaller than one wavelength, the wavelength of 100 MHz signal is λ c/v = 3m. 
Reason for the circuit need to work as fast as above is the fact that the electric field of the wave 
oscillates rapidly in time. If we measure its amplitude at a given point in space (like by the antenna) 
the amplitude changes as time progresses. So you need to measure it before it change much. 
Interestingly, if you move with the radio, you will again see a change in the amplitude of the electric 
field as you move. That apparently is the reason why you need an antenna of similar size of the 
wavelength or half or quarter of one wavelength). Let us discuss a few things about the 
electromagnetic waves here. 
 Electromagnetic wave is disturbances in electric and magnetic fields connected in a very special 

way. These disturbances change with time and spread out in space.  One easiest way we can 
produce an electromagnetic wave is by making a charge move back and forth in a wire.  As the 
charge moves it accelerates and decelerates.  That produce a time varying current.  We have 
seen already that a time varying current produces a time varying magnetic field.  And then 
Faraday's law tells us that a time varying magnetic field will create a time varying electric field 
and e.m.f.. This e.m.f. in turn creates a time varying current again. This procedure repeats. As 
a result, the information of the oscillation of the charge gets embedded in the electric and 
magnetic fields that lies to large distances and oscillates. This oscillating electric and magnetic 
fields constitutes the electromagnetic wave. A part of the energy used to make the charge 



oscillate is used up to make the fields oscillate and the energy (as well as a momentum) 
propagates with these oscillations in different directions. 
 

 A wave (electromagnetic, sound or anything else) can be mathematically represented as (for 
plane wave going along z direction) 

 

( , ) = ( − ) + ( + )                            (9) 
where c is the speed at which the information propagates, A1 and A2 are the amplitudes. The 
first term in the right hand side represents a wave propagating in the direction of the positive z 
axis and the second part is the wave propagating in the direction of the negative z axis. It is 
easier to understand the wave propagation for waves with only one frequency. For a 
monochromatic and plane electromagnetic wave propagating along the positive z direction, the 
electric and magnetic fields would be 

      ( , ) = ( − )          ( , ) =  ( − ) .                (10) 
Since the electric and magnetic field in this example does not depend on the x and y coordinates, 
the electric field vector measured at any value of z and t is same for all x - y. That is the value 
of the fields are same over a plane. This is why this is an example of a plane monochromatic 
wave propagating along z direction. It is polarized along the x direction (definition of the 
polarization direction varies in literature, here we have adopted the convention that the wave is 
polarized along the direction of oscillation of the electric field). The quantity k is known as the 
wave vector and is related to the angular frequency! = 2  (where  is the frequency) and 
the speed of the wave c and the wavelength λ in the following way: 

= 2 = 2 = .                                                    (11) 
The electric and the magnetic fields both changes with time and as it propagates (in space). 
This is captured in the fact that they are function of both t and z. To see the effects individually, 
let us assume we are observing at a given point in space, say at z = 0. Then we see the electric 
(and magnetic) field oscillates in time. It oscillates at a pace determined by the quantity ω or v. 
The frequency v tells us the number of times the field oscillates in one sec. Think about the 
physical meaning of the wavelength in the similar way. Figure 5 shows the schematic of an 
electromagnetic wave captured at a particular time. 

 Electromagnetic wave is a transverse wave. That means the disturbance in the electric and 
magnetic fields are perpendicular to the direction of propagation of the wave. In the above 
example the wave is propagating along the z direction, whereas the electric and magnetic fields 
are along x and y directions. 

 Unlike any other waves, electromagnetic wave can travel through free space. It does not need 
a material medium. Speed of the wave can be written in terms of the constants  and . In SI 



unit the speed of the electromagnetic wave in free space is taken to be 299,792,458 m s -1. From 
our everyday experiences of waves, like that of sound or in the river, the speed of the wave 
depends on the speed of the observer or the source of the wave relative to the medium it 
propagates. But this is not true for the electromagnetic wave in free space, it does not even need 
a medium to propagate. One of the postulates of the Special Relativity by Einstein in 1905 was 
that the speed of the electromagnetic wave in free space is a constant and does not depend on 
the relative motion of the source and the observer. This had a far reaching consequence in 
physics. Speed of the electromagnetic wave in free space c is a fundamental constant of nature. 
Maxwell’s equation gives = . The value of  is chosen to be 4 × 10 H m  and 
then  comes to be 8.854 × 10 F m . In a medium, the speed of the electromagnetic wave 
is slower by a factor of the refractive index of the medium. The refractive index is a 
consequence of the relative permittivity and permeability of the medium, in fact the refractive 
index   = √  . Since most of the medium is not magnetic or  is very close to one ew 
may approximately write = √  . 

2.2  Flavors of Electromagnetic Waves: Mental Aptitude 
Frequency of the electromagnetic wave can be from a few Hz (oscillations per second) to a few 1020 Hz (in principle it can be anything!). At different frequencies/wavelengths the production and 
detection procedures are completely different. This is why we also give separate names to different frequency ranges. The part of electromagnetic spectrum at which our eye is sensitive to have 
wavelengths around 400 700 nm. This is called the visible range. Electromagnetic waves of different frequencies/wavelengths are used for different purposes in modern day life. Here is a table to 
summarize it. 
 

Name Wavelengths 
[m] 

Frequency 
[Hz] Used in 

radio > 0.1  Communication 
microwave 0.1 ~  1.  ×  10   Cooking 
infrared 1 ×  10   ~  700 × 10   Heat detection 
visible 700 × 10  ~  400 × 10   To see 
ultravviolet 400 × 10  ~  1 × 10   Sterilisation from bacteria 
X-ray 1 ×  10   ~  1 ×  10   Scanning through skins and security 

purposes 
gamma rays < 10 10  Medical purposes 

 

Table 1: Different flavors of electromagnetic waves. 
I have kept the columns with frequencies empty. Try to fill it up. Which of these have more 
frequencies than the modern day computer? The values of the frequency has a lot to do with the 
detection of the wave. Think about it. Also add more points in the application of different flavors. 
 



Exercise: 
1. Write the static limit of the Maxwell’s equations.  
2. Interchange the Electric field and the Magnetic field in the Maxwell’s equation for the 

static case. What is the difference between the new sets of equations with the original 
Maxwell’s equations? 

3. Write Down the Maxwell’s equations in a case where there is no current or charges. Now 
repeat the exercise in the first two questions.  

4. Can you think of an experiment by which you can measure the free space permittivity and 
permeability? 

5. We have used Ohm’s law in one of the example. When do you think current in the circuit 
will not be directly proportional to the applied electromotive force/voltage (even for 
conductors)? 

6. Fill up the frequency column in Table 1. Can you convert the frequencies to energy units? 
Write down the energies in terms of electron volts and Joules. 

7. Suppose that you want to make a dipole antenna to receive X-Ray radiation, what should 
be size of the antenna? Do you think you can make such a device? Can you suggest an 
alternate way of measuring X-radiation? 

 
References 

1. Introduction to Electrodynamics: D J Griffith 
2. Classical Electricity and Magnetism: Panofsky and Phillips 

 
 
 
 
 
 
 
 
 
 
 
 
 
 



Module - VI 
Wave Optics 

 
Lectures: 02 

 
Overview: 
The module on the physical optics is designed to understand the wave nature of light in interference, 
diffraction and polarization phenomenon. It discusses that how the corpuscular model of light 
developed by Isaac Newton could not explain the phenomenon of reflection and refraction. In this 
module, the classification of interference phenomenon and their conditions are discussed.  The 
Huygens's principle is discussed to describe interference and diffraction.  It also discusses about the 
various applications of interference, diffraction and polarization in our daily life. 
Outcome of the module: 
After studying this module, the students would be able to understand the conditions needed to 
produce interferences; Identify interferences by wave front division or by amplitude division. They 
can explain the effects of superposition of waves in interference and diffraction. It provides the 
insight of the functioning of various optical systems based on interference, diffraction and 
polarization and applications in our daily life. 
 
Pretest Questions. 
Q.1 Is it possible to explain interference and diffraction by particle nature of light?  
Q.2 What are coherent sources and can we produce them from an independent source? 
Q.3 Explain whether the interference or diffraction or both take place in the diffraction 
 phenomenon. 
Q4. What are the differences in the intensity pattern on changing the number of slits on the 
 grating surface?  
Q5. What is polarization of electromagnetic waves and how it is useful in our daily life? 
 Introduction 
 
Descartes gave the corpuscular model of light in 1637 and explained the laws of reflection and refraction of light at an interface. In the corpuscular model, the speed of light would be greater if the ray of light on refraction bends towards the normal. Isaac Newton further developed this corpuscular model of light. Later, the wave theory of light was developed by Dutch physicist Christian Huygens. The wave theory of light could explain the phenomenon of reflection and refraction; however, it predicted that on refraction if the wave bends towards the normal then the speed of light would be less in the second medium. This in the contradiction to the prediction made 



by using the corpuscular model of light. It was confirmed much later by experiment that the speed of light in water is less than the speed of light air confirming the prediction of the wave model. The wave theory of light was not easily accepted because of Newton's authority and also because light could travel through vacuum and it was felt that a wave would always require a medium to propagate from one point to the other. However, it was firmly established that light is a wave phenomenon after performing famous interference experiment by Thomas Young in 1801.After the interference experiment of Young in 1801, various experiments were carried out involving interference and diffraction of light waves. The only major difficulty was that since it was thought that a wave required a medium for its propagation, how light waves could propagate through vacuum. This was explained by Maxwell famous electromagnetic theory of light. Using wave equation, Maxwell calculated the speed of electromagnetic waves in free space and he found that the theoretical value was very close to the measured value of speed of light. Maxwell explained that light waves are associated with changing electric and magnetic fields and changing electric field produces a time and space varying magnetic field and a changing magnetic field produces a time and space varying electric field. The changing electric and magnetic fields result in the propagation of electromagnetic waves even in vacuum. 
  
Interference of light 
 
Today, we produce interference effects with little difficulty. In the days of Sir Isaac Newton and 
Christian Huygens, however, light interference was not easily demonstrated. There were several 
reasons for this. One was based on the extremely short wavelength h of visible light around 20 
millionths of an inch and the obvious difficulty associated with seeing or detecting interference 
patterns formed by overlapping waves of so short a wavelength, and so rapid a vibration around a 
million billion cycles per second! Another reason was based on the difficulty before the laser 
came along of creating coherent waves, that is, waves with a phase relationship with each other 
that remained fixed during the time when interference was observed. 
 
Classification of interference phenomenon 
In general, the interference phenomenon is classified in two classes depending on the method of obtaining the coherent sources. (i) Division of wavefront: The wavefront originating from a common source is divided in to two parts by employing mirrors, prism or lenses and the two wave fronts thus separated travel unequal distances and are finally brought together to produce interference. The devices used to obtain the interference by division of wavefront are a Fresnel biprism, Lloyd's mirror, Billet's split lens and laser. Division of amplitude: The amplitude of the incoming beam is divided into two or more parts either by partial reflection or refraction. These divide parts travel different paths and are finally brought together or produce interference. Examples like interference in thin films, Newton's rings, Michelson's interferometer and Fabry-Perot interferometer etc. 
Conditions for sustained interference of light 
The intensity must be maximum and zero at the points corresponding to constructive and destructive interference to obtain perfect interference. The following conditions must be fulfilled to obtain well defined and observable interference: 



(i) The frequency of light emanating from the two interfering sources must be same. If their frequency is not same, the phase difference between the interfering waves will vary continuously. Consequently, the resultant intensity at any point will vary with time alternately maximum and minimum. 
The amplitude of interfering waves must be equal. If this condition is not satisfied, the minimum intensity will not be zero and so the contrast of the fringes formed will not be good. 

(iii) The distance between the two coherent sources should be small as much as possible. The distance between the consecutive dark or bright fringes is inversely proportional to the distance between the two sources. Hence, the fringes of maximum and minimum intensity will lie so close together that the fringes will not be separately visible. 
The two sources should be narrow. A broad source is equivalent to a large number of fine sources lying side by side. Each pair of fine sources will give its own interference pattern. The fringes of different interference patterns will overlap causing a general illumination. 

(v) The two interfering waves must be propagated along the same line. If this condition is not 
satisfied, the vibrations will not be along a common line. 
 
 
Are Photons Particles or Waves? 
Newton believed that light was particles: 
 

          Light travels in straight lines! 
 

 
 Image is in the public domain                             Image by Jeffrey Jose 
 
A wave is a vibration of some medium through which it propagates, e.g., water waves, waves propagating on a string 

  



 
  Huygens asumed that light is a form of wave motion rather than a stream of particles. 
 Huygens's Principle is a geometric construction for determining the position of a new wave at 

some point based on the knowledge of the wave front that preceded it. 
 Al points on a given wave front are taken as point sources for the production of spherical 

secondary waves, called wavelets, which propagate in the forward direction with speeds 
characteristic of waves in that medium 

 After some time has elapsed, the new position of the wave front is the surface tangent to the 
wavelets 
As you might expect, the heuristic idea of Huygens can be fully justified through various derivations 
associated with the Maxwell equations. 
 
 
 
 



Huygens' Principle Explains Diffraction 
 

 
 
Interference 

sin( ) = ,                                     = 0, 1, 2, … … …                     
sin( ) = ( + 1/2) ,                    = 0, 1, 2, … … …                     

 
Where m is the order of an interference fringe 

 

 
Diffraction 
Diffraction is why we can hear sound even though we are not in a straight line from the source —sound waves will diffract around doors, corners, and other barriers. 

 



The amount of diffraction depends on the wavelength, which is why we can hear around corners 
but not see around them. 
 

Single-Slit Diffraction 
•According to Huygens's principle, each portion of the slit acts as a source of light waves. 
•Therefore, light from one portion of the slit can interfere with light from another portion. 
•The resultant light intensity on a viewing screen 
depends on the direction  
•The diffraction pattern is actually an interference pattern. 

 The different sources of light are different portions of the single slit. 
The results of the single slit cannot be explained by 
geometrical optics 

 
 
 
 
 
 
 
The Diffraction Grating 
 
A diffraction grating consists of thousands of parallel slits etched on glass so that brighter and 
sharper patterns can be observed than with Young's experiment. Equation is similar. 

 

  

 



  
Resolution 

Diffraction through a small circular aperture results in a circular pattern of fringes. This limits our ability to distinguish one object from another when they are very close. 
The location of the first dark fringe determines the size of the central spot:   

                                 Rayleigh's criterion relates the size of the central spot to the limit at which two objects can be distinguished: 
If the first dark fringe of one circular diffraction pattern passes through the center of a second diffraction pattern, the two sources responsible for the patterns will appear to be a single source. 
The size of the spot increases with wavelength, and decreases with the size of the aperture. 
On the left, there appears to be a single source; on the right, two sources can be clearly resolved,  
 

 
  



Polarization 
 

 Polarization is a characteristic of all transverse waves.  Oscillation which take places in a transverse wave in     many different directions is said to be unpolarized.  In an unpolarized transverse wave oscillations may  take place in any direction at right angles to the direction in which the wave travels.  

• Polarization of Electromagnetic Waves 
  Any electromagnetic wave   consists of an electric field component and a magnetic field 

component. 
Polarization by Selective Absorption  • Polarization of light by selective absorption is analogous to that shown in the diagrams. 

 
 

 

 



Polaroid 
• A Polaroid filter transmits 80% or more of the intensity of a wave that is polarized parallel to a certain axis in the materials called the polarizing axis. 

 
• Polaroid is made from long chain molecules oriented with their axis perpendicular to the polarizing axis; these molecules preferentially absorb light that is polarized along their length 
Polarization by Reflection 
• Unpolarizes light can be polarized, either partially or completely, by reflection. 
• Amount of polarization in the reflected beam depends on the angle of incidence 

  
Reflection of light off of non-metallic surface results in some in degree of polarization parallel to 
the surface 
 
Post test Questions 
Q1. Is the interference phenomenon inconsistent with the energy conservation? Explain. 
Q2. What is Huygens's principle and how it is useful in explaining the interference and 
 diffraction phenomenon? 
Q3. What do mean by resolving power of an optical instrument? 



Q4. Is it possible to explain the transverse nature of light by interference or diffraction 
 phenomenon? 
Q5. How polarized light are produced? 
Q6. Is Brewster's angle same for all the medium to produce plane polarized light? 
Q7. How one can have two refracted rays when a ray of light is incident on certain crystals? 
Q8. What is the  principle of working a Polaroid? 
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Module - VII 
Semiconductor electronics: Materials, Devices and Simple Circuits 

 
Lectures: 03 

Objective:  
 In this module we will show the evolution of electronics from semiconductors. The students will 
learn regarding different semiconducting materials, electronic devices and simple circuits.  
 Pre requisite:  
 The students may be asked following questions before starting this module. 

1. What are the differences between semiconductors and metals? 
2. How the resistance changes with temperature in semiconductor? 
3. How the resistance changes with temperature in metals? 
4. What are the majority and minority charge carriers in n-type and p-type superconductors 

and why? 
5.  How are energy bands formed in solids? 
6. How do you classify metals, semiconductors and insulators? How does one can understand 

them via electron energy band diagram? 
7. Define an intrinsic and extrinsic semiconductor. What role does donor and acceptor 

impurities play in forming extrinsic semiconductor? 
8. Describe how a p-n junction is formed and its characteristics in forward and reverse biased 

mode. How one can exploit these properties to use it for rectification of ac voltages? 
9. Describe in brief the concept of filtering a time varying voltage signal to obtain a steady dc 

output voltage. 
 

 1. Introduction:  
 Controlled flow of electrons is the feature required in any device forming the building blocks of the 
electronic circuits. Prior to the discovery of transistor in 1948 such devices mostly were vacuum 
tubes containing many electrodes like cathode, anode, grids etc. The applied voltages at each 
electrode gave a large degree of control over the flow of electrons and hence the desired operation 
of the device can be ensured. Some examples of such devices are valves, triodes, tetrodes etc. each 
one with its specific function. These devices mostly require a vacuum inside a tube which houses 
the various electrodes hence they were bulky in size and difficult to operate comfortably. Moreover 
they consume high power, need high voltages for their operation (~100 eV) and have a limited life. 
With the discovery of modern solid state based semiconductors in 1930’s and its applications in 
device manufacturing offered significant advantages over vacuum tubes in many of the areas 
mentioned above. Hence gradually the electronic industry replaced vacuum tubes with 
semiconductor devices extensively.  

 
The figures and examples in this presentation have been obtained from NCERT Physics textbook for class 
12th course of the central board of secondary education (CBSE), New Delhi. 



2. Classification of metals, conductors and semiconductors: 
 
2.1 On the basis of conductivity: 
 
Based on values of resistivity  and conductivity  (=1/); 
 (i) Metals: Very low resistivity (or high conductivity). 
 ~ 10–2 – 10–8  m 
 ~ 102 – 108 S m–1 
(ii) Semiconductors: Rresistivity or conductivity intermediate to metals and insulators. 
 ~ 10–5 – 106  m 
 ~ 105 – 10–6 S m–1 
(iii) Insulators: High resistivity (or low conductivity). 
 ~ 1011 – 1019  m 
 ~ 10–11 – 10–19 S m–1 
 Semiconductors are mainly of two types: 
(i) Elemental Semiconductors: e.g. Si and Ge. 
(ii) Compound Semiconuductors: CdS, GaAs, CdSe, InP, anthracene, doped pthalocyanines, 

polypyrrole, polyaniline, polythiophene etc. 
 
In this module we will restrict ourselves to elementary semiconductors particularly. The general 
concepts introduced here for discussing the elemental semiconductors, by-and-large, apply to most 
of the compound semiconductors as well. 
 
2.2 On the basis of energy bands: 
 
The overlap of electronic orbitals of atoms with each other leads to a continuous distribution of 
their energies in solids giving rise to band formation. Thus every atomic orbital of the solid becomes 
a part of some band inside the solid. The valence electrons of atoms form a band known as the 
valence band of the solid. Then by definition we have the valence band as being completely occupied 
at 0 K. The lowest unoccupied energy band is called the conduction band. The relative position of 
valence band and conduction band varies for distinguishing metals, semiconductors and insulators. 
An electron in a conduction band must be considered as free contributing to electrical conduction. 
 



FIG. 1 Illustrating the band formation in 
solids from atoms coming close to each 
other.        
 
 
Consider the band formation in Si or Ge 
crystal having N atoms. Each atom has a 
2s22p2 valence electronic configuration 
hence we have 4N valence electrons in the 
crystal in total. However every atom has 4 
p-electronic states  
 

unoccupied hence the crystal has 4N unoccupied electronic states too. When the atoms come 
together during the formation of a solid the valence electronic states of neighbouring atoms overlap 
with each other giving rise to slight shift of their energies with respect to that inside the atom. It 
causes both downward and upward shift of their mutual energies. When the number of atoms N is 
very large, ideally infinity, then the energy distribution for those electrons becomes continuous 
leading to the formation of energy bands. These energy bands are most prominent for the valence 
electrons since they occupy outermost orbits and hence they strongly interact with each other inside 
the solid. The core electrons are well shielded from the electrostatic potential of the neighbouring 
atoms by the outermost electrons which keeps their wave function confined close to the nuclei of 
the atoms and hence their wave functions’ overlap with those of the neighbouring ones is negligible; 
hence the band formation among them is insignificant. The valence electrons form valence band 
and the unoccupied electronic states form the conduction band. 
The formation of the band is nicely illustrated in fig. 1. At large values of the separation between 
the atoms (region A) its electronic states are mostly influenced by the electrostatic potential of the 
nucleus of that atom itself and hence the overlap of the valence states is weak giving rise to well 
defined valence electronic energies corresponding to that atom. As one slowly decrease the 
separation the overlap of the valence states increases gradually leading to the spread of the electronic 
energy of the atom (region B). This amounts to the formation of a band from those states. Further 
decrease in the separation leads to the further downward (upward) shift of the lower (upper) end of 
the conduction (valence) band such that they both cross each other (region C). With continuous 
decrease in the separation leads to the reappearance of the energy gap Eg between valence and 
conduction band (region D). 
It must be noted that the no. of occupied (unoccupied) states in a band are same as the no. of 
occupied (unoccupied) energy states of the atoms from where they were created. 
 



FIG.2 The energy band position 
in a semiconductor at 0 K. The upper 
 band, called the conduction band, 
 consists of infinitely large number of 
 closely spaced energy states. The lower band, 
called the valence band,  
consists of closely spaced completely 
 filled energy states. 
 
 
 
 
 

The lowest energy level in the conduction band is denoted as EC and the highest energy level in the 
valence band is denoted as EV. Above EC and below EV there are a large number of closely spaced 
energy levels, as shown in fig. 2. The gap between EV and EC is called the energy band gap (Energy 
gap Eg). 
 
It may be large, small, or zero, depending upon the material. These cases are discussed in the 
following figure. 

 
FIG. 3 Difference between energy bands of (a) metals, (b) insulators and (c) semiconductors. 



Case I: This refers to a situation, as shown in (a) of fig. 3. Metals form either when the conduction 
band is partially filled and the valence band is partially empty or when the conduction and valence 
bands overlap. When one has either of the above situations an extremely small amount of energy 
given to the sample can easily excite large no. of electrons into the unoccupied states hence such 
materials easily conduct electricity and they are called as metals. The metals have high conductivity 
and low resistivity. 
 

Case II: In this case, as shown in (b), a large band gap Eg exists (Eg  > 3 eV). The valence band is 
completely filled and the conduction band is completely empty. One has to supply energy of the 
order of 3 eV in order to excite an electron from the valence band to the conduction band in order 
to generate a free electron. Such a high value of energy cannot be supplied under ambient conditions 
hence these materials do not conduct electricity and are called as insulators. A natural source of 
energy for causing excitation of the electrons in solids is the atmospheric temperature which can 
cause thermal excitations of the electrons, however, at practical temperatures e.g. room temperature 
T = 300 K the available energy to cause thermal excitations is ~ 25 meV << Eg. Thus thermal 
excitation is inadequate in causing electrical conduction in insulators. The insulators have low 
conductivity and high resistivity. 
 

Case III: This situation is shown in (c). Here a finite but small band gap (Eg  < 3 eV) exists. Because 
of the small band gap, at room temperature some electrons from valence band can acquire enough 
energy to cross the energy gap and enter the conduction band. These electrons (though small in 
numbers) can move in the conduction band and contribute to electrical conduction. Hence, the 
resistance of semiconductors is not as high as that of the insulators but also not low as that of metals. 
Semiconductors sometimes demonstrate metallic like behavior at high temperatures due to that 
existence of free electrons at high temperatures. 
 

*Fermi Level 
Top of the collection of electron energy levels at absolute zero temperature. This concept comes 
from Fermi-Dirac statistics. Electrons are fermions and by the Pauli exclusion principle cannot exist 
in identical energy states. 
 
 
 



Intrinsic Semiconductor:  
 
FIG. 4 Three dimensional diamond 
like crystal structure for Carbon, 
Silicon or Germanium with respective lattice 
 spacing ‘a’ equal to 3.56, 5.43 and 5.66 Å. 
 
 
 

Common examples of intrinsic semiconductors are elements Si and Ge which have 4 valence 
electrons in the outermost shell in 2s22p2 electronic configuration. From fig. 4 we observe that each 
atom is coordinated by 4 nearest neighbours forming covalent bonds with each other. In each 
covalent bond a valence electron from one atom is shared with the corresponding one of the 
neighbouring atom thus the 4 neighbouring atoms will ‘add’ 4 additional electrons to the valence 
shell of the central atom completing its inert shell configuration. 

 
FIG. 5 Schematic two-dimensional representation of Si 
or Ge structure showing covalent bonds at low 
temperature (all bonds intact). +4 symbol indicates 
inner cores of Si or Ge. 
 
 
 

A two dimensional schematic representation of the covalent bonding is represented in fig. 5. The 
covalently bonded electrons are depicted as shuttling between the sharing atoms. The figure shows 
an idealized scenario of all covalent bonds being intact which is expected only at low temperatures 
and in an ideal crystal without lattice defects. In real crystals there will be imperfections in the 
crystalline lattice during crystal growth. Similarly at high temperatures there will be thermal 
excitations of the electrons which will force some of the electrons to break away from the bonds. 
However in order to study the effect of intrinsic electronic structure in giving rise to semi-
conductivity we imagine an idealized case when we do not have any lattice defects and assume that 
we have a perfect crystal produced for us. For such a case at low temperatures all the bonds are 
intact and we do not have any thermal excitation induced breaking of bonds.  



 
FIG. 6 (a) Schematic model of generation of hole at site 1 and conduction electron due to thermal energy at 
moderate temperatures. (b) Simplified representation of 
possible thermal motion of a hole. The electron from the lower left hand covalent bond (site 2) goes 
to the earlier hole site1, leaving a hole at its site indicating an 
apparent movement of the hole from site 1 to site 2. 
At high temperatures the electrons which have broken these bonds become free and contribute to 
electrical conduction (fig. 6). When the electron is thermally excited it leaves a vacancy at the site 
of the bond from which it got excited which is called a ‘hole’. A hole is an effective positive charge 
with the magnitude of the charge same as that of the outgoing electron. Under the influence of 
temperature the hole generated at one site can ‘migrate’ to another site thus holes inside the 
semiconductors are mobile. In semiconductors both these charge carriers i.e. the free electrons and 
the ‘holes’ contribute to the electrical conduction independently and hence the net electrical 
conduction in semiconductors is the sum of these individual contributions. 
In intrinsic semiconductors, the number of free electrons, ne is equal to the number of holes, nh.  T
hat is ne  = nh  = ni, where ni  is called intrinsic carrier concentration. 
The thermally excited free electron moves completely independently as conduction electron and 
thus gives rise to an electron current, Ie under an applied electric field. Remember that the motion 
of hole is only a convenient way of describing the actual motion of bound electrons, whenever there 
is an empty bond anywhere in the crystal. Under the action of an electric field, these holes move 
towards negative potential giving the hole current, Ih. The total current, I is thus the sum of the 
electron current Ie and the hole current Ih: i.e. I = Ie + Ih. 
Example: C, Si and Ge have same lattice structure. Why is C insulator while Si and Ge intrinsic 
semiconductors? 
 



Solution:  The 4 bonding electrons of C, Si or Ge lie, respectively, in the second, third and fourth 
orbit.  Hence, energy required to take out an electron from these atoms (i.e., ionisation energy E) 
will be least for Ge, followed by Si and highest for C. Hence, number of free electrons for conduction 
in Ge and Si are significant but negligibly small for C. Note that the band gap of diamond (carbon) 
is 5.5 eV, of Si is 1.11 eV and of Ge is 0.67eV 
 
10. Extrinsic Semiconductor: 
 

The intrinsic semiconductors require finite temperatures for its operation. Only then one can get 
electron-holes available for conduction and semiconducting operation. However technologically it 
is much more desirable to have the semi conductivity to be realized at all temperatures. Moreover 
the electrical conductivity of intrinsic semiconductors is quite low for the sake of their technological 
use. Hence it is desirable to improve the properties of intrinsic semiconductors in order to tailor 
them for better technological use. One idea in this direction is to use foreign atoms added to intrinsic 
semiconductor in very small quantities in parts per million (ppm) level (called impurities) which 
would enhance their physical properties for technological exploitation e.g. one can enhance the 
electrical conductivity manifold upon such impurity addition. Such materials are known as extrinsic 
semiconductors (also called doped semiconductors) since the semiconducting properties are 
primarily due to the impurity atoms than from the parent compound itself. The impurity atoms added 
are technically called as dopants. An important consideration which must go into while choosing a 
dopant for doping is that the size of the dopant atom should be close to the size of the parent atom 
so as not to distort the crystal lattice significantly. This will ensure that the dopant merely adds its 
promised physical properties to the parent compound without generating spurious features arising 
due to the distortion of the lattice. 
 

Mainly two types of dopants are used in the doping tetravalent Si or Ge: 
 

(i) Pentavalent (valency 5): like Arsenic (As), Antimony (Sb), Phosphorous (P), etc. 
(ii) Trivalent (valency 3): like Indium (In), Boron (B), Aluminium (Al), etc. 
 
You will see from above that the dopant atoms lie in either side of Si and Ge in the periodic table 
of elements. Thus they are expected to have atomic sizes close to Si and Ge hence their substitution 
in place of Si or Ge is not expected to create significant crystal structure modifications in the parent 
lattice. Both these substitutions give rise to entirely different types of semi conductivity. 
 



(i) n-type semiconductor: 
 

FIG. 7(a) Pentavalent donor atom (As, Sb, P, etc.) doped for tetravalent Si 
or Ge giving n-type semiconductor, and (b) Commonly used schematic 
representation of n-type material which shows only the fixed cores of the 
substituent donors with one additional effective positive charge and its 
associated extra electron. 
  
If we dope a pentavalent impurity (As, Ab, P) into Si or Ge, then 
the 4 valence electrons of the pentavalent atom will be involved 
in the formation of 4 covalent bonds with its neighboring Si or 
Ge atoms and the fifth valence electron of the dopant will find 
itself loosely attached to its parent nucleus (see fig.7). This is 
because the 4 covalent bonds will apparently complete the inert 

shell configuration for the dopant atom which will screen the positive nuclear charge from attracting 
the fifth valence electron. Hence that electron will be very loosely bound to the dopant atom and 
with very small amount of energy it will get excited to the conduction band and contribute to the 
conduction. E.g for pentavalent impurity in Si this energy ~ 0.05 eV and for Ge ~ 0.01 eV. Since 
this extra electron is donated by the pentavalent dopant hence it is also called as the donor impurity. 
Since the extra electron lies very close to the conduction band the free electron concentration in 
such cases is very weakly temperature dependent. 
 
In such semiconductors the number of free electrons ne is contributed largely by the no. of dopant 
atoms and weakly by the intrinsically generated free electrons by thermal excitation. Moreover the 
since the free electron concentration in doped semiconductors is enhanced in comparison with 
intrinsic semiconductors the rate of hole recombination also enhanced which further reduces the no. 
of available holes nh at any temperature. Hence the electrical conduction in such compounds occurs 
primarily by the free conduction electrons and less by the holes in the valence band. Thus, with 
proper level of doping the number of conduction electrons can be made much larger than the number 
of holes. Hence in an extrinsic semiconductor doped with pentavalent impurity, electrons become 
the majority carriers and holes the minority carriers. These semiconductors are, therefore, known as 
n-type semiconductors. For n-type semiconductors, we have, 
ne >> nh. 
 
 
 



(ii) p-type semiconductor: 
  

 
This is obtained when we dope trivalent impurity like (Al, B, In etc.) 
into Si or Ge. The trivalent impurity will form 3 covalent bonds with 
neighbouring Si or Ge atoms while the last neighbour will not have 
any bonding with the impurity (see fig.8). When the impurity tries 
to attract an additional electron from the surroundings it will 
generate a hole at that place. This hole itself is not stable with time 
but will undergo annihilation with the electron coming from its 
neighbouring Si or Ge atom. This process continues over the whole 

lattice hence the hole is delocalized over the whole lattice and hence is available for electrical 
conduction. These holes are in addition to the intrinsically generated hole due to thermal excitation 
of electrons in Si or Ge atoms. Hence the holes are in excess to electrons in such semiconductors 
and these are called p-type semiconductors and the impurities are called acceptor impurities. The 
excess of holes further deplete the thermally generated free electrons via recombination. Hence we 
have for p-type semiconductors nh >> ne. 
Thus we see that the effect of dopant in extrinsic semiconductors is to enhance the majority charge 
carriers and reduce the minority charge carriers thus leading to the conductivity provided essentially 
by majority charge carriers. 
 
 
 
 
 
 
 

FIG. 9 Energy bands of (a) n-type semiconductor at T > 0K, (b) p-type semiconductor at T > 0K. 

FIG. 8 (a) Trivalent acceptor atom (In, Al, B etc.) doped in tetravalent 
Si or Ge lattice giving p-type Semiconductor. (b) Commonly used 
schematic representation of p-type material which shows only the fixed core 
of the substituent acceptor with one effective additional negative charge and 
its associated hole. 



The energetics arising due to the donor and acceptor action of the impurity is schematically 
represented in fig. 9. The donor (ED) and acceptor (EA) impurity states are formed just below the 
bottom of the conduction band EC and just above top of the valence band EA respectively as shown 
in the figure. The energy separation between the impurity states and the corresponding edges of the 
bands are very small ~ 0.01-0.05 eV. As a result, at room temperature all the impurity states are 
populated and hence we have large no. of electrons and holes in the conduction and valence band 
respectively as shown in the figure. The electron and hole concentration in a semiconductor in 
thermal equilibrium is given by nh ne= ni2, where ni is the intrinsic carrier concentration. 
 
11. p-n junction: 
 

FIG.10 p-n junction formation process. 
 
When we dope small amount of donor impurity into p-type 
semiconductor wafer on its side then we get a junction 
between p- and n-types of semiconductors called as a p-n 
junction. This device holds both types of majority charge 

carriers, electrons and holes together, but which occupy different regions in the device. Two main 
charge transport mechanisms operate within the junction namely diffusion and drift. Diffusion is 
the process in which the majority charge carriers on the n-side of the junction i.e. electrons migrate 
to the p-side of the junction as a result of the electron concentration gradient across the junction and 
vice versa for the majority charge carriers on the p-side of the junction i.e. holes. As a consequence 
we a small region (~tenths of m thick) around the junction from which all the majority charge 
carriers have been removed due to diffusion called as a depletion region (see fig. 10). The diffusion 
of charge carriers creates local positive or negative charge at the donor or acceptor impurity site 
respectively. Hence the depletion region is actually a space-charge region with the n-side of it 
acquiring a positive charge and the p-side of it acquiring a negative charge. Such a space-charge 
development leads to the formation of electric field across the depletion region from the positive 
charge to the negative charge which attracts the minority charge carriers across both n- and p-sides 
towards opposite direction giving rise to a drift current. Thus the diffusion and drift currents are in 
opposite direction to each other. Initially as the junction is formed the diffusion dominates the drift 
and hence the depletion region starts developing. After it gets well developed the wide depletion 
region gives rise to significant amount of electric field to increase the drift current. This happens 
till the diffusion current equals the drift current at which an equilibrium condition is reached and no 
net current flows across the junction. 
 



 
FIG. 11 (a) Diode under equilibrium (V = 0), (b) Barrier potential under no 
bias. 
 
The formation of such an electric field across the junction gives 
rise a potential barrier across the junction which stops further flow 
of charge carriers across the junction. Such a potential barrier in 
represented in fig. 11 which describes a case where no external 
voltage has been applied to the junction. 
 
 

Example:  Can we take one slab of p-type semiconductor and physically join it to another n-type 
semiconductor to get p-n junction? 
Solution:  No! Any slab, howsoever flat, will have roughness much larger than the inter-atomic 
crystal spacing (~2 to 3 Å) and hence continuous contact at the atomic level will not be possible. 
The junction will behave as a discontinuity for the flowing charge carriers. 
 
12. Semiconductor Diode: 
 

FIG. 12 (a) Semiconductor diode, (b) Symbol for p-n 
junction diode. 
A semiconductor diode is merely a p-n junction with 
metallic leads at the ends for electrical connection to be 
made as shown in the fig. 12. The direction of arrow in the 
symbol used for diode represents the conventional direction 
in which the current through the diode will flow when it is 
operated in forward bias mode. 

 
 
 
 



12.1 p-n junction diode under forward bias: 
 

FIG. 13 (a) p-n junction diode under forward bias, (b) Barrier potential 
(1) without battery, (2) Low battery voltage, and (3) High voltage battery. 
 
When we apply positive potential to the p-side and negative 
potential to n-side then the diode is said to operate under forward 
bias. The applied voltage (V) leads to the reduction in the height of 
the barrier potential since the applied voltage is in reverse direction 
to the barrier potential (see fig. 13). In that case the depletion region 
reduces in width since the holes are injected into the n-side from 
the p-side by the applied potential and vice versa for the electrons 
thus reducing the size of the depletion region. The injected holes 

into the n-side constitute minority charge carriers and the injected electrons into the p-side constitute 
minority charge carriers there hence the process is also called minority carrier injection. This leads 
to the establishment of net current in the direction of applied voltage the magnitude of which 
increases with the applied voltage. The effective barrier height under forward bias is (Vo – V). The 
magnitude of the net current flow depends on the height of the barrier. Higher the barrier height 
lesser will be the current since the resistance to the current flow will be higher in that case.  
 

FIG. 14 Forward bias minority carrier injection. 
 
At the junction boundary, on each side, the minority carrier 
concentration increases significantly compared to the locations 
far from the junction. Due to this concentration gradient, the 

injected electrons on p-side diffuse from the junction edge of p-side to the other end of p-side. 
Likewise, the injected holes on n- side diffuse from the junction edge of n-side to the other end of 
n-side (see fig. 14). This motion of charged carriers on either side gives rise to an electric current. 
The total diode forward current is sum of hole diffusion current and electron diffusion current. The 
total current is usually in mA. 
 
 
 
 



12.2 p-n junction diode under reverse bias: 
 

FIG. 15 (a) Diode under reverse bias, (b) Barrier potential under reverse bias. 
When we apply external voltage (V) to the diode such that the 
positive potential is applied to the n-side and the negative potential 
is applied to p-side then the resulting arrangement is said to be in 
reverse biased operation of the diode (fig. 15). Here the applied 
voltage is in the same direction as the barrier potential and hence 
the barrier potential increases in height and concomitantly the 
depletion region widens. The effective barrier height under reverse 
bias is (Vo + V). This suppresses the diffusion of electrons from n-
side to p-side and diffusion of holes from p-side to n-side thus 
reducing the overall diffusion current remarkably as compared to 
that in forward bias. 

The electric field direction in case of reverse bias gives rise to an enhancement of the drift current 
which is of the order of A. This is quite low as compared to that in forward bias (~ mA) since the 
drift current is a result of minority charge carrier motion whereas the diffusion current arises due to 
majority charge carriers. 
The reverse bias current is dependent more on the minority carrier concentration on either side of 
the junction rather than on the magnitude of the applied voltage. The current under reverse bias is 
essentially voltage independent upto a critical reverse bias voltage, known as breakdown voltage 
(Vbr). When V = Vbr the diode current increases sharply. Even a slight increase in the bias voltage 
thereafter causes large change in the current. 
 
 
 
 
 
 
 
 
FIG. 16 Experimental circuit arrangement for studying V-I characteristics of a p-n junction diode (a) in forward bias, 
(b) in reverse bias. (c) Typical V-I characteristics of a silicon diode. 



The circuit for measuring the V-I characteristic curve for a p-n junction diode is shown in fig. 16. 
The voltage applied across the diode is variable. A milliammeter and a microammeter is used to 
measure the current under forward and reverse bias conditions resectively. In forward bias, the 
current increase very slowly till it reaches a certain threshold or cut-in voltage (~0.2V for 
germanium diode and ~0.7 V for silicon diode) after there is very rapid increase of the current for 
a very small increase in the applied voltage. In reverse bias, the current remains practially 
unchanged for a large range of applied voltage. When the voltage reaches Vbr (~100 eV), breakdown 
occurs and the reverse bias current increase rapidly. 
 
Thus we see that the action of a p-n junction diode is to allow the current to flow only in one 
direction while blocking the flow in the other direction. This property allows it to be used the 
electrical circuits to allow the current flow only in one direction. For diodes, we define a quantity 
called dynamic resistance as the ratio of small change in voltage V to a small change in current I 
i.e. rd = V/I. 
 
7.       Application of Junction Diode as a Rectifier: 
A rectifier is an electrical device that converts alternating current (AC) to direct current (DC). The 
process is known as rectification. 
From the V-I characteristic of a junction diode we see that it allows current to pass only when it is 
forward biased. So if an alternating voltage is applied across a diode the current flows only in that 
part of the cycle when the diode is forward biased. This property is used to rectify alternating 
voltages. The following two rectifier circuits can be used: 
 
7.1 Half-Wave Rectifier 
In half-wave rectification, the rectifier conducts current only during the positive half-cycles 
(positive-half cycles) of input a.c. supply. Figure 17a shows the circuit where a single crystal diode 
acts as a half-wave rectifier. The a.c supply to be rectified is applied in series with the diode and 
load resistance RL. The a.c. voltage across the secondary winding AB changes polarities after every 
half-cycle. During the positive half-cycle of input a.c. voltage, end A becomes positive w.r.t. end 
B, and diode is forward biased, hence it conducts current. During the negative half-cycle, end A is  
negative w.r.t. B, and diode is reverse biased, hence no current conducts (Fig.17 b). 



 

FIG. 17 (a) Half-wave rectifier circuit, (b) Input ac voltage and output voltage waveforms from the 
rectifier circuit. 
7.2 Full-Wave Rectifier 
In full-wave rectification, current flows through the load in the same direction for both the half-
cycles of input a.c. voltage. This can be achieved with two diodes working alternately (Fig. 18 a). 
For the first half-cycle of input voltage, one diode D1conducts and supplies current to the load (RL), 
and for the other half-cycle, diode D2does so. Current being always in the same direction through 
the load. Therefore, a full-wave rectifier utilizes both half-cycles of input a.c. voltage to produce 
the d.c. output (Fig. 18 b & c). 

 
FIGURE 18 a) A Full-wave rectifier circuit; (b) Input wave forms given to the diode D1 at A and to the diode D2 at B; 
(c) Output waveform across the load RL connected in the full-wave rectifier circuit. 



8. Special Purpose p-n Junction Diode 
8.1 Zener diode 
This diode has heavily doped p- and n- sides of the junction, due to this depletion region formed is 
very thin (10-6m) and the electric field at the junction is very high (~ 106 V/m) even for a very small 
reverse bias voltage. When reverse bias voltage V reaches Vz, a sudden rise in current occurs, this 
is called Breakdown Voltage (Fig.19b). Beyond Vz a large change in current can be produced even 
for a negligible change in reverse bias voltage. We can say that zener voltage remains constant even 
though the current through zener diode varies to very large vales.  Hence, this property of zener 
diode is used to regulate the supply voltage. 
When the reverse bias voltage V = Vz, then the electric field strength is so high that pulls the valence 
electrons from the host atoms on the p-side which are accelerated to n-side. These electrons account 
for high current observed at the breakdown. The electric field required for this phenomenon to occur 
is of the order of 106 V/m. 
Fig. 19a shows the symbol of a zener diode. It may be seen that it is just like an ordinary diode 
except that the bar is in z-shape.   

 
Fig. 19 Zener diode, (a) symbol, (b) I-V characteristics. 

 



Zener diode as a voltage regulator 
A zener diode can be used as a voltage regulator to provide a constant voltage from source whose 
voltage may vary over sufficient range.  
The circuit arrangement is shown in Fig. 20. The unregulated dc voltage VI is connected to the Zener 
diode through a series resistance Rs. When VI increases, the current through Rs and Zener diode also 
increases causing the increase in voltage drop across Rs without any change in the voltage across 
the Zener diode. This is because of the specific feature of zener diode, that in the breakdown region, 
Zener voltage remains constant even though the current through the Zener diode changes.  

In the same way if the input voltage decreases, the current through Rs and Zener diode also 
decreases causing the decrease in voltage drop across Rs without any change in the voltage across 
the Zener diode. Hence any increase or decrease in the input voltage results in increase or decrease 
of the voltage drop across Rs without any change in voltage across the Zener diode, and we get the 
constant (regulated) voltage in the output (measured across RL). We can select the Zener diode as 
per the required output voltage and Rs. 

 
Fig. 20 Zener diode as DC voltage regulator. 

8.2 Optoelectronic junction devices 
(i) Photodiode 
A photodiode is a reverse-biases silicon or germanium p-n junction in which reverse current 
increases when the junction is exposed to light. The value of reverse current depends on the incident 
light intensity. When light (photons) falls on the p-n junction, the energy is imparted by the photons 
to the atoms in the junction. This will knock out the electrons (more free electrons and more holes). 
These additional free electrons will increase the reverse current. 
(ii) Light emitting diode (LED) 
This is heavily doped p-n junction that emits spontaneous radiation when forward biased. It is 
enclosed in a transparent cover, so that emitted light comes out. Hence, named Light Emitting 
Diode. 



When LED is forward biased, the electrons move from n to p (where they 
are minority carrier), and holes from p to n (where they are minority carrier). 
Therefore, at the junction boundary the minority carrier concentration 
increases from their original value (unbiased). Near the junction on either 
side, the excess minority carriers recombine with majority carriers. Thus, 
on recombination the energy in the form of photons is released. When the 
forward current of the diode is small, the intensity of light emitted is small, 
and as the forward current increases, intensity of light increases and reaches 
a maximum. 
Ex. An LED is made of GaAsP having a band gap of 1.9 eV. Determine the 
wavelength and colour of radiation emitted.        
Ans. We have λ = hc/Eg  = (6.63 x 10-34 x 3 x 108) / (1.9 x 1.6 x 10-19) 
          = 6543 angstrom. The emitted radiation is red. 
 9. Junction Transistor 
A transistor has three doped regions forming two p-n junctions. 
Two p-n junctions are formed by sandwiching either p-type or n-
type semiconductor between a pair of opposite types. There are 
two types of transistors as shown in Fig.21, i.e. n-p-n and p-n-p 
transistor. The transistor is entirely a new type of electronic 
device, and is capable of achieving amplification of weak signals.    
 
Emitter- The section on one side of the transistor that supplies 
chare carriers is called emitter. The emitter is always forward 
biased w.r.t base so it can supply a large number of majority 
carriers. 
 
Collector- The section on the other side that collects the charges is called the collector. The collector 
is always reverse biased. Its function is to  remove charges from its junction with the base.  
 
Base- The middle section which forms two p-n junctions between the emitter and collector is called 
the base. 
 
9.1 Basic transistor circuit configurations and transistor Characteristics 
Transistor can be connected in either of the following three configurations namely Common Emitter 
(CE), Common Base (CB) and Common Collector (CC). 
In a circuit the input/output connections have to be such that one of these (E, B or C) is common to 
both the input and the output.  
 

Fig. 21(a) & (b) are schematic 
representations and symbols  of a 
n-p-n transistor and p-n-p 
transistors. 



Common emitter transistor characteristics 
Transistor is most widely used in the CE configuration and more commonly used transistors are n-
p-n Si transistors.  With p-n-p transistors the polarities of the external power supplies are to be 
inverted. Therefore, it is easy to understand the transistor circuits using n-p-n transistors. 
In CE arrangement, input is between base and emitter and the output is between collector and 
emitter. Here, emitter of the transistor is common to both input and output circuits and hence the 
name common emitter connection (Fig.22). The variation of base current IB with the base-emitter 
voltage VBE at constant collector-emitter voltage VCE.  is called the input characteristic, while the 
variation of collector current IC with the collector-emitter voltage VCE at constant base current IB is 
called the output characteristic (Fig. 23 a and b) . We see that the output characteristics are 
controlled by the input characteristics. This implies that the collector current changes with the base 
current. 
Input resistance-It is the ratio of change in base-emitter voltage to the change in base current at 
constant VCE i.e.  
ri = (∆VBE / ∆IB) VCE 
 
Output resistance -It is the ratio of change in collector-emitter voltage to the change in collector 
current at constant IB i.e. 
ro = (∆VCE / ∆IC)IB  
 

 
Fig. 22 Circuit arrangement for studying the input and output characteristics of n-p-n transistor in CE configuration. 



 
Fig. 23 (a) Typical input characteristics, and (b) Typical output characteristics. 

9.2 Transistor as an Amplifier (CE-Configuration)  
Fig. 24 shows the common emitter n-p-n amplifier circuit. In general, amplifiers are used to amplify 
alternating signals. Now let an ac input signal Vi (to be amplified) is superimposed on the bias 
VBB(dc) as shown in Fig. 24, then the base current will have sinusoidal variations superimposed on 
the value of IB. As a consequence the collector current will also have sinusoidal variations 
superimposed on the value of IC, producing in turn corresponding change in the value of VO. We 
can measure the ac variations across the input and output terminals by blocking the dc voltages by 
large capacitors. 
Change in IC due to the change in IB is known as ac current gain, which is represented as βac. 
βac = ∆IC / ∆IB = iC / iB 

 
Fig. 24 Circuit of a CE-transistor amplifier. 



Final Assessment 
 
Question 1: The density of silicon atoms is 6 × 1028 per m3. After doping it with 5 × 1022 atoms per 
m3 of Arsenic and 4 × 1020 per m3 atoms of Indium calculate the number of electrons and holes 
produced as a result. Given that ni = 1.5 × 1016 m-3. Is the material n-type or p-type? 
Question 2: In a p-n junction diode, the current I can be expressed as 
 

0 exp 12 B

eVI I k T
      

where Io is called the reverse saturation current, V is the voltage across the diode and is positive for 
forward bias and negative for reverse bias, and I is the current through the diode, kB is the Boltzmann 
constant (8.6 × 10-5 eV/K) and T is the absolute temperature. Given that Io =  6 × 10-12 A and T = 
300 K, then 
(a) What will be the forward current at a forward voltage of 0.7 V? 
(b) What will be the increase in the current if the voltage across the diode is increased to 0.8 V? 
(c) What is the dynamic resistance? 
(d) What will be the current if reverse bias voltage changes from 2 V to 3 V? 
Question 3: Describe the origin of diffusion and drift currents in a p-n junction. How does a 
competition between them help us to achieve the valve action for electric current flow through the 
junction? 
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Module – VIII 
Modern Physics 

(Dual Nature of Radiation and Matter) 
 

Lectures: 02 
Objective 
The main objective of this module is to introduce the concepts of duality of radiation and matter. 
This module will simplify the concepts of particle aspects of radiation and wave aspects of particle. 
The concepts will be supported by experimental findings, hypothesis and theoretical framework. 
Prerequisites 
This module requires knowledge of electromagnetic wave and Newtonian mechanics. 
The instructors may access this knowledge by asking following questions: 
  Which wave is more energetic: Infrared or ultraviolet?  

 How will you a characterize a wave? 
 How will you characterize a moving particle? 
 Why do we need two separate frameworks for wave and particle in classical physics? 
 Does our institution permits to consider a particle manifesting wave like proper-ties in a 

wavelike experiments and particle-like properties in particle like experiments? 
  Name at least two experiments which demonstrates wave characteristics.  
  Name at least two experiments which demonstrates particle characteristics. 
  Do you think of any experiment where the electromagnetic waves are interacting with 
matter? 
  Consider the electromagnetic waves emanating on an isolated atom. What would be your 
anticipation of possible outcome of this interaction? 
  Can you think of a moving electron as a wave or X-ray waves as a beam of particles? 

 

Introduction 
By now the students must be knowing about a classical particle which is characterized by definite 
position, momentum, velocity, momentum and can be sensed by naked eyes with a definite 
structure. The motion of these classical particles are governed by Newton’s laws. In case of a wave 
one can characterize by wavelength, frequency and amplitude. The wave is extended over the space 



and contrast to the particles, cannot be localized. The motion of an electromagnetic wave is 
governed by Maxwell’s equations. Classical Physics deals with these two objects separately. The 
Maxwell’s equations together with Hertz experiments on electromagnetic waves in 1887 established 
the wave nature of light. The end of 19th century and beginning of 20th century witnessed many 
experiments on conduction of electric discharge through various gases filled at low pressure in a 
vaccum tube. These experiments lead to many discoveries of the atomic world. In 1895 W. 
Roentgen discovered X-rays by Roentgen and in 1897 J. J. Thom-son discovered the electrons (a 
fundamental particle). These discoveries unraveled lots of mysteries in the atomic world and 
exposed the inadequacy of the classical formalism. The term wave-particle duality refers to the 
behavior where both wave-like and particle-like properties are exhibited under different conditions 
by the same entity. The particle aspect of wave put forward a strong belief of wave aspects of 
particle by De Broglie. In this module we will focus mainly the wave aspect of light and particle 
aspect of wave by introducing some experiments and theoretical framework. 
  Wave nature of light 
Which of the following support the wave nature of light? 

1. Maxwell’s equations of electromagnetism 
 2. Hertz experiments on generation and detection of electromagnetic (EM) waves 
 3. Young’s double slit experiment 
 4. Phenomena of diffraction 
 

Electron emission 
 The conductivity of a metal is due to the presence of free electrons. 

  Discuss: If a piece of metal is isolated why do these free electrons not leave the metal 
spontaneously? 
  If one of these electrons is given a certain minimum amount of energy, it can indeed leave 
the metal. 
  This minimum energy depends on the metal and is called its work function.  
  This minimum energy can be supplied by any of the following processes- 
 1. Thermionic emission: using heat. 

 2. Field emission: by applying very high electric field, e.g. in a spark plug 
 3. Photo-electric emission: by illuminating with suitable light 
 

Photoelectric effect 
Hertz’s observations  

 Discovered in 1887 during EM wave experiments. 



  Phenomena: high voltage sparks across the detector enhanced by ultraviolet (UV) light. 
  Explanation: electrons near the surface absorb enough energy from the radiation and escape. 

 
 
 
 
 

 
 

 
Figure 1: Experimental setup for photoelectric effect. Source: NCERT 

 Hallwachs’ and Lenard’s observations (1886-1902) 
  Experimental setup: Figure 1 

  Observations: 
 – UV light on emitter plate → current in circuit 

– No UV light → no current 
  Exercise: Describe a possible physical process that can explain these two observations. 

(Answer: UV light → electron ejection → electrons attracted to the collector plate A by 
electric field). 
  Hallwachs’ experimental observations (1888): 

                 
– Negatively charged zinc plate in an electroscope     lost its charge 
– Uncharged or positively charged zinc plate in an electroscope   more 

positively charged 
  Which of the following explanations is more plausible for above observations 
 – UV light is positively charged 
 – UV light is neutral but causes the metal to lose negatively charged particles 
 
Discovery of Electron (1897) 
  Was identified as the particle emitted from the metal surface in the above experiments. 

 



 Emitted particles were called photoelectrons and the phenomena was called photoelectric 
effect. 
  Observation: No electron emitted if the frequency of UV light is below certain minimum 
value called threshold frequency. 
  Exercise: What can be concluded about the threshold frequency of the mentioned metals 
from the following observation: 
“Certain metals such as zinc, cadmium, magnesium, etc. respond only to UV light while 
some alkali metals such as lithium, sodium, potassium, cesium and rubidium are sensitive 
even to visible light.” 
(Hint: UV light has higher frequency than visible light.) 

 
Experimental study of photoelectric effect 
  Experimental setup: Fig. 1 
  Exercise: If the tube is made vacuum, can there be a current in the circuit (other than due to 

photoelectric effect that is)? 
  Exercise: In the presence of suitable illumination, i.e. condition for photoelectric effect is 

satisfied, will there be a current if the battery is reversed? 
  Things that can be varied in the experiment — 
              – potential of the collector plate A with respect to the emitter plate C, both in magnitude 

and sign 
       – Intensity and frequency of incident light 
    – nature of material of the emitter plate C 
 
Summary of observations 
  Exercise: Discuss which of the following observations can have a plausible explanation 

using wave nature of light. 
 Effect of intensity of light on photocurrent 
  Observation: linear dependence 
  Plausible wave explanation: With higher intensity more electrons will be emitted in shorter 

time resulting in higher current 
 
Effect of potential on photoelectric current 
  Observation with positive potential: increase with increasing potential before saturating 

  Maximum current is called saturation current 
  Exercise: Give an explanation for saturation. (Answer: All emitted electrons reach the 
collector plate at high enough potential and hence no further increase in current.)  
 



 Observation with negative (retarding) potential: photocurrent decreases rapidly to zero. 
  There is a certain sharply defined, critical value of negative potential V0 called cut-off or 
stopping potential. 
  Exercise: Explain the cut-off or stopping potential. (Answer: Emitted electrons have 
different kinetic energy. The potential required to stop even the most energetic electrons 
from reaching the collector plate is the cut-off or stopping potential.) 
  Observation: Cut-off or stopping potential does not depend on intensity 
  Plausible wave explanation: Higher intensity means more photoelectrons but it does not 
necessarily mean higher kinetic energy for individual electrons. 

 Effect of frequency of incident radiation on stopping potential 
 Discussion below is for same “frequency weighted” intensity 
  Observations: 
          –   Different stopping potential but same saturation current 
             –  Higher frequency) stopping potential more negative) greater maximum kinetic energy 
  Stopping potential versus frequency. 
          –   Straight line 
          –   Minimum cut-off frequency ↔ stopping potential is zero 
   is called threshold frequency.  Maximum kinetic energy is linear with frequency   < → no photoelectric emission is observed. 
  Wave explanation is not possible as there is no practical difference between light just below 

and just above the threshold frequency. 
  Observation: photoelectric emission is an instantaneous process (10 9 sec or less) even when 

the incident radiation is exceedingly dim 
  Again wave explanation is not possible as lower intensity would mean delayed emission. 
 
 Photoelectric effect versus wave theory of light 
  Striking contradiction with the frequency dependence especially the existence of threshold 

frequency,  
  quantitative contradiction in time scale. 

  Einstein’s photoelectric equation: energy quantum of radiation (1905) 
 

 No continuous absorption of energy from radiation 
  Radiation → discrete units “quanta” of energy of radiation  
 



energy of each quantum = hv 
where h is the Planck’s constant. 

 Photoelectric effect → electron absorbs one quantum  
 = ℎ −    (Einstein’s photoelectric equation) 

Where  is work function  
 Higher intensity ⇒ more number of quanta 

  Explains the photoelectric effect including all the observations in contradiction with wave 
theory of light 
  Further experimental verification by Millikan who tried to disprove the theory 

 

Particle nature of light: the photon 
 Photoelectric effect ⇒ light made up of quanta or packets of energy (ℎ ) 

  Another important contribution of Einstein on photoelectric effect: the light quantum has 
momentum ℎ /   
  Well-defined energy and momentum ⇒ light quantum is like a particle → “photon” 
  Further confirmation → Compton (1924) 

 

Summary of photon picture 
 Radiation and matter → radiation behaves like particle called photon  

  Photon: energy = ℎ , momentum = ℎ /    
  Each photon of given frequency has same energy and momentum  
 higher intensity ⇒ more number of photons 
  Photons are electrically neutral ⇒ not deflected by electric and magnetic fields  
  Photon-particle collision 
        – Total energy and momentum conserved 

                    – Number of photons may not be conserved $ a photon may get absorbed or a new one 
created 

 Exercise: Examples 11.1, 11.2, 11.3 from NCERT. 
 
 



De Broglie Hypothesis 
 Light behaves as particle and this has been evident from the Einstein’s explanation of photoelectric 
effect in 1905. Now “converse also holds true?” In 1923 de Broglie postulated that if waves can 
behave like particles, then particles should be able to behave like waves. According to de Broglie, 
a moving material particle can be associated with a wave or in other words a wave can guide the 
motion of the particle. Such waves associated with the moving material particles are known as de 
Broglie waves or matter waves. 
 Suppose a particle of mass m is moving with the velocity v, the de-Broglie wave-length associated 
with the particle is given by 
 
                                           λ = ℎ                                                                                          (1) 

 Proof: According to Planck’s hypothesis, the energy associated with a photon of frequency v is   
= ℎ . Further, relativistic mass-energy relation given by Einstein for the particle of rest mass  

and momentum p is = +  Since, the rest mass  of the photon is zero, the energy 
of photon became E = pc. Therefore, we can write, 
 
                             ℎ =   = ℎ = ℎ   = ℎ                                                      (2) 
 
As, de Broglie have stated that matter particle behaves as photon so the same expression can be used 
for the matter particles moving with velocity v and momentum p = mv as 
 

                                                         = ℎ                                                                           (3) 
 
The above relation is known as de Broglie relation that connects the momentum/velocity of the 
particle to the wavelength of a wave associated with the particle. 
 
Important points:  
 i. In everyday life, de Broglie wavelength comes out to be very small for massive particles. 

 ii. De Broglie wavelength is charge independent. 
 iii. It was found that velocity of de Broglie waves is always greater than the velocity with 
which the particle travels. 

 
De-Broglie wavelength for an accelerated electron: 
 If an electron is supposed to accelerate through the potential difference of V volt, then electrical 
potential energy of the electron gets converted into its kinetic energy i.e. kinetic energy of electron, 
K = eV. We Know that, 



 
                            = 2   = √2  ⇒  = √2                                             (4) 
 
Thus, de Broglie’s wavelength associated with an accelerated electron is expressed as: 
 
                                           = ℎ = ℎ

√2                                                                         (5) 
 
or                                         = 6.63×10−34

2×9.1×10−31×1.6×10−19 × 1
√ Å                                                 (6) 

 
or                                                       = .

√ Å                                                                    (7) 
 
De-Broglie wavelength and temperature: 
 
The average kinetic energy of a particle at absolute temperature T is given by: 
 

                                                          = 3
2                                                                      (8) 

 where  is the Boltzmann’s constant. Suppose m is the mass of particle travelling with velocity v, then we have 

                                                         = 1
2                                                                      (9) 

The momentum of the particle is  

                        = = √2 = 2 × 3
2 = 3 ,                               (10) 

and de Broglie wavelength 

                                                        = ℎ = ℎ
3                                                       (11) 

Experimental confirmation of de Broglie hypothesis (Davisson and Germer’s Ex-periment): 
C.J. Davisson and L.H. Germer in the year 1927 carried out an experiment, popularly known as 
Davisson Germer experiment to explain the wave nature of electrons through electron diffraction. 
In their experiment Davisson and Germer scattered a 54 eV mono-energetic beam of electrons from 



a Nickel crystal. The electron source and detector were symmetrically located with respect to the 
crystal’s normal as indicated in the figure 2.  
 
 
 
 
 
 
 

Figure 2: Experimental setup for Davisson-Germer experiment. Source: NCERT 
  Experimental set-up and working: 
It consists of an electron gun, which comprised of a tungsten filament F, coated with barium oxide 
and heated by a low voltage power supply. Electrons emitted from this electron gun were accelerated 
to a desired velocity by applying suitable potential difference from a high voltage power supply. 
These emitted electrons were made to pass through a cylinder perforated with fine holes along its 
axis, thus producing a fine collimated beam. This beam produced from the cylinder is made to fall 
on the surface of a nickel crystal. This leads to scattering of electrons in various directions. The 
intensity of the beam of electrons is measured by the electron detector which is connected to a 
sensitive galvanometer (to record the current) and can be moved on a circular scale. The intensity 
of the scattered electron beam is measured for different values of angle of scattering, θ (angle 
between the incident and the scattered electron beams) by moving the detector on the circular scale 
at different positions. By varying accelerating potential difference, we finally obtained the variation 
of the intensity (I) of the scattered electrons with the angle of scattering, θ. The accelerated voltage 
was varied from 44V to 68V. A strong peak was noticed in the intensity (I) of the scattered electron 
for an accelerating voltage of 54 V at a scattering angle θ = 50o. This peak can be explained as a 
result of the constructive interference of electrons scattered from different layers of the regularly 
spaced atoms of the crystals. The wavelength of matter waves was calculated with the help of 
electron diffraction, which measured to be 1:65Å.  
 
Proof: The glancing angle ϕ (i.e. the angle between the direction of scattered electron and crystal 
atomic plane) is given by: 
 
                                               + + = 180                                                         (12) 
Or  
                                                          = 1

2 (180 − )                                                     (13) 



For maximum intensity 
                                                          = 1

2 (180 − 50 ) = 65                                    (14) 
Now according to Bragg’s Law: 
                                                                 2  sin =                                                     (15) 
 
For first order diffraction n = 1 and inter atomic separation for Ni crystal, d = 0.91Å. Thus, 
                                           = 2 × 0.91 sin 65 = 1.65Å                                              (16)  
Now according to de-Broglie hypothesis, the wavelength of the wave associated with the electron 
accelerated to 54 volt is given by, 
 

                                      = 12.27
√ Å = 12.27

√54 Å = 1.66Å                                              (17) 

Thus, there is a close agreement between the estimated value of de-Broglie wavelength and the 
experimental value determined by Davisson and Germer. We have seen that the scattered electrons 
in the Davisson-Germer experiment produced interference fringes that were identical to those of 
Bragg’s X-ray diffraction. Thus this experiment gave a strong evidence for the de-Broglie 
hypothesis or the wave nature of matter. The de Broglie hypothesis has been basic to the 
development of modern quantum mechanics. The wave properties of electrons have been utilized in 
the design of electron microscope which is more efficient than optical microscope. 
 
0.0.1 Questions: 
  An electron is accelerated through a potential difference of 180 V. Calculate its associated 

wavelength. 
  A 100 grams ball rolls along a field with a speed of 20 cm/s. How large is its associated 
wavelength? Given ℎ = 6.63 × 10     
  Can we observe de Broglie wavelength associated with a football? Why not? 
 

Outcome of this module 
  Emission of electrons from a metal when light of proper frequency incident on its surface is 

called photoelectric emission. 
  In photoelectric emission, electrons gain energy from light. 
  The stopping potential increases with increase in frequency of incident light. 
  There exists a frequency  for every material below which no photoelectric effect takes 
place. 
 



 The maximum velocity of photoelectrons increases with increasing frequency of incident 
light but is independent of the intensity of incident light. 
  The number of photoelectrons emitted from each square centimeter of the emit-ting surface 
for any particular frequency is proportional to the intensity of incident light. 
  Einstein assumed light to consist of photons, each having energy hv, where v is frequency 
and h is Planck’s constant. 
  Photoemissive type of phototube is based on the photoelectric effect. 
  The saturation current of a phototube increases with increasing intensity of the incident light. 
  Particles in motion have waves associated with them. The wavelength is given by = h=p, 
where, p is the momentum. 

 
Exercise 
  In photoelectric emission, what happens to the incident photons? 

  Photons in a red light have a wavelength of 660 nm. (1nm = 10 m) What is the energy of 
this photon? 
  What is the difference between a photon and a matter particle?  
  Why is the wave nature of matter not apparent in daily life? 
  How is velocity of photoelectrons affected if the wavelength of incident light is increased? 
  The threshold frequency of a metal is 5 × 10  Hz. Can a photon of wavelength 6000A˚ 
emit an energetic photoelectron? 
  Does the threshold frequency for a metal depend on the incident radiations?  
  What are the various uses of photocell? 
  What was the aim of Davisson and Germer’s experiment? On what principle does it depend? 
  Describe the experiment used for studying the photoelectric effect.  
  Explain the terms (a) Saturation voltage and (b) Stopping potential.  
  State the laws of photoelectric emission. 
  Describe the salient features of Einstein’s theory of photoelectric effect.  
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Module - IX 
Basics of Atomic and Nuclear Physics 

 
Lectures: 02 

Objectives 
The basic objective of this module is to bridge the gap between what the students need to know 
before they can start taking the advanced courses in the college level and what they are actually 
aware of from the intermediate level. To serve this purpose this module has been prepared so that 
the students after carrying out this course can answer and explain following questions: 
 

What is Matter? 
What is atom? 
What is the structure of an atom? 
Discovery of electron, proton & neutron 
Rutherford α particle scattering experiment 
Classical atomic models: J.J. Thomson’s plum pudding & Rutherford’s planetary model 
Shortcomings of Classical models: an unstable system 
Bohr’s semi-classical model: Stationary orbits and quantization of angular momentum 

 
Curiosity driven questions to start the subject 
 1. What is an atom? What are atoms made of? How do atoms form? What is the modern view of 

the structure of the atom?   
2. What are the differences among protons, neutrons and electrons? What kind of charges they 

have? What are the exact relative masses of protons, neutrons and electrons? How many 
times bigger is a proton than an electron? 

3. Why are electrons so far away from the nucleus of an atom?  
4. Why do protons and neutrons stay together in the nucleus? 
5. What holds an electron revolving around the nucleus? Why don't they just go zooming around 

everywhere? 
6. How much of an atom is empty space? 
7. How the emission and absorption of radiation takes place in an atom? 

 
Introduction  
Experiments on electric discharge through gases revealed that atoms of different elements contain 
negatively charged constituents (electrons) that are identical for all atoms. However, atoms on a 
whole are electrically neutral. Therefore, an atom must also contain some positive charge to 
neutralize the negative charge of the electrons. But what is the arrangement of the positive charge 
and the electrons inside the atom? Or in other words, what is the structure of an atom?  



Answer to this question laid the discovery of electron, proton and neutron. In this context, the 
famous Rutherford α particle scattering experiment for the discovery of nucleus, different atomic 
models (e.g. plum pudding model proposed by J. J. Thomson & Rutherford’s planetary model, also 
called the nuclear model of the atom), etc. play an important step towards how we see the atom. 
However, Both the Thomson’s as well as the Rutherford’s models constitute an unstable system. 
Thomson’s model is unstable electrostatically, while Rutherford’s model is unstable because of 
electromagnetic radiation of orbiting electrons.    
The model proposed by Neils Bohr laid the foundation of the quantum theory by postulating specific 
orbits in which electrons do not radiate. This model explained many facets of the atomic structure 
and spectra of the Hydrogen atom. However, Bohr’s semi-classical model based on some aspects 
of classical physics and some aspects of modern physics also does not provide a true picture of the 
simplest hydrogenic atoms. 

 
1. Matters 

 
• Anything that has mass and takes up space (volume) 

• Examples: 
• A brick has mass and takes up space  
• A desk has mass and takes up space 
• A pencil has mass and takes up space 
• Air has mass and takes up space 

 
All of the above examples are considered matter because they have mass and take up space.  Can 
you think of anything that would not be considered matter? 
 

2. ATOMS 
 

• Matter is anything that takes up space and has mass. All matter is made of atoms.  
• Atoms are the basic building blocks of matter. They make up everything around us; Your 

desk, the board, your body, everything is made of atoms! 
• Atoms are too small to see without powerful microscopes. 

 
Atoms are so small that… 
 

• It would take a stack of about 50,000 aluminum atoms 
to equal the thickness of a sheet of aluminum foil from 
your kitchen. 

 



 
• If you could enlarge a penny until it was as wide as the 

US, each of its atoms would be only about 3 cm in 
diameter – about the size of a ping-pong ball. 
 

• A human hair is about 1 million carbon atoms wide.  
 

• A typical human cell contains roughly 1 trillion atoms. 
 

• A speck of dust might contain 3x1012 (3 trillion) atoms.  
 

• it would take you around 500 years to count the 
number of atoms in a grain of salt. 

 
 
What is An Atom Made Of? 
(First Approximation) 
 
 
 
 
 
 
 
Atomic Theory 

• Because we cannot see atoms, we use models to teach and learn about atoms.  
• The atomic theory has changed over time as new technologies have become available.  

 
 
 

Remember: Scientific knowledge builds on past research and experimentation. 

 

 C-C-C-C-C-… + 999,995 more

 
 1 trillion atoms 

 Is made of approximately 3 trillion atoms 

 Just one of these grains 

Electron(s) 

Nucleus 

Proton(s) Neutron(s) 

 



Atomic Theory by John Dolton:  
All matter is made of atoms. Atoms are too small to see, 
indivisible and indestructible. All atoms of a given element 
are identical. 
 

In 1803: John Dalton (England) formulated the modern version of the atomic theory. In his model: 
Matter is made up of small indivisible particles, called atoms. All atoms in a given chemical element 
are exactly alike, while the atoms of different elements differ by atomic weight. Atoms can neither 
be created nor destroyed. A chemical reaction is just a simple rearrangement of atoms and the same 
number of atoms must be present before and after the reaction. 
Atomic Theory by J. J Thompson: 
Discovered the negative electron, and predicted that there 
also must be a positive particle to hold the electrons in place. 
 
The Plum Pudding Model J.J. Thompson- 1904 
 

 
 
 
 
 
 
 
 
 
 

 

 

 

 Electrons ((Negativly Charged) 

Field (Positively Charged) 

 
 In Today's Vernacular- The Chocolate Chip Model 



In Thomson's model, the atom is composed of electrons (which Thomson still called "corpuscles," 
though G. J. Stoney had proposed that atoms of electricity be called electrons in 1894) surrounded 
by a soup of positive charge to balance the electrons' negative charges, like negatively charged 
"plums" surrounded by positively charged "pudding". The electrons (as we know them today) were 
thought to be positioned throughout the atom in rotating rings. In this model the atom was also 
sometimes described to have a "cloud" of positive charge. 
 

Discovery of Subatomic Particle: Electron 

In 1832: Michael Faradey showed that chemical changes occur when electricity is passed through 
an electrolyte. He stated that electricity is made up of particles called Atoms of Electricity.  
In 1891: Later, G. J. Stoney suggested the name “Electron”, fundamental unit of electric charge, to 
describe the atoms of electricity, Michael Faraday’s 1832 experiment.  
In 1897: In 1897, J. J. Thomson determined the charge/mass, as given in Equation below, ratio of 
these cathode ray particles “electrons” and found the value of 11 1.76 10 e Coulomb m Kg 

 
 

 

Crookes Tube 
Vacuum Tube 

Electrons 
Hitting 
Target 

Electrons 
Missing 
Target 



Electrons, Electricity??? 
Electricity was thought of as a stream, (analogous to water flowing as 
a pipe) 
 
Now thought of as the motion of Discrete particles having mass 
(Electrons) Carrying the smallest possible unit of charge. 
 
Atomic Theory by Ernest Rutherford: 
Discovered the nucleus of an atom and named the positive particles 
in the nucleus “protons”. Concluded that electrons are scattered in 
empty space around the nucleus. 
 

Discovery of Subatomic Particle: Nucleus 

 
 
 
 

 

 

 
Rutherford called it a “Central Charge (1920 called it a Proton) 



Rutherford Scattering 
Alpha particles from a radioactive source were allowed to strike a thin gold foil. Alpha particles 
produce a tiny, but visible flash of light when they strike a fluorescent screen. Surprisingly, alpha 
particles were found at large deflection angles and some were even found to be back-scattered.  
This experiment showed that the positive matter in atoms was concentrated in an incredibly small 
volume and gave birth to the idea of the nuclear atom.  
In so doing, it represented one of the great turning points in our understanding of nature. 
 

Atomic Theory by James Chadwick: 
Discovered that neutrons were also located in the nucleus of 
an atoms and that they contain no charge. 
 

Electrons could never exist in nucleolus 
(a way towards the discovery of the Neutron) 

 

Since the time of Rutherford it had been known that the atomic mass number A of nuclei is a bit 
more than twice the atomic number Z for most atoms and that essentially all the mass of the atom 
is concentrated in the relatively tiny nucleus.  
As of about 1930 it was presumed that the fundamental particles were protons and electrons, but 
that required that somehow a number of electrons were bound in the nucleus to partially cancel the 
charge of A protons.  
But by this time it was known from the modern physics (Uncertainty and from particle in a box type 
confinement) calculations that there just wasn't enough energy available to contain electrons in the 
nucleus. 

Discovery of the Neutron James Chadwick – 1935 
An experimental breakthrough came in 1930 with the observation by Bothe and Becker that 
bombardment of beryllium with alpha particles from a radioactive source produced neutral radiation 
which was penetrating but non-ionizing. They presumed it was gamma rays. 
Curie and Joliot showed that when you bombarded a paraffin target with this radiation, it ejected 
protons with energy about 5.3 MeV. This proved to be inconsistent with gamma rays. Because, the 

 



necessary energy for the gamma ray explanation should be much greater (nearly ten times or even 
more).  
Chadwick was able to prove that the neutral particle could not be a gama-photon rather they are a 
unique particle neutron. 

Essentially the same mass as an Proton 
 

 
 

 

Atomic Theory by Neils Bohr: 
Concluded that electrons are located in planet-like orbits 
around the nucleus in certain energy levels. 
 

Bohr’s Model: 1913 – Atomic Model with Fixed Orbits proposed – 

Modeled after the Solar System 
 

 
 

 
 

 

 Has no Charge
 With the Proton, Makes up the Nucleus 

 

 
 The Atom has no Charge 

Number of Protons = Number of Electrons 

 

Protons 

Electrons 
Inner Orbit 
Outer Orbit 

Nucleus  



Bohr’s Postulates 
• Stationary States: An atomic system possesses a number of states in which no emission of 

radiation takes place. Such states are called stationary states. 
     In case of Hydrogen atom, each stationary state corresponds to  circularly orbiting electron and 
nucleus at the centre. 
• Allowed stationary states: Only those orbits are possible for which the relation p=n(h/2π) holds 

good, where p is the angular momentum, h is the Planck’s constant, n is the principal quantum 
number (1,2,3,….) 

• Emission of emitted radiation: Emission of radiation occurs only when the electron jumps from 
one of the allowed states En1 to another of lower energy of En2, in accordance with the relation 

                        hν=En1-En2 
Bohr radius: r=n2h2/4π2me2Z 
Emitted Frequency: ν=RZ2(1/n22 -1/n12), R, the Rydberg constant = 2π2me4/ch3=109677 cm-1. 
 

Protons (+) 
 

 
 

 
 
 

 • Positively charged particles 
• Help make up the nucleus of 

the atom 
• Help identify the atom (could 

be considered an atom’s DNA) 
• Equal to the atomic number of 

the atom 
• Contribute to the atomic mass 
• Equal to the number of 

electrons 

 + 
 



Neutrons 
 

 
 
 
 

Electrons (-) 
 

 
 

 
 
 

 
 
 

• Neutral particles; have no 
electric charge 

• Help make up the nucleus of 
the atom 

• Contribute to the atomic mass 
 

• Negatively charged particles 
• Found outside the nucleus of the 

atom, in the electron orbits/levels; 
each orbit/level can hold a 
maximum number of electrons ( 
1st = 2, 2nd = 8, 3rd = 8 or 18, 
etc…) 

• Move so rapidly around the 
nucleus that they create an 
electron cloud 

• Mass is insignificant when 
compared to protons and neutrons 

• Equal to the number of protons 
• Involved in the formation of 

chemical bonds 

 

 



Electrons have special rules…. 
• You can’t just shove all of the electrons into the first orbit of an electron. 
• Electrons live in something called shells or energy levels.  
• Only so many can be in any certain shell. 

 
Nucleus 

 

What Did Bohr’s Model Accomplish? 
Stability 
Electrical Forces balanced by Centrifugal Forces 
Identity 
Change in number of Protons/Electrons Changes the Element 
Regeneration  
Once Pulled Apart, the Atom Reforms as before 

 

Nucleus 



How Big is It, (Are They)? 
 
 
 
 
 
 
 
 
 
 

Bohr Model of Hydrogen and Helium 
 
 
 
 
 
 
 
 

1 Proton ( or Neutron)----1.67 x10-24 Grams 
=0.00000000000000000000000167 Grams 

1 electron-----9.1x10-28 Grams 
=0.00000000000000000000000000091Grams 

The Proton weighs 1800 x the Electron 
The Atom is about 5 X 10-8 cm 

 



Bohr Model of Potassium(K) and Uranium (U) 
 
 
 
 
 
 
 
 
Therefore Atoms…. 
Protons and neutrons “hang out” together at the core of the atom called the 
nucleus. 
 
Protons + neutrons = atomic mass 
Protons = atomic number 
Different elements = Different number of protons. 
 

and… 
What is the atomic number of  this element? 
What is the atomic mass? 
What is the name of this element? 
 

39P19 

19 Protons 20 Neutrons Atomic Mass=39 

 

92 Protons 143 Neutrons Atomic Mass = 235 
92 Protons 146 Neutrons Atomic Mass=238 

235U92 238U92 

 

 Helium 



and… 
If you added 3 protons, what element would 
you have? 

 
Boron 

 

and… 
“Charge” of atoms 
Protons and electrons attract each other. 
If you find the same number of protons and 
electrons, the element has NO CHARGE. 

 N 
 

and… 
“Charge” of atoms 
If the atom “gets” an electron, it becomes 
“negatively charged” 
 
 
and… 
“Charge” of atoms 
If the atom “loses” an electron, it becomes 
“positively charged” 
 

 

 

Nitrogen 

 

Nitrogen 

N -1 

 

Nitrogen 

N +1 



Furthermore, Hydrogen (H) Atom 
 Notice the one electron in the first orbital 

 
 

 
 
 
 

 

Oxygen (O) Atom 
 Notice the two electrons in the first orbital/level and the 

six in the second 
 
 
 
 
 
 

+ 

-

= 1 
 = 0  
= 1 

 

 + 

 -

 

How manymore electronscan fit in the 1st
orbital/ level?

 Even though there are no neutrons present,  Hydrogen is still considered an atom 

+ 

-

 = 8  
 = 8 
 
 = 8  

How many more electrons can fit in 
the 2nd  orbital/ level? 



Sodium (Na) Atom 
 Notice the two electrons in the first orbital/level, eight in 

the second, and one in the third 
 
 
 
 
 
 

Limitations of Bohr's Theory 
1. It fails to explain the spectra of multi-electron atoms (atoms having more than one 

electron). 
2. According to Bohr, the circular orbits of the electrons are planar. However, this is not 

true as the electrons move around the nucleus in three-dimensional space. 
3. It fails to explain the cause of chemical combination and shapes of the molecules arising 

out of it. 
4. One of the major drawbacks of Bohr's theory is that it assumes a definite knowledge 

about the position and momentum of electrons at the time of measurement. However, 
Heisenberg (1927) suggested that it is impossible to measure simultaneously both the 
exact position and momentum of a subatomic particle such as an electron. This 
statement is known as Heisenberg's uncertainty principle. 

5. It cannot explain the relative intensities of spectral lines. 
6. Bohr's theory failed to account for the splitting of spectral lines on the application of 

magnetic field (Zeeman effect) and also the application of the electric field (stark effect) 
Nevertheless, Bohr's theory has its own importance, as it was the first theory to introduce 
the concept of quantization in the behaviour of subatomic particles. Bohr's theory was 
abandoned 12 years after its formulation in favour of the present quantum theory of atomic 
structures. 

+ 

-

      = 11    
    = 12 
    
   = 11  

 How many more electrons can fit in 
the 3rd   orbital/ level? 



Nucleus: The Atom’s “Center” 
The nucleus is the center of an atom. It is 
made up of nucleons (protons and neutrons) 
and is surrounded by the electron cloud.  
The size (diameter) of the nucleus is between 
1.6 fm (10−15 m) (for a proton in 
light hydrogen) to about 15 fm (for the 
heaviest atoms, such as uranium). These sizes 
are much smaller than the size of the atom 
itself by a factor of about 23,000 (uranium) to 
about 145,000 (hydrogen).  
The nucleus has most of the mass of an atom, 
though it is only a very small part of it. Almost 
all of the mass in an atom is made up from the 
protons and neutrons in the nucleus with a 
very small contribution from the 
orbiting electrons. 
 

Atomic Number and Mass number: isotopes and isobars 
The number of protons is called the atomic number and determines the chemical element. 
The mass number of an element is defined as the total number of protons and neutrons 
present in the nucleus of an atom of the element. 
The mass number is the atomic weight of the element, corrected to the nearest integer. 
Mass number (A) = number of protons + number of neutrons. 
Nuclide symbol: 
This consists of the symbol for the element E with the 
atomic number Z written as a subscript at the lower left and 
the mass number A at the upper right, as a superscript.  
Thus in the isotope of carbon represented as 6C14, there are 
six protons and eight neutrons in the carbon nucleus. 
Therefore, its mass number is 6 + 6 =12. 

Protons and neutrons are grouped together to 
form the “center” or nucleus of an atom. 

Notice that the electrons are not apart of the nucleus 

 

 



Isotopes and isobars 
Isobars are atoms of different elements having the same mass number but different atomic 
numbers.  
For example: 1H1 and 1H2 
 
Nuclei of a given element (same atomic number) may have different numbers of neutrons 
and are then said to be different isotopes of the element.  
For example: 1H3 and 2He3 
Questions to test the concept of students after the course is finished 
 1. Which of the following will not show deflection from the path on passing through an electric 

field? Proton, electron, neutron.  
2. An atom having atomic mass number 13 has 7 neutrons. What is the atomic number of the 

atom? 
3. Nickel atom can lose two electrons to form Ni ion. The atomic number of nickel is 28. From 

which orbital will nickel lose two electrons. 
4. What did Rutherford's foil experiment reveal? 
5. If Rutherford's planetary model were correct, atoms would be extremely unstable. Explain 

why? 
6. How is Bohr's model of hydrogen similar to Rutherford's planetary model? How are the two 

models different? 
7. How does Bohr's model account for the atomic spectra? 
8. The Balmer series in the hydrogen spectrum corresponds to the transition from n  = 2 to n 

= 3,4,………. This series lies in the visible region. Calculate the wave number of line 
associated with the transition in Balmer series when the electron moves to n = 4 orbit.  (R  = 1
09677 cm ) 

9. Calculate the energy and frequency of the radiation emitted when an electron jumps from n = 
3 to n = 2 in a hydrogen atom. 
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